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Nonlinear Functional Boundary Value Problems in Banach
Algebras Involving Carathéodories
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ABSTRACT. In this paper, an existence theorem for a nonlinear two point boundary
value problem of second order differential equations in Banach algebras is proved using a
nonlinear alternative based on Leray-Schauder alternative.

1. Introduction

Given a closed and bounded interval J = [a, b], a < b, of the real line R, consider
the nonlinear two point functional boundary value problem (in short FBVP) of
second order ordinary differential equations

W (Foetam

where f: J xR >R\ {0} g: JxRxR—=R,and p,0,n:J — J.

By a solution of the above FBPV (1.1) we mean a function z € AC'(J,R)
that satisfies the differential equation and the boundary conditions of (1.1), where
AC!(J,R) is the space of all continuous real-valued functions on J = [a,b], whose
first derivative exists and is absolutely continuous on J. Note that the second
derivative of the solution x(t) exists for almost all ¢ € J.

The main idea is to write the FBPV (1.1) into an equivalent operator equation
x = Az Bz and to prove that it has a solution in AC1(J,R).

The FBVP (1.1) has not been studied in the literature before, so the results
of this paper are new to the theory of differential equations in Banach algebras.
The special cases of the FBVP (1.1) have already been discussed in the literature
by several authors for various aspects of the solutions. For example, if f(¢,x) = 1
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whenever (¢,z) € J x R, then the FBPV (1.1) reduces to

{ —2"(t) = g(t,z(t),2'(t)) for ae. t € J,

(1.2)
z(a) =0 = z(b).

There is an abundance literature on the BVP (1.2), see for example, Baily et. al.
[1], Bernfield and Lakshmikantham [2] and the reference therein. The importance of
the FBVP (1.1) concerning the applications is yet to be investigated. However, it is
new to the literature on the theory of nonlinear two point boundary value problems
of ordinary differential equations. This is the main motivation to study the FBVP
(1.1) in the present paper. The rest of this paper is organized as follows. Section 2
deals with the preliminaries and the fixed point results for the operator equations
involving the product of two operators in Banach algebras. Section 3 deals with
the existence theorems for the FBVP (1.1) under certain generalized Lipschitz and
Carathéodory conditions. Finally, an illustrative example is given at the end of this

paper.

2. Preliminaries

Let X be a Banach space with norm || - ||. A mapping A : X — X is called
D-Lipschitz if there exists a continuous nondecreasing function ¢ : RT — RT
satisfying

(2.1) [Az — Ayl < ([l — yl|)

for all z,y € X with ¥(0) = 0. Sometimes we call the function ¢ a D-function
of A on X. In the special case when ¥(r) = ar, a > 0, A is called a Lipschitz
with the Lipschitz constant . In particular if o < 1, A is called a contraction
with the contraction constant «. Further if ¥(r) < r for r > 0, then A is called a
nonlinear D-contraction on X.

An operator B : X — X is called totally compact if B(S) is a compact subset
of X for any S C X. Again B : X — X is called compact if B maps a bounded
subset of X into a relatively compact subset of X. Similarly, B : X — X is called
totally bounded if B maps a bounded subset of X into a totally bounded subset
of X. Finally, B : X — X is called a completely continuous operator if it is a
continuous and compact operator on X. It is clear that every compact operator is
totally bounded, but the converse may not be true. However, these two notions are
equivalent on bounded subsets of a Banach space X.

The following nonlinear alternative is fundamental and has been used exten-
sively in the theory of differential and integral equations for proving the existence
results under certain compactness conditions.

Theorem 2.1 [Zeidler [12]]. Let K be a convex subset of a normed linear space E,
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U an open subset of K with 0 € U, and N : U — K a continuous and compact
map. Then either

(a) N has a fived point in U; or,
(b) there is an element u € OU such that uw = ANu for some real number \ €

(0,1), where OU is a boundary of U.

Before presenting the main results of this section, we give some preliminaries
needed in the sequel.

