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Abstract

_In this paper, we introduce the concepts of r-fuzzy feebly open and r-fuzzy feebly closed sets in
Sostak’s fuzzy topological spaces and by using them, we explain the notions of r-fuzzy F-closed spaces.
Also, we give some characterization of r-fuzzy F-closedness in terms of fuzzy filterbasis and r-fuzzy

feebly-8-cluster points.
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1 Introduction

The concept of fuzzy topology was first defined in
1968 by Chang|[?] and later redefined in somewhat
different way by Lowen |?] and by Hutton[?]. Ac-
cording to Sostak, these definitions, a fuzzy topol-
ogy is a crisp subfamily of family of fuzzy sets and
fuzziness in the openness of a fuzzy set has not been
considered, which seems to be a drawback in the
process of fuzzification of the concept of topological
spaces. Therefore, Sostak introduced a new defini-
tion of fuzzy topology in 1985(?], which we shall
call "fuzzy topology in Sostake sense”. In general
topology, feebly open sets and relevant topological
theory were introduced in [?] and [?]. Byung [?]
introduced the concepts of fuzzy feebly open sets,
fuzzy feebly closed sets in fuzzy topological spaces (
Chang’s sense } and by using them he explained the
notions of fuzzy F-closed space and several fuzzy
mappings. In this paper we introduce the concepts
of fuzzy feebly open and fuzzy feebly closed sets
in Sostak’s fuzzy topology and by using them, we
explain the notions of r-fuzzy F-closed spaces.

2 Preliminaries

Throughout this, paper, let X be a non-empty set
I =[0,1] and Iy = (0,1]. For a € I, a(z) =
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for all x € X. For fuzzy sets A and p in X, we
write Agu to mean that A\ is quasi-coincident (g-
coincident, for short) with pi.e., there exists at
least one point & € X such that A(z) + p(z) > 1.
Negation of such a statement is denoted as Agu.

DEFINITION 2.1. [?] A function 7: IX — [
is called a fuzzy topology on X if it satisfies the
following conditions:

(O1) 7(0) = (1) = 1.
(02) (A1 A A2) = 7(M) AT(A2) for each Aq, Ag €
Ix.

(03) 7(Vier M) = Nier (M) for any {Ai}ier C
Ix.

The pair (X, 7) is called a fuzzy topological
spaces (fts, for short).

THEOREM 2.1. [?]Let (X,7) be a fts. Then
for each r € Iy, A € IX we define an operator
C,: IX x Iy — IX as follows:

Cr(\r) = Afne IY [ A<, m(f) > v}

For \,u € I*X and r,s € I, the operator ¢, satis-
fies the following statements:

(C1) C-(0,r) =0.
(C2) X< Cr(\ 1)
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(C3) CAA\,ryVCr(p,r)=Cr(AV p,r).
(C4) Cr(A,r) <Cr(A,8) if r <s.
(C5) C(Cr(A,7r),7r) =Cr(\ 7).

THEOREM 2.2, [?]Let (X,7) be a fits. Then
for each v € Iy, A € I we define an operator
I.: IX x Iy — I* as follows:

LA =\/{pel* [p<A () =7}

For \,p € IX and r,s € Iy, the operator I,
satisfies the following statements:

(11) I(L= A7) =1-Cr(\1).

(12) I;(1,7) = L.

(I3) I,(\,7) < A.

(4) LA ) AN (pyr) = L(A A 7).
(I5) I.(\,8) < I, (A7) if r < s.

(I6) I (I (A, r),r) = I (A, 7).

(I7) If I.(Cr(\r),r) = A, then C.(I.(1 —
Ar)ry=1-—A

DEFINITION 2.2. [?]Let (X,7) be a fts, u €
I*, 2, € P(X) and r € Iy where P(X) is the fam-
ily of all fuzzy points in X.

(a) p is called a r-fuzzy open Q-neighborhood of
z¢ if 7(p) > r and z:qu. We denote the set
of all r fuzzy open Q-neighborhoods of z; by
QT(IEt, 7’).

(b) u is called a r-fuzzy open R-neighborhood of
x if zequ and p = I (C,(u,7), 7). We denote
the set of all r-fuzzy open R-neighborhoods
of z, by R, (xy, 7).

DEFINITION 2.3. [?|Let (X,7) be a fts, A €
I z, € P(X) and r € .

