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A Study on Natural Convection from Two
Cylinders in a Cavity
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Steady-state natural convection heat transfer characteristics from cylinders in a multiply-
connected bounded region are clarified. A spectral finite difference scheme (spectral decom-
position of the system of partial differential equations, semi-implicit time integration) is applied
in numerical analysis, with a boundary-fitted conformal coordinate system through a Jacobian

elliptic function with a successive transformation to formulate a system of governing equations
in terms of a stream function, vorticity and temperature. Multiplicity of the domain is expressed

explicitly.
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1. Introduction

Methods applied in numerical analysis in the
field of fluid dynamics are mainly divided into
finite difference schemes and finite element schemes
in a point of ways for formulation of a system of
equations from the original differential equations
supplemented with boundary conditions and/or
initial conditions. The former (FDM) is mostly
based on finite difference approximation for deri-
vatives, whereas the latter (FEM) is based on a
principle of weighted residuals. Conventional fi-
nite element method adopt polynomials as a base
for expanding (or approximating) unknowns in a
finite series.

On the other hand, spectral finite element methods,
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just called spectral methods, adopt a finite part
of a complete set of periodic functions such as
sine and cosine functions as a base. Thus FDM
and FEM substantially involve errors such as
truncation errors in deriving discretized equations.
To avoid such errors in discretization, the intro-
duced scheme is a spectral method mainly devel-
oped by one of the authors (Mochimaru, 1998),
where the original governing equations with bound-
ary conditions are exactly decomposed into each
component of the given complete series such as
Fourier series and Dini series. Under these for-
mulation no errors are introduced as long as the
series converges. However, the algorithm used by
a current spectral finite difference scheme in this
paper is completely different from the so-called
spectral methods (Canuto et al., 1988 ; Boyd et
al., 1989), supplemented with exact spectral de-
composition.

The effectiveness of the current spectral finite
difference scheme was shown for natural convec-
tion heat transfer from a circular cylinder in good
agreement with experimental data (Mochimaru,
1988), for a flow past an elliptic cylinder in good
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agreement with experimental data (Mochimaru,
1990), for a steady flow behind a body of revolu-
tion in good agreement with experimental data
(Mochimaru, 1992) for a simply-connected region.
In an engineering point of view, we frequently
meet multiply-connected region to be treated. In a
mathematical point of view, the condition to the
multiply-connectedness of the region should be
supplemented explicitly for such a region, although
in FDM and FEM such condition is not used
explicitly, instead with additional discretization.
One analysis in a triply-connected region using a
spectral finite difference scheme is given (Mochimaru
and Bae, 2003).

Although a steady-state asymptotic thermal
plume behaviour from a cylinder in a sufficient
but finite extension is established (Mochimaru,
2004), no steady-state two-dimensional natural
convection from cylinder at an equal uniform sur-
face temperature in an infinite extension of uni-
form temperature exists, whereas in case of differ-
ent surface temperatures a steady-state solution
is possible (Mochimaru and Bae, 2002a ; 2002b).
In this paper, steady-state natural laminar con-
vection heat transfer characteristics from two near-
ly circular cylinders placed in a cavity are clari-
fied, using a spectral finite difference scheme.

2. Analysis

2.1 Configuration

A spectral finite difference method (Mochimaru,
1998) is applied for a steady-state laminar natu-
ral convection in a two-dimensional triply-con-
nected region (x,y), where a boundary-fitted con-
formal mapping coordinate system (e, 8), | 81<x
is formed in terms of a Jacobian elliptic function
sn such that

cosh(a+i8) 1+isn(L*, k)
coshaw ~ 1—isn(C* k)

c
z—a+z—b

gr=i(2+-< dz)

z=x+1y; 0<a<b
¢, d>0, ¢<1, d<K1

k: modulus, given a priori. g, b, ¢, d are chosen
so as to constitute two separate nearly circular
cylinders for —¢¢* >0. In this configuration, cen-
ters of the two cylinders are located in the same
elevation level y=0. The negative y-direction is
assumed to be in the gravity direction. The cavity
wall is specified by @#=aw, and the cylinder sur-
faces are given by ¢=0 (a necessary condition).
The four locations of the cylinder surface on the
straight line y=0, z, ¢{=1,---,4 are given by

1_<ziia>2_<zib>2=0 (3)

Let the mapped coordinates {{3’s corresponding
to the points given by Eq.(3) be {8, *ip,
tifs, Tifs (0< 4 < < B3< Bs) . Under this cir-
cumstance, mapping (1) [—x<B<nx] is unique
(one~to-one correspondence) except for @=0.