A Kuratowskii measure of noncompactness a of a bounded set A in X is a
nonnegative real number «(A) defined by

(2.2) a(A) = inf {r >0:A= CJ A;, diam(4;) <, Vi} .

i=1
The function a enjoys the following properties:
(1) a(A) =0 <= A is precompact.

(az) a(A) = a(A) = a(co A), where A and @ A denote respectively the closure
and the closed convex hull of A.

AC B= a(A) <a(B)

a(AU B) = max{«a(A4),a(B)}.
a(AA) = |AMa(A),VA e R.
a(A+ B) < a(A)+ o(B).

a3
Oy

(as)
(aa)
(a5)
(a6)

Qg

The details of measures of noncompactness and their properties appear in Banas
and Goebel [3], Deimling [5] and Zeidler [12].

Definition 2.1. A mapping T : X — X is called condensing if for any bounded
subset A of X, T'((A) is bounded and a(T(A)) < a(A4), a(A) > 0.

Note that contraction and completely continuous mappings are condensing, but
the converse may not be true. The following generalization of Theorem 2.1 for
condensing mappings in Banach spaces is well-known and will be used in the sequel.

Theorem 2.2. Let U and U be respectively open and closed subsets of a Banach
space X such that 0 € U. If N(U) is bounded and N : U — X a continuous and
condensing map, then either

(a) N has a fived point in U; or,

(b) there is an element v € OU such that u = ANwu for some X € (0,1), where
oU is a boundary of U.
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Our main result of this section is

Theorem 2.3. Let U and U be open-bounded _and closed-bounded subsets of a
Banach algebra X such that 0 € U and let A, B : U — X be two operators satisfying

(a) A is D-Lipschitz with D-function ¢,

(b) B is continuous and compact, and

(c) Mo(r) <r, where M = |B(U)|| = sup {||B(z)| : z € U}.
Then either

(i) the equation AxBx = x has a solution in U, or

(i) there is an element u € OU such that w = AAu Bu for some A € (0,1), where
oU is a boundary of U.

Proof. Define the mapping T : U — X by
(2.3) Tz = Ax Bz, z € U.

Obviously, the mapping 7 is continuous on U. The result follows immediately from
Theorem 2.1 if the operator T" is condensing on U. Let S be a set in U. Then we
have the following estimates concerning the operators A and B on U. Let z* be a
fixed element of S. Then by the hypothesis (a),
[Az]| < [[Az7 + [[Az" — Axz]]

< [lAzT] + o(ll2" — )

< B
for all x € S, where
(2.4) B =||Az"|| + ¢(diam S) < oo,

because S is bounded. Similarly, since B is compact, B(S) is a precompact subset
of X. Hence for n > 0, there exist subsets G1,G2,- -+ ,G,, of X such that

B(S) = U G; and diam(G;) < %
j=1

This further gives that

Let € > 0 be given and suppose that
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with
diam(S;) < a(S) + €

for all i = 1,2,--- ,n. We put F;; =S, B~Y(G;), then S C JF;.
Now

7(S)

N

UT(Fz‘j)
c Ur (Si ﬂB—l(Gj))
o

If wo, w; € Yy, forsomei=1,---,n and j=1,---,m, then there exist xo,z; €
F;; = SiNB~'(G;) such that Tz = wg and Tz1 = ws.
Since ¢ is nondecreasing, one has

|Txo — T | |AxoBxo — Az B ||

|AzoBxo — Az Bxg|| + ||Az1 Bxg — Az Bz ||
[ Az — Az ||| Bxol| + [[Az1 ||| Bzo — Ba ||
¢(llwo — x|l Bzol| + [[Azy|[[| Bro — By ||

¢(diam(Ei;) | BU) || + [|A(S)|[[| Bxo — Ba: ||

IN A AN IN A

Since 7 is arbitrary, one has
|Txo — Txq|| < M(diam(F;;)).
This further implies that
|Tzg — Txq|| < Mo(diam(S;)) < Mo(a(S) + €).
This is true for every wo, w1 € Y35, and so
diam(Y;;) < Mo(a(S) + ¢,
forall i =1,2,--- ,n. Thus we have

a(T(S)) = maxdiam(Y;;) < Mo(a(S) +e).

