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ABSTRACT. In this paper, we define A™-Lacunary strongly convergent sequences defined
by sequence of moduli and give various properties and inclusion relations on these sequence
spaces.

1. Introduction

Let w be the set of all sequences of real or complex numbers and /.., ¢ and cg
be the sets of all bounded, convergent sequences and sequences convergent to zero
respectively, normed by

[[#lloc = sup ],

where k € N ={1,2,---}, the set of positive integers.
The difference sequence space X (A) was introduced by Kizmaz [3] as follows

X(A)={z=(zx) Ew: (Axy) € X} for X = s, ¢ and ¢y,

where Az = (x — xr1) for all k€ N.
The difference sequence spaces were generalized by Et and Colak [1] as follows

X(A™) ={z = (zp) Ew: A"z = (A"z) € X} for X =, ¢ and ¢y,
where A™zy, = (A™ Loy, — A™ g, y).

A sequence of positive integers 8 = (k,.) is called “lacunary” if kg = 0, 0 <
k. < K,+1 and h, = k. —k,_1 — oo as r — oo. The intervals determined by 6
will be denoted by I, = (k,—1,k,) and ¢, = k’:il. The space of lacunary strongly
convergent sequence Lg was defined by Freedman et al [2] as:

.1
Ly ={z = (zx): hinh— Z |k — 1] =0 for some [}.

" kel,
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The space Ly is a BK-space with the norm

1
lello = sup 5 3 faa.

T ke,

LY denotes the subset of Ly those sequences for which [ = 0 in the definition of
Lg. (LY, |]-]le) is also a BK-space. There is a relation (see [2]) between Ly and the
space |o1] of strongly Cesaro summable sequences defined by

1 n
={rcew: — -1 =0, f l}.
o1 = {z e w nkz::lkvk | or some [}

For § = (2") we have Ly = |oy] .

Definition 1.1. A function f : [0,00) — [0, 00) is called a modular if
(1) f(t)=0if and only if t =0,

(2) f(t4+u) < f(t)+ f(u) for all t, u >0,

(3)

4

) f is continuous from the right of 0.

f
f is increasing, and
Let X be a sequence space. Then the sequence space X (f) is defined as
X(f)={z = (z) : (f(lzx])) € X}
for a modulus f([6], [8]).

Kolk [4], [5] gave an extension of X(f) by considering a sequence of moduli
F= (fk:) i.e.,
X(F) =A{z = (zx) : (fu(lze])) € X}

2. Main results

For a sequence F' = (fi) of moduli, we define following sequence spaces

Lo(A™F) = {rcw: limhi Z fe(]A™x, —1]) =0 for some [},
" ke,
o1 m
LYy(A™ F) = {wEw:h;nh—erkﬂA x2g]) =0 }, and
kel,
LE(A™ F) = {wa.h{nh—ZﬁgﬂA x]) < oo}

" kel,
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Theorem 2.1. The sets Ly(A™, F), Loy(A™, F) and LF(A™, F) are linear spaces.

Proof. Let z,y € Lg(A™,F) and «, 3 € C. Then exists positive integers N, and
Mpg such that |o| < N, and |G| < Mg. From the definition of modulus function and
A™ we have

LS fellA (o + ) — (s + Blo))

" kel,
1 1
< Nah—T > (A ae — ] + Mﬁhfr > AlA™ye — L) = 0, 7 — oo
kel, kel,
Thus Lg(A™, F) is a linear space. O

Lemma 1 ([7]). Let F = (f) be a sequence of moduli and let 0 < 6 < 1. Then
for each x> & we have fi(x) < 2fx(1)6 tx.

Theorem 2.2. Let F = (fi) be a sequence of moduli. Then Lo(A™) C Lg(A™, F).
Proof. Let x € Lo(A™). Then we have

1
(2.1) =0 Z |[A"x, — 1] — 0 as r — oo, for some [.
" kel

Let € > 0 and choose § with 0 < ¢ < 1 such that fy(u) < € for every u with
0 <u < 4. Then we can write

=3 A~ 1)

" kel,

1 m 1 m
= > fr(|A Jﬁk—l|)+hfr > Je(| Ay, — 1)
kel |Amx—1|<d kel | Az —1|>6
1 1
< h—(hTe) + h—?fk(l)é_lhrn ( from Lemma 1).
Therefore x € Lo(A™, F). O

Theorem 2.3. Let F' = (fi) be a sequence of moduli, if tlggof‘T(t) =5 >0, then
Lo(A™) = Lo(A™, F).
Proof. We need to show that Lo(A™, F) C Lo(A™). Let v > 0 and « € Lg(A™, F).

Since v > 0, we have fy(t) > ¢ for all ¢ > 0.
Hence we have

1 m 1 m 1 -
T D ST =) 2 5 S lATm — 1] = oy | A e .

" kel, " kel, kel,
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Therefore we have © € Ly(A™). Hence Lg(A™, F) C Ly(A™). On the other hand,
by Theorem 2.2 we have Ly(A™) C Lo(A™, F). Thus Ly(A™) = Lo(A™, F). O

Theorem 2.4. Let m > 1 be a fixed integer, then
(1) LYA™ 1, F) € LY(A™, F);
(2) Lo(A™ L F) C Ly(A™, F);
(3) LF(A™ 1, F) C LgF(A™, F);

and the inclusions are strict.

Proof. The proof of the inclusions follows from the following inequality

*ka |A™ k) <*ka (|A™ ) +*ka A ).

" kel, " kel, " kel
To show the inclusions are strict, let § = (2") and z = (k™). Then z €
(A™ F), but @ ¢ (A™7L F). If @ = (k™), then A™x = (—1)"m! and A" Ly =
(1)l (k 4 ), m

Theorem 2.5. Let 0 = (k) be a lacunary sequence. If 1 <liminf g, <limsupgq, <
00, then |o1|(A™, F) = Ly(A™, F), where

1 n
A F) = L= A™ — - f [V,
o [(A™ F)={r cw n};fkﬂ zg —I| =0, for some [}

Proof. Let liminf g, > 1, then there exists § > 0 such that ¢, = Z +1 >
T

r > 1. Furthermore we have % < (1;”5) and Fr=1 < 5 for all 7 > 1. Then we write

= Y sama) :%inww Zﬁ%%

" kel, "

o

1ka (&™)

Now suppose that the limsup ¢, < oo and let € > 0 be given. Then there exists jg
T

1 kr
- ;FZ (|Aa™;)) —

T

>

such that for every j > jo
anm
zGI

Choose a number M > 0 such that A; < M for all j. If limsup ¢, < oo, then

T
there exists a number 8 > 0 such that ¢, < 8 for every r. Now let n be any integer
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with k._1 <n < k.. Then

*ka | A <k_12fk | A i)
= {ka AT z]) + -+ > fr(|A™ m}

i€l el

= k'r‘_l szk |A™ ) + Z ka |A™x4])
j=1i€l; J=Jjot1li€l;

< kD Zka | A a]) + ek — ko Ky
Jj=1li€l;

= kb A4 hoAg 4 Ry Ajy + e(ke — Ko )k

< ki (Csup Agky, + (ke — ko )k

1<i<jo

< Mk kj + ep.

Thus z € |o1|(A™, F). O
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