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ABSTRACT. Let X be a Tychonoff space an |:>(X) the set of all the subrings of
C(X) that contain C*(X). For any A(X) in  (X) suppose vaX is the largest sub-
space of BX containing X to which each function in A(X) can be extended continu-
ously. Let us write A(‘iY_.‘J ~ B(X) if and only if vaX = vpX, ghereby defining an
equivalence relation on  (X). We have shown that an A(X) in  (X) is isomorphic
to C(Y) for some space Y if and only if A(X) is the largest member of its equiv-
alence class if and only if there exists a subspace T of X with the property that
AX)={feC(X): f"(p) is real for each p in T}, f* being the unique continuous exten-
sion of f in C(X) from SX to R*, the one point compactification of R. As a consequence
it follows that if X is a realcompact space in WBCh every C"-embedded subset is closed,
then C'(X) is never isomorphic to any A(X) in (X)) without being equal to it.

1. Introduction

It is well known in the theory of rings of continuous functions that for a Ty-
chonoff space X, C*(X) is isomorphic to C(8X), where X is the Stone-Cech
compactification of X; in other words every C* is a function ring in the sense that
it is isomorphic to some C. Intimately connected with this fact is the result that
the structure space of each of the rings C'(X) and C*(X) is 8X. This result has
been superseded to a great extent by D. Plank [6], who has proved that the struc-
ture space of any ring that lies between C*(X) and C(X) is also 5X. We have
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shown that in case C*(X) # C(X), there exists at least 2¢ many such rings, where
c is the cardinality of the continuum. It is therefore quite natural to ask which
are function rings amongst these. We answer this in terms of a number of condi-
tions, each necessary as well as sufficient for the positive answer to this question.
A bit of elaboration is needed to explain these things. Suppose > (X) is the set
of all rings that lie between C*(X) and C(X), and A(X) is in > (X). Since the
structure space of A(X) is 8X, the set of all maximal ideals can be written as
{MY% :pe pX}. MY is called real if and only if the residue class field A(X)/MY is
isomorphic to R, otherwise it is called hyper-real. The set of all those points p in
BX for which M¥ is real, is denoted by v4X and is called the A-compactification
of X. By the definition of v4 X it is clear that X C v4 X C SX. In this termi-
nology veX = vX and ve+ X = X. X is called A-compact if every real maximal
ideal in it is fixed. Therefore X becomes A-compact if and only if X = v4 X, and
it is established in [2] that v4X is the largest subspace of X containing X to
which each function in A(X) can be extended continuously. Furthermore the space
vaX ={p € BX: f*(p) € R for each f € A(X)}, where f*: 6X — R =R J{oo}
is the unique continuous extension of f in C(X) over SX. It follows that every
A-compact space is realcompact. (See [2] for a detailed discussion on all these
topics.)

For any A(X), B(X) € > (X) we write A(X) ~ B(X) if and only if v4 X =
vpX. Then ‘~’ defines an equivalence relation on » (X). It was established in [2]
that each equivalence class has a largest member, which we record for our ready
reference.

Theorem 1.1. The largest member of the equivalence class [A(X)] containing
A(X) is given by {g|x : g € C(vaX)}.

We establish in section 2 that these largest members can indeed be achieved by
considering suitable subsets of X in the form of the following proposition:

Theorem 1.2. A(X) € > (X) is the largest member of [A(X)] if and only if there
exists a subset T' of BX with the property:

AX)={feC(X): f*(p) €R for each p € T}.

It is clear from Theorem 1.1 that if A(X) is the largest member of its equivalence
class then the canonical map: f — fY4 establishes an isomorphism from the ring
A(X) onto the ring C(v4X), and in particular A(X) is identified as a function ring.
(Here f¥4 stands for the unique real valued continuous extension of f from X to
vaX.) It is interesting to note that any function ring in the family > (X) also
shares this property. Indeed in section 2, we prove the following result:

Theorem 1.3. Let A(X) € > (X) be a function ring. Then the map f — fv4
defines an isomorphism from A(X) onto the ring C(vaX).
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This Theorem 1.3 has turned out to be crucial towards the following character-
ization of function rings, which we also establish in section 2.