2,

Since € is arbitrary, we have

a(T(5)) < Mo(a(S)) < a(9),

whenever a(S) > 0.
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This shows that T is a condensing on U. Now the desired conclusion follows by
an application of Theorem 2.1. This completes the proof. O

As a consequence of Theorem 2.3 we obtain the following corollary in its appli-
cable form to nonlinear differential and integral equations.

Corollary 2.1. Let B,.(0) and B,(0) be open and closed balls in a Banach algebra X
centered at origin O of radius r, for some real number r > 0 and let A, B : B,.(0) — X
be two operators satisfying

(a) A is Lipschitz with Lipschitz constant «,

(b) B is continuous and compact, and

(¢c) aM < 1, where M = ||B(B,(0))| = sup{||B(gc)|| tx € BT(O)H}.
Then either

(i) the equation NAx Bx = x has a solution in B,(0), or

(ii) there is an element uw € X such that ||u|| = r satisfying NAuBu = u, for some
0< A<,

Remark 2.1. Theorem 2.1 is an improvement of nonlinear alternatives of Leray-
Schauder type due to Dhage [6] and Dhage and O’Regan [9] under weaker conditions.

3. Existence results

Let C'(J,R) be the space of all continuous real-valued functions on interval
J = [a,b] whose first derivative exists and is absolutely continuous equipped with
the norm

(3.1) lalles = max {sup 2(®)], sup |:c’<t>|} .
teJ teJ

Clearly, C'(J,R) is a complete normed linear space with respect to this norm.
Define an equivalent norm || - || in C1(J,R) by |z| = 2||z||c1. Then it is easy to
prove the following lemma.

Lemma 3.1. (C'(J,R),||-||) is a Banach algebra with respect to the multiplication
composition -7 defined by (x - y)(t) = z(t)y(t), t € J.

Remark 3.1. Note that if the operator A : C1(J,R) — C'(J,R) is Lipschitz with
respect to the norm || - ||c1, then it is also Lipschitz with respect to the equivalent
norm || - ||.

We denote by L!(J,R) the space of all Lebesgue integrable functions on J with
the norm

b
(3.2) el = / e (t)] dt.
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Definition 3.1. A function g : J x R x R — R is said to be Carathéodory if
(i) t — g(t,z,y) is measurable for all z, y € R, and
(i) (z,y) — g(t,z,y) is continuous for almost all ¢ € J.
We consider the following set of hypotheses imposed on the functions f : J x
RxR—=R\{0},g: JxRxR—=Rand y,0,n:J— J:
(A1) The functions u, o and n are continuous.

(A2) The function g : J — J has continuous first derivative and m; =
supge s |1/ ()]

(A3) The function f and the partial derivatives f; and fo are continuous and there
exist bounded functions p, p1, p2 : J — R such that

(3.3) |fe(t, ) = fe(t,y)| < pi(t)]x =yl
for all t € J and z,y € R, where fo(t,x) = %f(t,wﬂw:m.

(A4) The function g is a Carathéodory.

(As) There exists a function ¢ € L1(J,R;) and an increasing function ¢ : R —
R* such that

(3.4) 9(t,2.y)| < O(O)P(max{|a],|yl}) for ae. te T

whenever z, y € R.

Assume that conditions (A4)—(As) hold. Then the FBVP (1.1) is equivalent to
a functional integral equation (in short FIE)

b
35) ot = Uta@o)]( | Gs)glsa(o6).a ) ds),

for all t € J, where G : J x J — R is a Green’s function associated with the linear
homogeneous BVP

—y"(t) =0 ae. teJ
(3.6) y(a) = 0 = y(b) }
and is given by
(t_g’)_& if a<t<s<b,
3.7 G(t,s) = “
& S

if a<s<t<hb.
b—a
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It is known that the Green’s function G(t,s) is continuous and nonnegative
real-valued function on J x J satisfying

(3.8) ogG(t,s)gb;“, Vi s e,
and

b 2

b—
(3.9) / G(t, s)ds < . 8“) .
Again, G¢(t, s) is continuous in (a,b) X (a,b) \ {(¢t,t) |t € J} and they satisfy
1 b—s, a<s<t<b

(3.10) |Gt(t,s)|—Gt(t,s)—b_a{ s—a a<t<s<b <1.