(a) z¢ is called r-fuzzy 6-cluster point of A if
for every p € Q. (x,7), we have Cr{u,r)gA.
We denote 0C (A7) = V{z, € P(X) |
z4 is r-fuzzy f-cluster point of A}. Where
6C (A, r) is called r-fuzzy 6-closure of A.

(b) z, is called a r-fuzzy §-cluster point of A
if for every p € R.(zy,7), we have ugh.
We denote 6C (A, r) = V{z: € P(X) |
z¢ @y is a r-fuzzy d-cluster point of A}.
Where 6C,(A,r) is called a r-fuzzy §-closure
of A
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THEOREM 2.3. [?/Let (X,7) a fts. For A\, u €
IX and r, s € Iy, we have the following:

(1) 6C, (A1) = ANu € IX | x <
L (p,m), 7(p') = 1}

(2) x; is r-fuzzy O-cluster point of N iff z; €
6C-(\, 7).

(8) Cr(A\ 1) <8C (A 7).
(4) If T(\) > r, then C-(\,1) = 0C, (A, 7).

(5) If A is 7r-fuzzy preopen and X =
Cr(Ir(A\,r),r), then 8C- (A1) = A

The complement of r-fuzzy 6-closed set is
called r-fuzzy 6-open and the r-fuzzy @-interior op-
erator denoted by 61 (X, r) is defined by 81, (A, r) =
V{ve I | C (v,r) < A, 7(v) > 7}

DEFINITION 2.4. Let (X,7) be an fts, A €
IX, r € Iy.

(a) A is called a r fuzzy semiopen [ if
A < C.(I;(A\7),r). The r-fuzzy semi-
closure of A, denoted by sC.(A,7) is de-
fined by sC.(\,r) = A{v € I* | v >
A, v is r-fuzzy semiclosed }

(b) X is called a r-fuzzy preopen [?] if A <
L(C.(\r),7). The r-fuzzy preclosure
of A, denoted by pC,(Ar) is defined
by pCr(A\r) = Av € I* | v >
A, v is r-fuzzy preclosed }

THEOREM 2.4. ?2]If X is rfuzzy preopen, then
Cr(\, 1) =8C.(\, 1) =0C-(\7).

3 r-Fuzzy feebly open and r-
Fuzzy feebly closed sets

DEFINITION 3.1. Let (X, 7)beaftsand A, r €
Ip. Then A is said to be

(a) r-fuzzy feebly open if there exists p € IX
such that 7(p) > 7 and p < A < sC-(p, 7).

(b) r-fuzzy feebly closed if its complement is 7-
fuzzy feebly open.

REMARK 3.1. Tt is obvious that every r-fuzzy
open sets is r-fuzzy feebly open and every r-fuzzy
feebly open set is r-fuzzy semiopen, but the con-
verse may not be true.



EXAMPLE 3.1. Let A, Ao, A3 be fuzzy sets of
X = {a,b,c} defined as follows:

)\1((1) = 0.5, )\1(()) = 0.4, )\1(0) = 0.4;
/\2(@) = 06, /\Q(b) = 07, )\Q(C) = 08,
)\3(0,) = 05, )\3([)) = 0.4, )\3(0) =0.6

(1) Consider Ty defined as

1 of A=0,L
) =495 if A=Az
0 otherwise.

Then A3 < Ap < 8Cr (N3, 3) = 1. Thus A2
—-fuzzy feebly open, but Ay is not 5 fuzzy
open.

(2) Consider o defined as

1 if A=01
(A) =<1 if A=A
0 otherwise.

Then M < A3 < CT2()\3,%). Thus A3 is %—
fuzzy semiopen. Clearly sCry(A1,7) = A,
then A\ < A3 £ sCr,(A1,7). Hence A3 is not

%—fuzzy feebly open.

DEFINITION 3.2. Let (X,7) be a fts and let
AelIX, rely. Then:

(a) r-fuzzy feebly closure of A, denoted by
FC, (A ) defined as follows:

FC-(Ar) = NreTX A<y,

v is r-fuzzy feebly closed}

(b) r-fuzzy feebly interior of A, denoted by
FI.(X\ r) defined as follows:

FL,(A ) =\[{reI* |v <A,

v is r-fuzzy feebly open}

It is evident that FC (A, r) = A Uf X is r-fuzzy
feebly closed set and FI.(\,r) = X iff A is r-fuzzy
feebly open set.

