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ABSTRACT. The purpose of the present paper is to introduce two novel subclasses
T.(n, A\, a) and H,(n, A, a; k) of analytic and univalent functions with negative coeffi-
cients, involving Ruscheweyh derivative operator. The various results investigated in this
paper include coefficient estimates, distortion inequalities, radii of close-to-convexity, star-
likenes, and convexity for the functions belonging to the class 7, (n, A, o). These results
are then appropriately applied to derive similar geometrical properties for the other class
H,(n, A, a; k) of analytic and univalent functions. Relevant connections of these results
with those in several earlier investigations are briefly indicated.

1. Introduction and preliminaries

Let A(n) denote the class of functions f(z) normalized by

(1.1) fR) =z4+ > a¥ (neN={1,23}),
k=n-+1

which are analytic and univalent in the unit open disk U = {z € C: |z] < 1}.
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If f(z) is given by (1.1), and the function g(z) is defined by
(1.2) g =2+ 3 bt (neN),
k=n-+1

then the Hadamard product (or convolution) of the functions f(z) and g¢(z) is
defined (in usual manner) by

(1.3) (fxg)(z) =2+ Z apbpz®  (n € N).
k=n-+1
The Ruscheweyh derivative operator ([7]):
FrA— A (A:= A1),

is defined by

(1.4) DH{f(2)} =

T e (> -Lfe) e ),

which in view of (1.1) becomes

-1
z+Z(k+M ) kzk

= (k
= Zﬁakzk (1> =1 f(z) € A).

(1.5)  D*{f(2)}

In particularly, when p:=m (m € Ng := N U {0}), then

2l ()]

(16) D {f()p = S (m € Ny).

Definition 1.1. A function f(z) € A(n) is said to belong to to the class K, (n, A, a),
if and only if,

(1.7) A D f ()] + (1 = NDH{f(2)}]
: ADH{f(2)} + (1 = \)DYe{f(2)}

where > -1, 0<A<1,0<a <1, and z € Y.

—1| < q,

Let 7 (n) denote the subclass of A(n) consisting of functions f(z) of the form

(1.8) fz)=2—- i arz®  (ar, > 0;n € N).
k=n-+1
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Further, we define the class 7,,(n, A, o) by
(1.9) T.(n, A\ a) == K,(n, A\, a) N T (n).

In view of the above definition of the class 7,,(n, A, &), we deem it worthwhile to
point out the relevance of this class of functions with some known classes . Indeed,
we have

(i) P(n, A\, @) := To(n,\,1 — ) (0 < a < 1), where P(n, A\, «) was studied by
Altintag [1],

(i) Sn(y, A @) :=To(n, A\, aly|) (v € C—{0}), where S,,(7, A, &) was investigated
by Altintag et al. [2],

(i) Sn(y, @) :=Tu(n,1,aly|) (v € C—{0}), where S, (7, 11, @) was very recently
studied by Murugusundaramoorthy and Srivastava [5].

The other subclass H,,(n, A, o; k) consisting of functions of the form (1.8) is now
defined here as follows.

Definition 1.2. A function f(z) € 7 (n) is said to belong to the class H,(n, A, a; &),
if w = f(z) satisfies the non-homogenous Cauchy-Euler type differential equation:

2

(1.10) 22%+2(1+ﬁ)z%]+n(1+n)w= (14+£K)(2+K)g(2),

where g(z) € 7,(n, A\, «) and k > —1.

Several other interesting subclasses of the classes A(n) and/or 7 (n) were inves-
tigated recently, for example, by Chen et al. [3], Irmak and Raina [4], Raina and
Srivastava [6], and in certain papers of [8]. One may refer to [2] for the investigation
of the class of functions generated by (1.10).

This paper first investigates the geometric characteristics of the class of func-
tions 7,,(n, A, ), which give the coefficient estimates, distortion inequalities, radii of
close-to-convexity, starlikeness and convexity properties of this class. These results
are then applied to obtain similar properties of the class of functions H,,(n, A, a; k).

