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Oscillations of Difference Equations with Several Terms
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ABSTRACT. In this paper, we obtain sufficient conditions for the oscillation of every solu-
tion of the difference equation

>
Tpt1 — Tn +  PiTn—k; +qTn—z =0, n=0,1,2,--,
i=1
where p; € R, k; € Zfori=1,2,--- ;mand z € {—1,0}. Furthermore, we obtain sufficient
conditions for the oscillation of all solutions of the equation

>
Armn'i_ piwnfki:07n:071>27"'>
i=1
where p; € R, k; € Z for i = 1,2,--- ,m. The results are given terms of the p; and the k;
foreachi=1,2,--- ,m.

1. Introduction

The concept of the oscillatory behavior of solutions of difference equations has
been extensively investigated, see [1]-[8] and the reference cited therein. In [7],
Ladas established a theorem for the oscillatory behavior of all solutions for the
following difference equation

(1.1) Tpgl — T +PTp—g +qTn—, =0, n=0,1,2,---,

where p,g € R , k € Z and z € {—1,0}. In equation (1.1), the case ¢ = 0 was
examined in [3], [6], [7].

In [5] is investigated for the oscillatory behavior of the higher order difference
equation

Arxn + pTp—k =0,

where p € R, k € Z and r > 1. (See also [1]).

In this paper, we obtain sufficient conditions for the oscillation of all solutions
of the difference equation
(12) Tn41 _xn'i_zpixn—ki +qrpn—.=0, n=0,1,2,---,

i=1
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where p; € R, k; € Z and z € {—1,0}.
In section 3, we obtain sufficient conditions for the oscillation of all solutions of
the difference equation

(13) AT.'L'TL + Zplmn*kl =0 , n= 07 1, 27 S

i=1

where p; € R, k; € Z fori=1,2,--- ,m.

Let | = max{k, z}. Then by a solution of the equation (1.1) we mean a sequence
{x,,} which is defined n > —I and which satisfies equation (1.1) for n > 0. A
solution {z,} of equation (1.1) is said to oscillate if the terms x,, are not eventually
positive or eventually negative. Otherwise, the solution is called nonoscillatory.

We need the following lemma, which proved in [4].

Lemma 1.1. We consider the following difference equation
(14) Ttk + Prxpig—1+---+ P, =0.

Assume that Py, Py,--- , Py € R™" and that I is the r X r identity matriz. Then
every solution of equation (1.3) oscillates (componentwise) if and only if the char-
acteristic equation

det NI+ AN"1P + -+ APy + P;] =0

has no positive roots.

We should remark that, in this paper, we will use the case r = 1 in Lemma 1.1.

2. Sufficient conditions for oscillation of (1.2)

In this section, we obtain sufficient conditions for the oscillation of equation
(1.2). The conditions will be given in terms of the p;, ¢ € R and k; € Z for each
i=1,2,---,m. Throughout this section we will use the convention that 0° = 1.

Theorem 2.1. Letp;, g e R, k; € Z and z = —1 fori=1,2,--- ,m. Suppose that
fori=1,2,--- m, either

(2.1) p; >0, ¢g>0 and k; €{0,1,2,---}
or
(2.2) p; <0, ge (=1,0) and k; € {---,-3,-2,—1}.
If
(2.3) ipi(l + q)’“"(kiJrk,i)ki+1 > 1,
i=1 i
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then every solution of equation (1.2) oscillates.

Proof. Assume that (2.1) holds. In view of Lemma 1.1, it is enough to prove that
the characteristic equation of equation (1.2)

(2.4) FO)=A=14) pxF4qr=0

i=1
has no positive roots. It is clear that equation (2.4) has no roots in [1,00). Then
observe that for i = 1,2,--- ,m, we have
ki (kl + l)k'ﬁ_l
. _ " _Q k(g T L)
O Yy R

b

therefore for 0 < A < 1, we get

JO) = =M1+ <1+qu 1+q)>

(ki 4 1)Rit!
> 1= A1+ q)] <1+sz J;,))

> 0
which completes the proof.
Now, assume that (2.2) holds. Then it is clear that equation (2.4) has no roots
n (0,1]. So, we have for i =1,2,--- ,m,
Ak ) (kz + 1)ki+1
T AR A L 2 S
min gy —1 - P

Hence for A > 1, we get

fQ) = Mi+q) —1] <1+sz )

ki
< 149 —1] (1—Zpi(1+Q) W)
i=1 i

< 0
which completes the proof. O

Corollary 2.2. Letp;,q € R, k; € Z and z = —1 fori=1,2,--- ;m. Assume that
either (2.1) or (2.2) holds and suppose that

k+ 1)+t
(25) <H i ) (1 +q | B

| > L
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where k = k;. Then every solution of equation (1.2) oscillates.

1
m

g

Proof. Assume that (2.1) holds. Then by using Theorem 2.1 and applying the
arithmetic-geometric mean inequality, we conclude that

F) = 1=A1+q)] <1+Zpl 1+q)>

_ 1 .
> [1-A(1+9) 1+m<le> )M

kk

> [1-A(L+q) —1+m<sz>m A Gt i
> 0 ]

and so the proof is complete. The proof when (2.2) holds is similar and will be
omitted. O

Now, by using similar idea in the proofs of the Theorem 2.1 and Corollary
2.2 the following results follows immediately. So we only state them without their
proofs.