DEFINITION 3.3. Let (X,7) be a fts and X\ €
IX r € I. X is called r-fuzzy feebly Q-nbd of
a fuzzy point z; if there exists 4 € I such that
7(p) > r and zqp < A. We denote the set of all
r-fuzzy feebly Q-nbd of x; by FQ,(z¢,7).

Lemma 3.1. Let (X,7) be a fts and A € [X, r €
Iy. Then:

R-fuzzy F-closed Spaces
(1) I(C-(I(Cr{A 7)), 7),7) = I (Cr(A7),7)

and

Co(I (Co (I (A1), 7), 1), 7) = Co (I (A, 7),7)5

(2) L(C-(\,r),r) = Cr(I:(N,r),r) and
Co (I (A7), r) = L(C(N,r),r);

(3) L(C.(\,7),7) <sCr(\,T)

(4) L(C-(\,7r),1r) = sCr(A, ), for each 7-fuzzy
preopen set A € I*, r € Iy.

(5) X is r-fuzzy feebly open iff A is rfuzzy c-open.

Proof. The proof of (1), (2) and (3) are trivial. We
only prove (4) and (5).

(4). By (3), it suffices to show that
sC.(\r)y < ILf{c(\r),7). Let z: ¢
L(C;(\7),7r). Then zq(I(Cr(A7),7) = 1 p
is r-fuzzy semiopen. Since A is r-fuzzy preopen,
then A < I.(C,(\7),7) and hence Agu. Hence
there exist r-fuzzy semiopen set p € I with z,qu
such that Aqu. Then z; & sC(A, 7).

(5).(=) Let A be r-fuzzy feebly open. Then
there is u € IX, r € Iy such that 7(u) > r and
H S A S SCT(/JWT)‘ By (4) # S A S IT(CT(MaT)7T)'

(<) Let A < I (C-(A\,7),r). By (3) I;(A\,7) <
A < sC(I.(\,7),r). Thus X is r-feebly open. [

THEOREM 3.1. Let (X,7) beafitsandlet A, r €
Iy. Then:

(1) L) < FL(

r) < sl;(Ar) £ A <
sCr (A1) < FC.(07) < Cr(,
A

7).

(2) FC,(N,r) = FI.(\r) and FI.(XN,7)

FC (A 7).

Il

Proof. Straightforward. ]

Lemma 3.2. Let (X,7) be a fts and A€ [*, r €
Iy. Then we have:

(1) X is r-feebly closed iff A is T-fuzzy a-closed.
(2) C.(FC.(\,r),r)=Cr(A7).
(3) CT(IT(CT()\,T),T),T) < FCr(Ar).

(4) FCT()‘>T) = CT(IT(CT()\7T)7T)aT)} fOT eaCh
xelX rely; (\) >r.

Proof. Straightforward. O

The r-fuzzy feebly closure operator of a fuzzy
set can be characterized as follows:
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THEOREM 3.2. Let (X,7) be a fts and let
A, Ap € IX, r € Iy. Then the following are true:

(FC1) FC:(0,r) =0,

(FC2) FC (A, v) < FC.(p,7), for each A < p, r €
IO}

(FC3) FC (A, r) < FC.(As), for each r,s €
IO; r<s,

(FC4L) FCr(AV p,ry = FC.(A,7)V FC(1,7),
(FC5) FC.(FC(\,r),r) = FC.(\r),

(FC6) If X is r-fuzzy feebly open set, then Aqu iff
AgFCy ().

Proof. Straightforward. O

The r-fuzzy feebly interior operator of a fuzzy
set can be characterized as follows:

THEOREM 3.3. Let (X,7) be a fts and let
A1, Ao € IX, r € Iy. Then the following are true:

(FI1) FI-(1,7) =1,

(FI2) FI-(Ar) < FI.(u,7), for each A < p, 7 €
IO;

(FI3) FI.(\ 1) > FI.(\,s), foreachr, s € Ip; r <

SJ
(FI}) FI, AAp,7) = FL. (A, r) ANFL(u,r),
(FI5) FI.(FI;(\,7),7) = FIL.(\71),
Proof. Straightforward. O

THEOREM 3.4. z; € FC. (A, r) iff for every r-
fuzzy feebly open Q-nbd of x; is quasi-coincident
with A.