2. Basic properties of the class 7,(n, A, )

We begin by proving a necessary and sufficient condition for a function belong-
ing to the class 7(n) to be in the class 7,,(n, A, &). The result is contained in the
following theorem.

Theorem 2.1. Let the function f(z) be defined by (1.8). Then, f(z) is in the class
T.(n, A\, a) if and only if
i (k+a—1k+u—Ak—DT(k+ pn)
(k—1)!

(2.1) ap < al'(2 4 p),

k=n+1
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where p > —1, 0 < A <1, and 0 < a < 1. The result is sharp for the function f(z)
given by
an!T(2 + p)

(2.2) f(z)=2- (n+a)C(n+p+ DL+ p+n(l— ) o

Proof. Let f(z) defined by (1.8) satisfy the inequality (2.1). If we let z € U, then
on using (1.5) and (1.7), we find that

(AP + (1= MDY = ADH{f} + (A = )DH{f}]
—a[AD"{f} + (1 - ND{f}|

i (k= Dk + )k +p—Ak=1)] 5
L(2+ p)(k —1)! F

o0

Pe+pk+p—Ak—-1)]
> T2+ (k1) a2

(k+a—1DT(k+ plk+p— Ak —1)]
=2 T2+ ) (k= 1]

< 0, NMeN;ju>-10<A<1;0<a<]l;ze€dl).

k=n+1

ap —

Hence, by maximum modulus principal, the function f(z) given by (1.8) belongs to
the class 7,(n, A, @).

Conversely, suppose the function f(z) given by (1.8) belongs to the class
7,.(n, A\, «). Then, in view of (1.5) and (1.7), we readily obtain

A2[DH{f}]" + (1 = N2[DYR{f})

2.3 1
23) ND-{f} + (1= DI {7}
oo k—DT(k+p)[k —A(k—1 _
B _Zk:nJrl Aol é(zi;)t[)(—khjl)!( J agzF! N
- oo T(k+up)[k+p—A(k—1 _ :
=2 ns ( F;(L2[+u)k(bk—1()! a1

Putting z = r (0 <7 < 1) on the right-hand side of (2.3), and noting the fact that
for r = 0, the resulting expression in the denominator is positive, and remains so
for all r € (0, 1), the desired inequality (2.1) follows upon letting r — 1 — .

Finally, by observing that the function f(z) given by (2.2) is indeed an extremal
function for the assertion (2.1), we complete the proof of Theorem 2.1. O

We next prove the following growth and distortion property for the functions
of the form (1.8) belonging to the class 7,,(n, A, a).

Theorem 2.2. Let the function f(z) given by (1.8) be in the class T,(n, A, «). Then

an!T'(2 + p)

(2.4) k§r1ak = (n+a)l(n+p+ 1)1+ p+n(l—N)]
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and

aln+1)IT(2 + p)

(2.5) k;kk S ralntat Dot ptnd N

Proof. Making using of Theorem 2.1, we find from (2.1) that

n+ a)l'(n 1)1 n(l—\ >
RIETES EFLIIEIVE

k=n+1
N (kta—D)T(k+ )k +p— Ak —1)]
P> (1) a
k=n-+1
< al'2+p),

which immediately yields the assertion (2.4) of Theorem 2.2.
Also, (2.1) yields

(oo}

Z (k+a—1ap <al'(2+ p),
k=n+1

Fn+p+ 1)1+ p+nl—N)
n!

which implies

(2.6) F(n+u+1)[1n4'ru+n(lf)\)] i b
' k=n-+1
< ar(2+,u)+I‘(n—&-ﬂ—kl)[ln—!ku—kn(l—)\)] (1—a) Z a.

k=n-+1

In view of the coeflicient inequality (2.4), we arrive at once at the desired assertion
(2.5) of Theorem 2.2.

If we apply the coefficients assertions (2.4) and (2.5) to the modulus of the
functions f(z) and f’(z), respectively, then the following distortion inequalities can
be easily established. The proof can well be omitted. O

Theorem 2.3. If f(z) € T(n) is in the class T,(n, A\, a), then

an!l'(2 4+ p) n
O e ey sy | ey (i A
and
28  IFGI-1< aln+ D2 + ) 2P,

m+a)T'(n+p+1D[1+p+n(l—N)

where z € U. The above results are sharp for the function f(z) given by (2.2).
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The properties of close-to-convexity, starlikeness and convexity are given by the
assertions contained in the following theorem.