Theorem 1.4. A(X) € > (X) is a function ring if and only if it is the largest
member of its equivalence class.

Combining Theorems 1.2, 1.3, 1.4 we have the following comprehensive result
almost immediately.

Theorem 1.5. For any ring A(X) lying between C*(X) and C(X) the following
statements are equivalent.

(1) A(X) is a function ring.
(2) A(X) is the largest member of its equivalence class.

(3) A(X) is isomorphic to the ring C(vaX) under the canonical mapping
f=foe.
(4) There exists a subset T of BX such that

AX)=1{f € C(X): f*(p) eRVp T,

We conclude this introductory section with the statement of our final theorem,
which we also prove in section 2. It is well known that C(X) is never isomorphic to
C*(X) without being equal to it [4]. For a large class of spaces X we have improved
this result in the following form.

Theorem 1.6. Suppose X is a non-compact realcompact space in which every C*-
embedded subset is closed (in particular therefore X may be a metrizable space with
non measurable cardinal). Then given any A(X) € > (X) with A(X) # C(X),
C(X) is never isomorphic to A(X).

It is not known to us whether this theorem remains still valid without the
assumption of the closedness of the C*-embedded subset of X.
2. Function rings: their characterizations

In this section our principal aim is to give proofs of the Theorems 1.2, 1.3, 1.4,
1.6 stated in the introductory section. For any subset T" of X let us set

Cr(X)=Cr={fecCX): f"(p)eRforalpeT}.
Then it is easy to see that Cr(X) is a subring of C(X) containing C*(X).

Proof of Theorem 1.2. Let T be a subset of 3X and let B(X) be a member of ) (X)
with vpX = ve, X. We choose f in A(X) and p in T arbitrarily. Since T C ve, X
it follows that p € v, X and therefore p € vpX. Accordingly f*(p) € R. Thus
f € Cr. Hence A(X) C Cr(X), consequently Cr(X) is the largest member of its
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equivalence class. Conversely let A(X) be the largest member of its equivalence class
[A(X)].We shall show that A(X) = C,, x(X). Since for each f in A(X) and p in
vaX, f*(p) is real, it is trivial that A(X) C C,, x(X). Conversely let f € C,, x(X)
and p € vaX. Then f*(p) is real and therefore g = f*|,,x € C(vaX). Theorem
1.1 tells us that g|x € A, but since g|x = f it follows that f € A(X). Thus
Cy,x(X) C A(X). Hence A(X) = C, ,x(X). O

For any point p in 3X —vX, let us write C), instead of Cy,,y. Now choosing any
point ¢ in 3X — vX different from p we can find an [ € C*(X) with I(p) = 0 and
1%(q) = 1 with [ not vanishing anywhere on X (I° of course stands for the Stone
extension of [ from X to SX.) On the other hand there also exists an h € C*(X),
not vanishing anywhere on X for which h%(q) = 0. On putting k = % + h?, we
have k € C*(X), k”(¢q) = 0 and k%(p) > 1. If we take g = , then g*(g) = oo and
g*(p) € R. Consequently g € C), and ¢ € vc, X. Thus we have for each element p
in BX —vX, ve, X = vX U{p}. Since for a non-pseudocompact space X, fX —vX
contains at least 2° many points [4], it follows that {C), : p € BX —v X} is an infinite
set containing at least 2¢ many members with C, # C, whenever p # ¢. Clearly
then if C(X) # C*(X), there exists at least 2¢ many different equivalence classes
in the family > (X).