Proof. Let z; € FC,(\,r) and suppose there is
v € FQ,(x¢,7) such that vg\. Then A < /. Since
V' is r-fuzzy feebly closed, FC, () r) < v/. But
z; € V. Thus xy ¢ FC.(\ r) which is contradic-
tion.

Conversely, suppose z; ¢ FC-(A, 7). Then there
r-fuzzy feebly closed set u > X\ with ¢ & u so p/
is r-fuzzy feebly open with z,qu’ and Agu'. Hence
2, & FC-(\, 7). O

DEFINITION 3.4. A fuzzy point z; in an fts
(X, 7) is said to be r-fuzzy f-6-cluster point of a
fuzzy set A € IX if FC.(v,r)qgx for each v €
FQ,(z:,v). The union of all r-fuzzy f-f-cluster
points of A is called the r-fuzzy f-8-closure of A and
is denoted by 0FC. (A, 7). A fuzzy set A is called
r-fuzzy f-0-closed iff 6FC (A7) = A
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THEOREM 3.5. For r-fuzzy feebly open set in
an fts (X,7), then FC.(\,r) = 0FC(\,1).

Proof. Tt suffices to show that OFC (A7) <
FC.(\71). Let zz & FC-(A,r), then there ex-
ists 4 € FQ,(xy,7) such that pgh. Hence p <
X, which implies FC,(u,7) < FC(XN,r) = X.
Then FC,(u,7)gh and so z¢ ¢ OFC-(A,r). Thus
OFC (A1) < FC.(A, 7). O

4 r-Fuzzy F-Closed Spaces

DEFINITION 4.1. A collection {yu; | j € J}
of r-fuzzy feebly open sets in a fts (X, 7) is said
to be r-fuzzy feebly open cover of a fuzzy set A if
(Vies1i)(x) =1 for each z € Sup(}). r-fuzzy fee-
bly open cover of a fuzzy set A in an fts (X,7) is
said to have a finite r-fuzzy feebly open subcover
iff there exists a finite subset Jy of J such that

(Vjey, #)(@) > A(z) for each z € Sup(A).

DEFINITION 4.2. An fts (X, 7) is said to be r-
fuzzy F-closed space if for every r-fuzzy feebly open
cover {\; | i € J}. There is a finite subset Jo of J
such that \/{FC,(A;,r)|i€ Jo} =1

THEOREM 4.1. An fts (X, 7) is r-fuzzy F-closed
space iff for every family {\; | ¢ € J} of r-fuzzy fee-
bly closed sets with A{\; | i € J} = 0, there is finite
subset Jo of J such that AN{FI.(A;,r) | i€ Jo} =1.

Proof. (=) Suppose (X,7) is r-fuzzy F-closed
space. Let {)\; | i € J} be a family of r-fuzzy
feebly closed sets such that A{\; | i € J} = 0.
Then {X, | ¢ € J} is a family of r-fuzzy feebly open
sets such that \/{\, | i € J} = 1. Since (X,7) is
r-fuzzy F-closed space, there is a finite subset Jy
of J such that \V{FC,(\,r) [ i € Jo} = 1. Thus
MNFIL (M, 7) | i€ Jo} =0.

(<) Let {\; | ¢ € J} be r-fuzzy feebly open
cover of X. Then {\] | i € J} is a family of r-fuzzy
feebly closed sets such that A{\,|i€ J} =0. By
hypothesis, there is a finite subset Jy of .J such that
MNFL(\,r) | i€ Jo} =0, ie, V{FC(\i,r) |1 €
Jo} = 1. Thus (X, 7) is r-fuzzy F-closed space. O

DEFINITION 4.3. [?]An fts (X, 7) is said to be:

a) r-fuzzy compact if for each r-fuzzy open cover
(a) y comp y
{N\i |3 € J} of X, there is a finite subset Jy
of J such that \/{\; |i € Jo} = 1.

(b) r-fuzzy almost compact if for each r-fuzzy
open cover {\; | ¢ € J} of X, there is a fi-
nite subset Jo of J such that VV{Cr(A;,r) |
1€ J()} =1



(¢} r-fuzzy nearly compact if for each r-fuzzy
open cover {A; | i € J} of X, there is a finite
subset Jy of J such that \/{I-(C,(A\;,7),7) |
i€ Jo} =1

THEOREM 4.2. Every r-fuzzy compact space is
r-fuzzy F-closed.