Theorem 3.1. Assume that the hypotheses (A1)-(As) hold. Further if there exists
a real number r > 0 such that

(3.11) M (r) max{M,, max{My,mica} + miMar} < 1,

where

M(r) = 2max {1, bTTa} [ p(r),
M, =sup,e;p(t), My =supc;pi(t), Mz =sup,c;pa(t),
co = sup{|f2(t,0)| |t € J},

and
(3.12)
(b—a) 4
r> T(Mor + ¢,) max {1, 4 + rmy (Mar + c2) + Myr + 61} ¥l 0(r)
where co = sup{|f(¢,0)||t € J} and ¢; = sup{|f:(¢,0)||t € J}. Then the FBVP
(1.1) has a solution x € C*(J,R) with ||z|| < r.

Proof. Let X = (C*(J,R), |- ||) and consider the closed ball B,.(0) in X, where the
real number r > 0 satisfies the inequalities (3.11) and (3.12). Define two operators

A,B: B,(0) — X by

(3.13) Ax(t) = f(t,z(pu@))), teJ
and
b
(3.14) Bx(t) z/ G(t,s)g(t,z(a(s)),z' (n(s)))ds, teJ.

Now the FBVP (1.1) and FIE (3.11) have the same solutions which are also the
solutions of the operator equation

(3.15) Az(t)Bxz(t) = x(t), teJ.
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We shall show that the operators A and B satisfy all the conditions of Theorem 2.2.
First we show that the operator B is continuous and compact in B,-(0). Let (z,)22,
be a converging sequence in B,(0) such that lim,_,. 2, = . Then we have

max{sup{|z(t) — z,(t)| |t € J},sup{|a’(t) — z},(t)||t € J}} — 0 as n — cc.
Then by assumptions (A4)—(As) and by the Lebesgue dominated convergence the-
orem, we obtain
b
lim Bz,(t) = lim G(t,5)g(s, zn(0(s)), 2, (n(s))) ds

rn
n—o00 n—oo

, a
= [ a9t wlo (6.2 () ds
= Bz(t)

for all t € J, and
b
lim (Bz,)'(t) = lLm [ Gi(t,8)g(s,zn(0(s)), 2, (n(s)))ds

n—oo n—oo

b a
/ Gult, 5)g(s, 2(0(s)), 2/ (n(s))) ds
(B)' (1)

for all ¢ € J.Thus B is continuous on B,.(0).
Assume that y in an element of 5,(0). Then |ly|| < r, and from the condition
(A5) and inequality (3.8), it follows that

b
b

(3.16)  [By(t)] < /G(t,8)|9(87y(0(8)),y’(n(S)))ldS

< [ () pstmaxdiuls)l v s ds
< (*F)Ilo0),

for all ¢ € J. Furthermore,

b
(3.17) [(By)' (1) < /Gt(t»S)IQ(s,y(J(S))»y'(??(S)))IdS

A

b
< / (5)o(max{ly(o ()], Iy (n(s))1}) ds
1ol 6(r),

IA

for all t € J. Hence

b—
1Byl = 2Tyllcr < M(r) = 2max {1, ==} |16l 2 6(r),
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whenever y € B,.(0).