Theorem 2.4. If f(z) € T,(n,\ «), then f(z) is, respectively, close-to-convex
of order B in |z| < r1 = ri(n, A\ a,p,3), starlike of order B in |z| < rey =
ro(n, A, a, w, 3), and convex of order B in |z| < r3 = rz(n, A\, a, u, 3), where

) 1_ ﬁ 1/(k—1)
(29) 1 (TL, A, a, [, 6) = kzn:rlzil (k : @(Av Q, 1 k)) )
1-3 1/(k-1)
(2.10) ro(n, A\, o, u, f) = kervlz-'rl (M - O\, a, i k)) ,
and
) 1-8 1/(k=1)
(2.11) r3(n, A\, a, p, B) = kzlgﬁ—l (M -0, a, i k)) ,
where
(2.12) O\ o, i k) = (k+a—-1Dk+p— k- 1)]F(k+u)'

a(k—1)T(2+ p)

O<a<lju>-10<5<1;0< A< 1;neN). Each of these results is sharp
for the function f(z) given by (2.2).

Proof. Let f(z) € T,(n, A, ). Then, in order show that f(z) is close-to-convex of
order § (0 < 8 < 1), it is sufficient to show that

(2.13) F()=1<1-8 (ls|<r;0<B<1),

Making use of (1.8) in (2.13), and in the process taking into account the coefficient
bound inequality (2.1), we infer that f(z) is close-to-convex of order 5 (0 < 8 < 1)
inside the disk |z| = ry, where r; is given by (2.9).

Similarly, by applying the inequalities

(2.14) ZJJ:;S) —1‘ <1-0 (]z2|<r;0<8<1)
and
(2.15) ‘<1+Zf,/;i§)>—1’<1—5 (I2] < 75:0 < B < 1),

and proceeding in the same manner as mentioned above, we conclude that f(z) is,
respectively, starlike of order 3 (0 < 8 < 1) inside |z| = rq, and convex of order
B (0 < B < 1) inside |z| = r3, where 79 and 73 are, respectively, given by (2.10) and
(2.11). O
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3. Properties of the class H,(n,\, a; k)

Applying the results of Section 2, which were obtained for the function f(z) of
the form (1.8) belonging to the class 7,,(n, A, &), we now derive the corresponding
results for the function f(z) belonging to the class H,(n, A, o; k).

Our first result is given by Theorem 3.1 below.

Theorem 3.1. If f(z) € T(n) is in the class H,(n, A\, o; k), then

an!(1+k)(2+ K&)T(2 + p) P

G WG < e Tt DL+ a (- N+ D)

and

an+ (1 +k)2+K)T(2+ )
(n+a)(n+r+DI+p+nl=NT(n+p+1)
where z € U. The results in (3.1) and (3.2) are sharp for the function f(z) given
by

32)  |If@I-1<

2"
7

o anl(n+r+ 12+ p) 2"
(3.3) f(z) == (n+a)1+r)2+r)TNn+p+ 1)1+ p+n(l—=2N) .

Proof. Assume that f(z) € T(n) is given by (1.8). Also, let the function g(z) €
7,.(n, A, a), occurring in the non-homogenous differential equation (1.10) be of the
form:

(3.4) g9(z) =2z — Z bpz®  (bp > 0;n € N).
k=n-+1

Then, we readily find from (1.10) that
(1+k)(2+ k)

(3.5) ak:(k+l€)(k+l€+l)bk (k>n+1;neN),
so that

N akbe. N (4mCtR)
(36) f(z) == k:ZnH ket = k:zn;l(kJrﬁ)(kJrn—H)bk £
and
@ @R 3 BN (e

Next, since g(z) € 7,,(n, A, o), therefore, on using the assertion (2.4) of Theorem
2.2, we get the following coefficient inequality:

an!T'(2 4 p)
(3.8) b S T+ it D+ pn(l =)

(k>n+1;neN),
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which in conjunction with (3.6) and (3.7) yield

an!T(2 + p)
(n+a)l(n+p+ 1)1+ p+n(l—N)]

39 (f&I=ll <

o0

n (1+r)(2+k)
“|z] +1k:zn;1 TSy (z €U).