Proof. Let {X; | i € J} be r-fuzzy fee-
bly open cover of X. Then for. each
i € J, A < L(C.(I,(N\,7),r),r) and hence
{L(Cr-(Iz (M, 7),7),r) | © € J} is r-fuzzy open
cover of X. Since (X, ) is r-fuzzy compact, there
is a finite subset Jy of J such that

VAFC (A} > \/ {FC (T (A, 7),7)}

i€Jo i€Jo

> \AC(L(Cr (I (N, 7),7),7), )}

i€Jy

> \/ {IT(CT(IT()\i?T)’T)7T)} = l

i€Jo
Thus (X, 7) is r-fuzzy F-closed space. d

DEFINITION 4.4. An fts (X, 7) is said to be
r-fuzzy feebly regular (r-fr, for short) if for each
r-fuzzy feebly open set A in X is a union of r-fuzzy
feebly open u; € I such that FC,(u;,7) < A for
each i € J.

THEOREM 4.3. Let (X, 7) be r-fuzzy feebly rey-
ular and r-fuzzy F-closed space. Then (X, 1) is r-
fuzzy compact.

Proof. Let {\; |4 € J} be r-fuzzy open cover of X.
Then {X; | i € J} is r-fuzzy feebly open cover of
X. Since X is r-fr, A\; = \/je,ug, where p] is -
fuzzy feebly open set such that FC; (,u{ ,7) < A for
each j € J. It follows that 1L =\, ; Ay = V¢ ; 41}
By r-fuzzy F-closedness of X, there is a finite sub-
set Jy of J such that VjeJo FCr(ul,7) = 1. But

VjEJo FCT(MZ?’r) S \/iEJD >\z Thus ViEJo >‘Z f— l
and hence X is r-fuzzy compact. 0

THEOREM 4.4. Every r-fuzzy nearly compact
space is r-fuzzy F-closed space.

Proof. Similar to the proof of Theorem ?77. |

DEFINITION 4.5. [?]A function f: (X, 1) —
(Y, 72) is said to be r-fuzzy almost continuous (for
short, r-f.a.c) iff for each fuzzy point z; € P(X) and
each v € Q. (f(x¢),7), there exists A € Q. (x4, 7)
such that f(A) < I (Cr(v,7),7).

R-fuzzy F-closed Spaces

THEOREM 4.5. Let f be a function from an
fuzzy topological space (X, 7} into an fuzzy topo-
logical space (Y, T2), then the following statements
are equivalent:

(1) r-f.a.c.

(2) F(Cri(Am)) < 6CH(f(A),r), for each A €
IX, r € Iy.

(8) Cr.(f7*(w),r) < f7YSCr,(v,7)), for each
Ve IY, r e .

(4) f~Y(v) is r-fuzzy closed for each r-fuzzy &-
closed set v e IV .

(5) f~Yv) is r-fuzzy open for each r-fuzzy 5-open
setvelY.

Proof. (1} = (2) Let z; € Cr(Ar) and
let v € Q(f(x:),r). By (1) there exists p €
Q, (@e,r) such that f(u) < I.,(Cry(v,7),1).
Since z; € C, (A7) which implies f{u)gf(N)
which implies f(A\)qgl,(Cr,(v,7),7) which im-
plies f(z:) € 6C.(f(A),r) which implies
zy € f7YC.,(f(A),r)). Thus C,(\r) <
[THOCL(f(N),7)) so that f(C (\r)) <
5Cr (TN ):

(2) = (3):
By (2)
f(CTl(f_l(V)7r)) S 5072(ff_1(1/),7’) S (50—,—2(V, T’)
and hence C., (f~*(v),r) < f~H6C,, (v, 7).

Let v € IV, then f~1(v) € IX.

(3) = (4) : Let v be r-fuzzy d-closed set in
IY | then §C,,(v,7) = v. By (3)

Co(f7Hw),r) < JTHEC (v, 7)) = f7H(v)

which implies that Cr, (f~!(v),r) = f~1(v). Thus
f7H(v) is r-fuzzy closed.

(4) = (5) : Straightforward.
(5) = (1) : Straightforward.
O

THEOREM 4.6. Let f be an r-f.a.c. function
from an fuzzy topological space (X, 1) into an fuzzy
topological space (Y, 72). Then the following state-
ments are true

(1) £71 W) < Iy (f 7 I (Cry (I (v, 1), 1), 7)), 1),

for each r-fuzzy feebly open set v € IV .