As a result, B[B,(0)] is a uniformly bounded subset of X. We show next that
the image B[B,-(0)] of the closed ball B,.(0) under the operator B is equi-continuous.
Let € B,.(0) and a < 7 <t <b. Then by (3.4),

b
|Bu(t) — Bx(r)| < / G(t,s) = G(7,5)[lg(s,2(0(5)), 2" (n(s)))| ds
G(7, 5) |y (s)d(max{[y(o(s))], [y'(n(s))[}) ds

IN IA
\ \
Q Q
CIJ CIJ

G(7,8)[¢(s)o(r) ds

and

b
((Bx)'(t) — (Bx) (1) < /\Gt(t,S)*Gf(ﬂS)Ilg(&I(U(S)),x'(fl(S)))\ds

Hence
max {|Ba(t) - Ba(7)|, |(Bx)'(t) - (Ba)'(7)| |
/|ats G(r,5)|16(5)(r) ds

whenever z € B,.(0) and ¢, 7 € J.
Since the function ¢ — G(t, s) is continuous on compact interval J, it is uni-
formly continuous there. Hence we have

max{|Bx(t) — Bx(7)|,|(Bx)'(t) — (Bx)'(7)|} = 0 as t — 7.

As a result, the set B[B,.(0)] is equi-continuous in C'!(J,R), and so, B is a compact
operator on B,.(0) by Arzela-Ascoli theorem.

Assume that z, y € B,(0). Then by conditions (A3) and (A3),

|[Az(t) — Ay(t)] = |f(tz(p(t)) — fEy(u))]
< p()]x(p(t) — y(u®)l,

for each t € J, so that

(3.18) |Az(t) — Ay(t)| < Mollz — yllcr
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for each t € J. Moreover, by the same conditions

(Az)'(t) = (Ay)' ()] < [fe(t,2(p(D))) = felt, y(u(®)))|
' Ol (w(®) f2 (8 (1)) — ' (1) f2(, y (u(1)))]

< pu@fe(p) —y(p@)|
Ama (|2 ()] 2t (1)) — fa(t y(u(t)))]
2t y ()2 (u(t)) — o' (u())])

< Mifa(p) = y(u(@))] + ma (Marle(u(t) — y(u(t)]

+(Mar + ) 2" (u(t)) — ' (n(®))]),

for each t € J, so that

[(Az)'(t) = (Ay)' @) < (M1 + maMor)|z(u(t) — y(u(t))
(3.19) +my (Mar + co)|a’ (u(t)) — o' (u(t
Kon - yHCla

IN

for each ¢t € J, where
K, = max{M; + miMaor, mica + miMor} = max{M;,mica} + mi Mar.
Inequalities (3.18) and (3.19) together imply that
Az — Ayllen < alle — gllor,
whenever z, y € B,.(0), where the Lipschitz constant « is given by
a =max{M,, K,} = max {M, , max{M;, mica} + miMor}.

Hence by Remark 3.1, A is a Lipschitz operator on m with the Lipschitz constant
a, and by inequality (3.11), aM < 1.

Thus the conditions (a) and (b) of Theorem 2.2 are satisfied and hence either
its conclusion (i) or (ii) holds. We show that conclusion (ii) is impossible. Let u be
a solution of the operator equation

u(t) = Mu(t) Bu(t), te€ J,

with |lul]|cr = r for some A, 0 < A < 1. By the definitions of A and B,

(320) [u())] = AAu(t)B <t>|
< Ar(tutu) /Gts|gsu o(s)), (n(s) | ds|
< A7 (5 utue) - 16,0)] +1760] () Wl
< [Molutu() + 2eo] (P72 Nollrotr)
< (Mo +e) (20 lzrotr)
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for all t € J, where M, = sup{p(t) |t € J} and ¢, = sup,c; |f(¢,0)], and

(3.21) |/ (¢)]
< [Au@)] |(Bu) ()] + |(Au)'(8)] [ Bu(t)|

< [1swutuon] ([ 165 lots, o). ol as)
|ft (t, u(p / |G(t,3)|lg(s,u(c(s)),u (n (3)))|d3)
+[\u<u<t>>||u< A /\Gtsugsu ), (n(s))] )

IN

(1)) = £(1,0)] + If(t70)\] [l ()
It uu) — w0 +1500))) Y
frm | fa(tu(u(e) — ot0)] + 1£o(e,0)]] O

() [u(u(®)] + o] 1112 6(r) + [pr(Olula(e)) + 1]

(b—a)
2l ()

(b-a)
4

II¢HL1¢( )

L0(r)
O ()