By Noting the following summation result:

=~ (1+R)@2+r)  (1+K)(2+k)
(3.10) k:zn;l(k+,g)(k+li+l)_ n+r+1

where k € R* := R\ {-n —1,—n — 2,--- }. The assertion (3.1) of Theorem 3.1
follows from (3.9) and (3.10). The assertion (3.2) of Theorem 3.1 can be established
by similarly applying (2.5), (3.5), and (3.10). O

Theorem 3.2. If f(z) € Hu(n, A, a5 k), then f(2) is close-to-convex of order v in
the domain

0<|z| <rg:=ra(n, A\ p,y,0,6) (k€R0<y <),

where

(1wu+ﬁx2+@>”“*)
k>n+1 ’

= inf k) -
ra(m A oy, @ 1) = n (6(’\’0"“’ LY s ey
and O\, a, 3 k) is given by (2.12).

Proof. Assume that f(z) € 7(n) is given by (1.8). Also, let the function g(z) €
7,.(n, A, @), occurring in the non-homogenous differential equation (1.10), be given
as in the Definition (3.4). Then, it is sufficient to show that

If'(z) =1 <1—7 for |z| < ry.
Indeed, we have
1f'(z) =11 < Y kaglzY,
k=n+1

and by using the coefficient relation (3.5) between the functions f(z) and g(z), we
get

o0

B -1 Y

k=n-+1

(14 k)(2+ k)
kE+r)k+r+1)

Ebg|z|F1 <1 — 4.

Since g(z) € 7,(n, A, o), and we know from the assertion (2.1) of Theorem 2.1 that

oo

(k+a—-1I(k+p)[1+p+n(l—N)]
2 (k—1)!

be < ol'(2+ p),
k=n+1
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hence, (3.11) is true if

(3.12) B <o k)

(k=n+1,n+2,n+3, - ;neN)
where O(\, a, p; k) is given by (2.12). Solving (3.12) for |z|, we obtain

1-A+r)2+ ﬁ))w—”
ak(k+r)(k+r+1) ’

2] < (6(/\,a,u; k) -

(k=n+1,n+2,n+3, ---;neN)

which obviously proves Theorem 3.2.

By suitably invoking the inequalities (2.14) and (2.15) governing the properties
of starlikenes and convexity of the function f(z) belonging to the class H,(n, A, a; &),
and using (1.8), (3.5) and the coefficient bound inequality (2.1), appropriately in
the process, the following results can be easily proved by following similar steps as
elucidated in the proof of Theorem 3.2. We skip further details. g

Theorem 3.3. If f(z) € Hu(n, A\ o;k), then f(2) is starlike of order v in the
domain
O<|Z|<’I“5 ::7‘5(”7)\7”77’&3’%) (K/ER*7OS’7<1)7

where

1-7)1+k)(2+k) )1/““)
) :

ol Ay o) = (G(A’a’mk) Calk =)k +r)(k+ K+ 1

k>n+1
and the function O(\, «, u; k) is given by (2.12).

Theorem 3.4. If f(z) € H,(n, A\, a;k), then f(z) is convex of order v in the
domain
0<|z| <re:=re(n, A\, p,y,0,6) (k€ R*0<y<1),

where

. (1-7QA+k)2+k) D
= inf (O k) -
To(1, A 17, @ ) Kon1 < A @, i ) ak(k—v)(k+k)(k+rK+1) ’

and O\, o, sy k) is given by (2.12).

We conclude this paper by remarking that by choosing suitable values of the
parameters n, «, A, and/or p in Theorems 2.1-2.4 and Theorems 3.1-3.4, one can
deduce various new and known results (given in [1], [2] and [5]), as worthwhile
consequences of our main results. These obvious considerations are omitted here.
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