(2) Co, (f THCr (U (Cry (v, 7),7),7)),7) <
f~Y(w), for each r-fuzzy feebly closed set
velX,
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Proof. (1). Let v € IY be r-fuzzy feebly open set,
then v < I,(C, (I (v,r),7r),7) which im-
plies f~(v) < f7' (I, (Cry (Iry (v, 1), 7), 7).
Since I, (Cr, (I, (v,7),r),7) is r-fuzzy regu-
lar, we have

f_l(V) <In (f_l(ITz (Cry(Iny(vy1)57), 7)), 7).

(2). Straightforward.
O

THEOREM 4.7. If f: (X,71) — (Y, 7) is r-
fra.c. and (X, 1) is almost compact, then (Y, 12) is
r-fuzzy F-closed space.

Proof. Let {v; | 4 € I} be r-fuzzy fee-
bly open cover of Y. By Theorem 7?77
Un (L CrLn ) )Y | 0 €
I}t is r-fuzzy open cover of X. Since
(X,7) is r-fuzzy almost compact, then
{CTl(ITl( 1(172( T2(I7'2(V T) T) )),7‘),7") | i €
Iy, Ip is finite subset of I} is r-fuzzy cover of X.

1= VACA (I, (f  Uro(Cry(Ir, (v,7),7), 7)), 1), )}

i€ly

S \/ {07'1 (f_l(IT2 (07’2 (IT2(V3 T'),’I’),’T’)),’I‘)})
icly

< VA1 8Cr (I, (Cry (I, (v, ), 7)), 7))}
i€ly

S \/ {f_l(CT2 (ITz (CTz ([T2 (V7 T)v T'), 7‘), 7‘))}
i€l

< VU CrhIn(v,m), 1))}
i€ly
Then

1= ) < VU (CrnIn(v,r),m) | i € Io}
< \/{CTz T2 Va ’I'),’I”) | S IO}
< \/{FC’m(z/, ryliely}

Then (Y, 72) is r-fuzzy F-closed space.
O

DEFINITION 4.6. [?]An fts (X, 7) is said to
be r-fuzzy extremally disconnected if for each X €
I, r € Ip; 7(A) > 7 we have 7(C,(\, 7)) > 7

Lemma 4.1. Let (X, 7) be r-fuzzy extremally dis-
connected space and let X € IX. Then X is r-fuzzy
feebly open iff X is r-semiopen.

Proof. Since every r-fuzzy feebly open set is 7-
fuzzy semiopen, it suffices to show that each
r-fuzzy semiopen is r-fuzzy feebly open. Let

A be r-semiopen. Then A < C.(I.(Ar),7).
Since X is r-fuzzy extremally disconnected, A <
C(I:(A\,r),r) = I.(C.(I.(A\r),r),r). Thus X is
r-fuzzy feebly open. |

THEOREM 4.8. Let A be r-fuzzy feebly open
set in r-fuzzy extremally disconnected space (X, T).
Then FC.(A\, 1) = Cr(A, 7).

Proof. It suffices to prove that Cr{\,r) <
FC.(A\71). Let X be r-fuzzy feebly open set and
let z; ¢ FC-(\, 7). Then there is u € FQ, (x;,7)
such that pgh, so I (u,r)gl-(A,r). But X is r-
fuzzy extremally disconnected,

CT (]T (ﬂ? r)’ ,r)q_c‘l' (IT ()\7 T)’ r)'

Hence =z ¢ C.(I,(\71),71). But A <
L(C- (I (A r),r),r)y = CrI;(A\r),r), so
C.(A\r)y < Cr(I;(A,r),r). Thus z; & C.(A71).
This shows that C.(\,r) < FC,(\r) and this
complete the proof. |

THEOREM 4.9. FEvery r-fuzzy extremally dis-
connected, almost compact space 1s r-fuzzy F-closed
space.

Proof. Let {A; | © € J} be r-fuzzy feebly open
cover of X. Then for each ¢ € J, X <
L(Cr Iy 1),7),7) 50 AL (ColLr ()1, 7) |
i € J} is r-fuzzy open cover of X. Since X is
r-fuzzy almost compact, there is a finite subset Jy
of J such that \/{Cr(I.(C-(I.(Xs,7),7),7),7) | i €
Jo} = 1. Tt follows that \/{C,(A;,7) |i € Jo} = 1.
By using Theorem ?? we have \/{FC,(\;,7) | i €
Jo} =1, and this complete the proof. O

THEOREM 4.10. Every r-fuzzy extremally dis-
connected , r-fuzzy F-closed space s r-fuzzy nearly
compact.