IN

+rmy [pz ()| u(p(t))| + CQ}

IN

[Mor + col ¥ L1 (r) + [Mir + 1]
(b—a)
4

[Pll16(r)

+rmq [Mgr + 02} I\l L d(r)

< (Mor + co)||9]| b (r) + [rml(Mgr ¥ o) + Mir+ cl} (b ; a)

Oy (Myr + e2) + My + 1} L2 6(r)

[¢llro(r)

< [M0r+co +

for all t € J, where My = sup{p1(t) |t € J}, M2 = sup{p2(t) |t € J}, and
1 = supye | fe(E,0)], c2 = sup,c s [f2(t,0)].

Inequalities (3.20) and (3.21) imply that

b—a
suplud < 2 [aspr 4 Jollzo(r) and
teJ
l (b — a)
sug W' (t)] < [Mor +eot+ {rmi(Mar + c2) + Myr + cl}} l]l L1 (r),
te
and thus
(b—a) 4
r < 5 (Mor+c¢o)max< 1, " + rmy(Mar + o) + Mar +c1 ¢ |9 L o(r)
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since r = |jul] and 0 < A < 1. This is a contradiction to (3.12), and hence the
conclusion (ii) is not valid. Consequently, the conclusion (i) is valid, and the FBVP
(1.1) has a solution in B,.(0). O

Remark 3.2. The FBVP (1.1) has a nonzero solution if all the conditions of
Theorem 2.2 are satisfied and there exists a subset I of the interval J such that
meas(]) > 0 and ¢(s,0,0) # 0, whenever s € I.

Example 3.1. To illustrate Theorem 3.1, consider the following FBVP

_<f((t>)> = g(t. 21— 0), /(7)) ae 1e(01]

(3.22) t, x(%
2(0) =0 = (1),
where . 1
_ = L2
f(t,z) = 50 + IOOt sin x,
and o 1
— 70 T o0 Uzl +1yl) |, if £ € (0,1
g(t,z,y) = \/5[50 100(| | |y|)} (0,1]
0, if t=0.

Here pu(t) = %, so that p/(t) = 2t and my = sup,; [/ ()| = 1.

Again o(t) = 1 —t and n(t) = t2. Note that the functions p,o,n : J — J
are continuous. It is easy to see that g is a Carathéodory function, f is nonzero
continuous function and the partial derivatives f; and fs are continuous on J x R.
Here the constants ¢;, 1 = 0,1,2; are

co = sup{lf(0)]]1 € [0,1] X B} = o
aa = sup{|fi(¢,0)]|t €[0,1]} =0,
e = sw{lfa(t.0)]]t € 0.1} = o

Furthermore,

1

1 o . .
t — f(t = —t — <
|f( 7‘7;) f( 7y)| |Sln‘r Slny‘ — 100

—ul = Mol —
100 2 —y| olz —yl,

t 1
(t.2) = Fit.9)| = [ sinz —siny] < o —y| = My — o]
falt,2) = falt, )] = ~= | cos — cosy| < —| — y| = Male 3]
20y 2»2!—100 yilOO y_ 2 y

whenever t € [0,1] and z, y € R, so that My = ﬁ, M, = % and M3 = ﬁ.
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Furthermore,
1 71
t = —|=
ot = 2|55+ 1aglel + D)
1 11
< 22|35+ o masdiel o]
= Y(t)o maX{lﬂ«“l lyl})
all t € J and € R, where ¥(t) ladgb() 1+1 Clearl
nd z wher = — an T —7. r
’y ) \/i 50 50 y7
LY(J,R) and ¢ : R* — (0,00) is a continuous and nondecreasing function with

1 1
|3 x =/0 1/}(7f)dt=/0 t=dt = 1.

If we choose r = 2, then conditions (3.11) and (3.12) of Theorem 3.1 are satis-
Hence, the FBVP (3.22) has a solution v in X with ||ul| < 2.

Remark 3.3 Note that g(¢,0,0) # 0 for all ¢ € (0, 1] and hence the FBVP (3.22)

has

a nonzero solution on J in view of Remark 3.2.
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