2.2 Basic governing equations

Fluid enclosed is assumed to be substantially
incompressible and Boussinesq approximation is
introduced. As thermal boundary conditions, the
cavity wall, the left cylinder wall, and the right
cylinder wall are assumed to be kept at constant
temperatures 7o, 71 (> To), and Ty respectively.
Hereafter dimensionless temperature 7 is intro-
duced as (local temperature— Ty) /(7T — To). Gra-
shof number G, which will appear, is based on
the temperature difference (7.— Tp) and refer-
ence length L such that (the distance between the
centers of the cylinders) /L=5§—a. Then the di-
mensionless equation of vorticity transport is giv-
en by

16 +( L) v ®

j=3xy (©

- dap)

where {=vorticity, ¥ =stream function. The en
ergy equation is expressed, if dissipation terms
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are neglected, by

GT (T, ¥) 1 P &
el P\ ae ) T O

where P, stands for a Prandtl number.

T =5

2.3 Boundary conditions
Along @=aw (cavity wall)

=0, a‘&—0 T=0 (8)

In the following for any scalar quantity F(a, ),
F¢ and Fj are introduced as

F.(a,B) —{F a.B)+F(a,—B)}

Fela.) =5 {F(a.8) —F(a,— )

Along the line section §(z) =0 and =0, for any

scalar quantity ¢ the following hold :
$(0,8) =¢(0,—p) (9)
9 —— 9 40—
L s0.0=—Lg0-p (0

Thus, along =0, 0<3< B or B<A< B or
A4

0

AaETCZO, Ts:() (11)
9 0 g
W’/’C—O, Ws—o (12>
2 =0, f=0 (13
Along a=0, /<A< (left cylinder surface)

Tc=0, T:=0 (14)
Y= Ci(constant), #s=0 (15)

9 y—g 9 y—
%¢c~0, % =0 (16)

Along @=0, S:<S< s (right cylinder surface)
=T

T.= ToT , Ts=0 (17)
#.="C) (constant), ¥5=0 (18)

0

2a V=9 aa ¥s=0 (19)

2.4 Multiplicity of the domain
Under a conformal coordinate system, the con-
dition for a multiply-connected region is given by

9 o
5e WB=0 (20)

integrated along each closed boundary (@=con-
stant) if each surface is stationary and kept at
a constant temperature for substantially incom-
pressible Newtonian fluids, which is the case,
since § (3p/08) dB=0, p: pressure (scalar quan-
tity) .

3. Spectral Formulation
Fourier spectral formulation is adopted, that is,

¢=§¢ (e, t)smn,8+2 Vel t)cos nf (21)

é’=§‘, Can(a, t) sin n,8+§0 tnla,t)cos nB  (22)

8

T=Z Te(a,t)sin nB-i—Z Ten(a,t)cos nfB (23)

n=1

Eq. (16) can be replaced by

Eh, )+ hz{wchﬁ -G}/ J=0 (24

G B) +ar Ve B/T=0  (29)

h: coordinate of ¢ adjacent to @=0. Similarly
Eq. (19) can be replaced by

Ge(h B) + W1 ) —CY/T =0 (26)

G B+ v B/T=0  (20)

A treatise on a combined boundary condition
along =0 is the same as in Mochimaru and Bae
(2003). Multiple connection gives rise through
Egs. {(5) and (19) to Ci and C; in a finite differ-
ence approximation