Proof. Let {A; | ¢ € J} be r-fuzzy open cover of
X. Then {); | i € J} is r-fuzzy feebly open cover
of X. Since X is r-fuzzy F-closed space, there is
a finite subset Jy of J such that VV{FC-(A;,r) |
i € Jo} = 1. Furthermore, since X is r-fuzzy ex-
tremally disconnected, then FC,(\;,7) = C, (A, 1)
and C, (A, r) = I (C,(N\,7),7) for each i € Jp.
Hence,

\/{1 ,r) i€ Jo} = \{Cr(Ni,m) | i € Jo}
= V{FC (\i,r) i € Jo}
= 1.

Thus X is r-fuzzy nearly compact. O

DEFINITION 4.7. A mapping f: (X,7y) —
(Y, 72) is said to be:



(a) r-fuzzy feebly irresolute if f~1(v) is r-fuzzy
feebly open for each r-fuzzy feebly open set
velY.

(b) r-fuzzy feebly continuous if f~1(v) is r-fuzzy
feebly open for each v € I'V; 75(v) > 7.

THEOREM 4.11. Let f: (X, 1) — (V,72) be a
mapping. Then the following are equivalent:

(1) [ is r-fuzzy feebly continuous,

(2) f=1(v) isT-fuzzy feebly closed for each r-fuzzy
feebly closed set v € IV,

(3) fFIFCr (A1) < Cry(f(N),7), for each X €
IX, r & Iy,

(4) Fcn(f_l(’/)vr) < f_](c‘rz

vel¥, rel.
Proof. Straightforward. O

(v,7)), for each

THEOREM 4.12. Let f: (X,71) — (Y, 72) be a
mapping. Then the following are equivalent:

(1) f is r-fuzzy feebly irresolute,

(2) f~Y(v) isr-fuzzy feebly closed for each r-fuzzy
feebly closed set v € IV,

(8) f(FC,, (A1) < FCr(f(X),r), for each X €
[X; TE IO7

(4) FC(f7H(v),7) < fTHFCry(v,7)), for each
Ve Iy, r € Iy.

Proof. Straightforward. O

THEOREM 4.13. Let f: (X,71) — (Y, 7) be
r-fuzzy feebly irresolute surjection mapping from r-
fuzzy F-closed space (X, 11) to an fts (Y, 7). Then
(Y, 12) is also r-fuzzy F-closed space.

Proof. Let f be r-fuzzy irresolute mapping and let
{vi | © € J} be r-fuzzy feebly open cover of Y.
Then {f~'(v;) | i € J} is r-fuzzy feebly open cover
of X. Since (X, 1) is r-fuzzy F-closed, there is a
finite subset Jy of J such that

1= \AFC(f 7 wa),r)} = FC-(\) f7 (), )

icJo icJo
Thus,
L=fW) = FCV FC(F70)7)
i€Jo

=\ (F(FC (£ (w),m)))
i€Jo

<\ FC,(f(f 1 (w)), )
i€Jy

< \/ FC.,(v;,r).
i€Jo

R-fuzzy F-closed Spaces

This shows that (Y,72) is r-fuzzy F-closed
space. O

THEOREM 4.14. If f: (X, 1) — (Y, 72) is 7-
fuzzy feebly continuous surjection mapping from r-
fuzzy F-closed space (X, 11) to an fts (Y, 2). Then
(Y, 72) is r-fuzzy almost compact.

Proof. Similar to the proof of Theorem 77. |

DEFINITION 4.8. A collection B of fuzzy sets
in an fts (X,7) is said to form a fuzzy filterbase
in X if for every finite subcollection By of B;

A Bo #0.

DEFINITION 4.9. A fuzzy point z; in an fts
(X, 1) is said to be r-fuzzy fc-accumulation point
of a fuzzy filterbase B if for each p € FQ (a¢,7)
and for each A € B, \¢FC(u, 7).

THEOREM 4.15. An fts (X,7) is r-fuzzy F-
closed iff each filterbase in X has r-fuzzy fe-
accumulation point in X.