Proof of Theorem 1.3. Since A(X) is a function ring, there exists a realcompact
space Y with an isomorphism ¢ from A(X) onto C(Y). As the property of being
a real maximal ideal is an algebraic invariant, for any p € va X, t(M4) is a real
maximal ideal in C(Y') and therefore it is fixed due to the realcompactness of Y.
Accordingly mget(Mf;) Zy(g) is a singleton set, where Zy (g) stands for the zero
set of the function g in the space Y. We define a mapping ¥ : v4 X — Y by
the rule ¥(p) = ﬂget(Mg) Zy(g). Then ¥ is clearly one-to-one. Again for any
point y in Y if M, = {h € C(Y) : h(y) = 0} is the corresponding fixed maximal
ideal in C(Y'), then there is a unique point p in vaX with M, = t(M%) and so
U(p) = y. Now {Sa(f) : f € A(X)} being a base for closed subsets of 5X,
where Sa(f) = {p € X : f € M4} [6], it is obvious that {Sa(f)(NvaX : f €
A(X)} is a base for closed subsets of v4 X and we observe that for any f € A(X),
U(Sa(f)NvaX) = Zy(t(f)). Hence ¥ carries the basic closed sets in v4 X onto
Y. Suppose s : C(Y) — C(vaX) is the isomorphism induced by ¥, that is, for
any g in C(Y), s(g) = go ¥. Since ¢t : A(X) — C(Y) is already an isomorphism,
we see that s ot becomes an isomorphism from A(X) onto C(vaX). Let us choose
an f € A(X). To prove the theorem it is sufficient to prove that ¢(f) o ¥ = fv4.
Since t(f) o U is clearly a real-valued continuous function on v4X it is enough to
show that it is an extension of f. Now if we choose x € X then for any & in the
fixed maximal ideal M% of A(X), we have t(h)(¥(x)) = 0. Hence it follows that
t(f — f(x))(¥(x)) = 0 (where f(x) is the constant function on X which takes the

value f(z) at all points of X), so that ¢(f)(¥(z)) = f(x). O

Proof of Theorem 1.4. If A(X) is the largest member of its equivalence class, then
we have already observed in the introductory section that A(X) is a function ring.
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Conversely, suppose A(X) is not the largest member of its equivalence class.
Then from Theorem 1.1 there exists a g € C(vaX) for which g|x is not in A(X).
Accordingly there cannot exist any f € A(X) with f¥4 = g and therefore the canon-
ical map T : A(X) — C(vaX) defined by T(f) = f¥4 is not an isomorphism on
A(X) onto C(vaX). Hence by Theorem 1.3, A(X) is not a function ring. O

Proof of Theorem 1.6. If A(X) is not the largest member of its equivalence class,
then from Theorem 1.4 it is not a function ring and therefore it can not be isomor-
phic to C(X). Next suppose that A(X) is the largest member of its equivalence
class contained properly in C(X). Hence A(X) does not belong to [C'(X)]. Now
since X is realcompact, X = vX and therefore X & v4X. Again the result of
Theorem 1.5 tells us that A(X) is not isomorphic to C'(vaX). Suppose now that
A(X) is isomorphic to C(X). Since X and va X are both realcompact, it follows in
view of Hewitt’s isomorphism theorem [4] that X is homeomorphic to v4 X under
a mapping say, « : v4 X — X. As X is dense in v4 X, it is plain that «(X) is
also dense in X and is also contained in X properly; but X is also C'*-embedded in
vaX from which it follows that a(X) is C*-embedded in X and therefore closed in
X. Altogether we get a(X) = X, a contradiction. Hence A(X) is not isomorphic
to C(X). O

References

[1] S. K. Acharyya, K. C. Chattopadhyay and D. P. Ghosh, On a class of subalgebras
of C(X) and the intersection of their free mazimal ideals, Proc. Amer. Math. Soc.,
125(2)(1997), 611-615.

[2] S. K. Acharyya, K. C. Chattopadhyay and D. P. Ghosh, A class of subalgebras of
C(X) and the associated compactness, Kyungpook Math. J., 41(2)(2001), 323-334.

[3] J. M. Dominguez, J. Gomez and M. A. Mulero, Intermediate algebras between C*(X)
and C(X) as rings of fractions of C*(X), Top. Appl., 77(1977), 115-130.

[4] L. Gillman and M. Jerison, Rings of continuous functions, Springer-Verlag, New York,
1976.

[5] M. Henriksen and D. G. Johnson, On the structure of a class of archimedean lattice
ordered algebras, Fund. Math., 50(1961), 73-94.

[6] D. Plank, On a class of subalgebras of C(X) with application to 3X — X, Fund.
Math., 64(1969), 41-54.