JIs5 ]>2h2{8¢ hB) =
+ /5 TW{M@ B) —4y (h.f) +3C) dB=0

¥ (sh,B)=1C}dp

(28)

where £2 means the cylinder surface (left or right)
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and for the left C=C; and for the right C=Cs.
Expecially at the points @=0, B=R:(z=2z),
i=1, -, 4,

d2§*

d (1\_.l da
a—a<7‘>_2’ de* || aZ (29)
1_
7=0 (30)
da |_ cosh a 2
de* sinf | (1—7sn)? (31)
X(l_sn2)1/2<1_k28n2)1/2
. cos B—cosh @
LS osh aw+cos 8 (32)
alZC* _ 2C2 2d2
d _‘ (z—a)3+ (z—b)® (33)

4. Numerical Integration Scheme

Spatial discretion is based on a finite difference
scheme with a possibility of non-uniform grid
spacing in @, whereas time discretion is based
on a forward approximation, where actually #-th
coordinate @, in « is given, with a suitable para-
meter 7, by

an=h {~—ﬁ~—smlsli(fh’7‘) _ (34)

which results in =24, e1=h. With a stationary
uniform field at first, semi-implicit time integra-
tion algorithm, independent of each Fourier com-
ponent, is applied to get a steady-state solution,
where to get a higher numerical stability local
acceleration terms is modified as a diagonal do-
minant form. Mean Nusselt number Nu, on the
left cylinder based on the temperature difference
T.— To and length L is given by

L ([#0T g, (T
Nun=—7+( et ), G dg) 9
— 2 [T 4
LoJs, Oa

where Lo is a perimeter of the left cylinder, and
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L=2["/7(0.8) dp
1 : (63
xz”/v 1_< aib>

5. Numerical Results and Discussion

Steady-state fields (streamlines and isotherms)
for a configuration corresponding to @.=1.762,
a=0.7, b=1.0, ¢c=0.07, d=0.05 and £=0.7 (z— 2z
0.1424, z,— 23~0.1032) are given in Figs. 1 and 2
at G,=10%, P,=0.7 (air), (Tx—To) /(T.— To) =
0, in Figs. 3 and 4 at G,=10%, P,=0.7 (air),

0.5 |
0.0
-0.5
. 0.5 1.0 1.5
0.0 X
Fig. 1 Steady-state streamlines (G,=10°, P,=0.7,
8¢ (difference of the level of ¥)=5%X1077
and N,=591)
y
0.5 +
0.0 |
-0.5 -
0.0 0.5 1.0 1.5

Fig. 2 Steady-state isotherms (Gr=10°, P,=0.7,
8T =0.05 and Nun=5.91)
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Fig. 3 Steady-state streamlines (G,=10°, P,=0.7,
0Y=10"" and Nun=4.68)
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Fig. 4 Steady-state isotherms (G,=10°, P,=0.7,
8T=0.05 and Nun=4.68)
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Fig. 5 Steady-state streamlines (G,=1.5X107,
P,=0.7 and §y=2.5X107%)

(Te—To)/(Tr— To) =0.5, and in Figs. 5 and 6
at G,=1.5X 107, P,=0.7 (air), (Te— T}/ (T1— To)=
0.5. The pattern of streamlines (macroscopically
one counterclockwise circulation and a clock-
wise one) is vastly different from those in infinite
extension, whereas the thermal fields are nearly
the same as those in pure heat conduction in a
cavity as long as G is less than a certain value

y
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Fig. 6 Steady-state isotherms (G,=1.5%X107,
P,=0.7, §T=0.05 and Nu,=4.73)

of order 10° for the current configuration.

6. Conclusions

Focus is placed on the usefulness to the possi-
bility of application of a spectral finite difference
scheme to a multiply-connected two-dimensional
region. In this paper, triply-connected region is
considered. As a result, steady-state natural con-
vection heat transfer characteristics from cylin-
ders in a multiply-connected bounded region are
clarified, using a spectral finite difference scheme.
Current proposed spectral finite difference scheme
for a multiply~connected region can be applied
in principle for two-dimensional laminar natural
convection, namely G, <2 X107 for P,=0.7 based
on the reference length given, which is supposed
from the availability of steady-state solutions.
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