Theorem 2.3. Let p;,q € R, k; € Z and z =0 for i =1,2,--- ,m. Suppose that
fori=1,2--- m, either

(2.6) p:i>0, g€ (0,1) and ki € {0,1,2,---}
or

(2.7) pi <0, ¢<0 and k; €{--,-3,—-2,—1}.
If

ip-(l —g)kit! (ki + 1)kt

L

then every solution of equation (1.2) oscillates. Furthermore, suppose that p; >
0,q > 1,z =0 and that p; <0, ¢ < =1,z =0 fori = 1,2,--- ,m, respectively.
Then every solution of equation (1.2) oscillates.

Corollary 2.4. Assume that (2.6) or (2.7) holds and that z = 0. If

m (H |pz-|> Tt
=1

(k + 1)k
kk

> 1,

where k =

s

L5 ki, then every solution of equation (1.2) oscillates.

=1
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Now, we have the following results.

Corollary 2.5. Letp; >0, ¢ € (—=1,0), k; € N and z = —1. If (2.3) or (2.5) holds,
then every solution of equation (1.2) oscillates.

Corollary 2.6. Letp; > 0,q < 0, k; € {0,1,2,---} fori =1,2,--- ,m and let

z=0.1If
= 1 ki 4+ 1)kit1
E Di ) ( k) > 13
o Aokt kit

then every solution of equation (1.2) oscillates.

Corollary 2.7. Let p; < 0,q >0, k; € {---,-2,—1} fori=1,2,--- ;m and let
z=—1. If (2.3) or (2.5) holds, then every solution of equation (1.2) oscillates.
3. Sufficient conditions for oscillation of (1.3)

In this section, we provide a sufficient conditions for the oscillation of every
solution of higher-order difference equation (1.3). The conditions will be given in
terms of p; and k; for each i =1,2,--- ,m.

Theorem 3.1. Let p; € R and k; € Z fori = 1,2,--- ,m and let r is an odd

positive integer. Assume that for i =1,2,---  m, either
(3.1) p; >0 and k; € {0,1,2,---}

or

(3.2) pi<0andk, €{-,—(r+1),—r}
If

(3.3) i (ks +r AN -

then every solution of equation (1.3) oscillates.

Proof. We will assume that (3.1) holds. In view of Lemma 1.1, it suffices to prove
that the characteristic equation of (1.3)

(3.4) )= =17 + 3 pa =0

i=1
has no positive roots. Then equation (3.4) has no roots in [1, 00). Consider the func-

—k;
tion g defined by g(A) = PG Then observe that g’(k -) = 0and g"( <0.

ki +7")
Therefore we get

A~k B (_) (ki 4 r)Fitr)

oAzt (A —1)r ks
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Hence for 0 < A < 1, we get

ey

Y

> 0,

which completes the proof when (3.1) holds.
Now, assume that (3.2) holds. Then characteristic equation (3.4) has no positive

Ak
roots in (0, 1]. Consider the function g defined by g(\) = m Then observe
that ¢’ (7 +7a) =0 and ¢"(z; +7a) > (. Therefore we get
LAk LY (ki+r)tetn)
mn-——=|—-—— | ————.
A>1(A=1)7 " ki

Hence for A > 1, we have

. I P
fO = Q=01 pn
=1

m .
1 (ki + T)(k’+r)
< A=D1 |1- ———
< (A-1) [ ;p = e
< 0,
which completes the proof when (3.2) holds. O

Remark 3.2. If we take = 1 equation (1.3), then condition (3.3) reduces to
(ks +1 hitl
Sp

which is sufficient condition for the oscillation of all solutions of equation

m
Tn+1 — Tn + Zpixn—ki = Oa n = 07 17 2a
=1

Note that this result is obtained by Ladas in [7] (See also [4]).

Theorem 3.3. Assume that (3.1) or (3.2) holds for i =1,2,--- ,m and that r is
an odd positive integer. If

1

r k+r
(3.5) <H |pl> ""*,f

S

>r
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m
where k = Z , then every solution of equation (1.3) oscillates.

Proof. Assume that (3.1) holds. In view of Lemma 1.1, it suffices to prove that the
characteristic equation (3.4) has no positive roots. Then by Theorem 3.1, the char-
acteristic equation (3.4) has no positive roots in [1, 00). By taking into consideretion
equation (3.4) for 0 < A < 1 and using arithmetic-geometric mean inequality, we
get

fO) = (-1 1+sz )]
S 1+m(npz>:"“
r 1
e N e
< 0. )

Then, it yields that equation (1.3) under assumption (3.5) has no positive roots and
the proof is complete. The proof when (3.2) holds is similar and is omitted. O

Remark 3.4. If we take r = 1 equation (1.3), then condition (3.5) reduces to
1

m m k+1

which is sufficient condition for the oscillation of all solutions of equation

>1

Tn41 —ICn-i-ZPixn—ki =0,n=0,1,2,---.
=1

Note that this result is obtained by Ladas in [4].
Corollary 3.5. Assume that p; > 0 and k; € Z for i =1,2,--- ,m and that r is

an even positive integer. Then every solution equation (1.3) oscillates if and only if
pi >0 fori=1,2,---,m

Proof. Tt is clear that the characteristic equation (1.3) becomes
FO) = (=174 Y pah =
i=1

so we get f(A) > 0 for A > 0. Therefore by Lemma 1.1, equation (1.3) oscillates if
and only if p; >0 fori=1,2,--- ,m. O
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