Proof. Let (X,7) be r-fuzzy F-closed space. Sup-
pose that a fuzzy filterbase B = {u; | ¢ € J}
has no r-fuzzy fc-accumulation point in X. Then
for each x € X and for each t € (0,1], =, is
not r-fuzzy fc-accumulation point of B, so there
are v, € FQ;(zy,7) and p;,, € B such that
Wiy @ Cr (g, 7). Now vy(z) > 1 —¢ for each t €
(0, 1], and hence {v, | * € X} is r-fuzzy feebly open
cover of X. Since (X, 7) is r-fuzzy F-closed space,
there is a finite subfamily {v.,,Ves, Vess s Ve, }
such that \/_, FC;(vs,,7) = 1. Then there is a
finite subfamily {I'I'j(zl)7uj(:vz) s Byt - Pijeo,yt Of B
such that A7, 1., @l This implies A7, By =
0 which is contradiction.

Let {\; | 7 € I} be a family of r-fuzzy feebly closed
sets such that A{\; |€ I} = 0. Suppose that for
each finite subset Iy of I, A{FL.(\;,7) |1 € Iy} #
0. Then the family B = {FI.(X;,r) | i € I}
forms a fuzzy filterbase in X, and hence by hy-
pothesis, B has r-fuzzy fc-accumulation point z;
in X. Since x; & A{\; | i € I}, there is iy € T
with @, € Ay, so 24q)] , Thus N, € FQr(z,7)
such that FI-( Ay, m)q(F (N, 7) = FC(XN,7).
It follows that z; is not r-fuzzy fe-accumulation
point, which is contradiction. O

THEOREM 4.16. An fts (X,7) is r-fuzzy F-
closed space iff for each r-fuzzy feebly open filterba-
sis B in X, Nyep FC-(N\,7) # 0.
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Proof. Let A be r-fuzzy feebly open cover of
X and let for each finite subfamily Ag of A,
(Vyen, F'Cr(u,m))(x) < 1 for some = € X. Then
(Apea, FCr(1,7))(w) > 0 for some z € X. Thus
{FC:(u,7) | n € Ao} = B forms r-fuzzy fee-
bly open filterbasis in X. Since A is r-fuzzy fee-
bly open cover of X, then /\ueA ¢ = 0 which
implies A ,c 4 FC-(FCr(p,7)’,7) = 0, which is
a contradiction. Then each r-fuzzy feebly open
cover A in X has a finite subfamily Ag such that
(Vuen, FC-(p,7))(z) = 1 for each x € X. Hence
X is r-fuzzy F-closed space.

Conversely,  suppose there exists r-fuzzy
feebly open filterbasis B in X  such
that A, cp FC-(1,7) = 0, so that
(V,es FCr(p,r))(z) = 1 for each 2 € X and
hence A = {FC,{(u,r)" | p € B} is r-fuzzy feebly
open cover of X. Since X is r-fuzzy F-closed space,
then A has a finite subfamily Ag such that

(\/ FC(FC(u,r),m)(w) = 1

rEAp

for each x € X, and hence

N (FC(FC.(v),r)) =0.

HEAQ
Thus A ,c 4, # = 0 which is a contradiction. O

DEFINITION 4.10. A fuzzy set A in an fts
(X,7) is said to be r-fuzzy F-closed relative to
X iff each r-fuzzy feebly open cover A of A,
there exists a finite subfamily Ag of A such that
(Vea, FC-(,m))(x) > A(z) for each x € Sup(A).

- THEOREM 4.17. A fuzzy set X in an fts (X, 1)
is r-fuzzy F-closed relative to X iff each r-fuzzy fee-
bly open filterbasis B in X; (\,cqp(FCr(p,7))) A
A =0, there exists a finite subfamily By of B such
that (/\ue'BO H)GA.

Proof. Let A be r-fuzzy F-closed set relative to
X. Suppose B is r-fuzzy feebly open filterbasis
in X such that for each finite subfamily By of B,
(Apes, 1)ar, but (A ,ep FCr(pt,r)) AX = 0. Then
for each z € Sup(A), (A ,eq FC-(p,7))(z) = 0
and hence (V,cq(FCr(p,7)"))(x) = 1 for each
z € Sup(A). Then A = {FC,(pt,7) | 1 €
B} is r-fuzzy feebly open cover of A and hence
there exists a finite subfamily By of B such that
Vep, FCHFCH(p,7),7)) = A, so that

/\ FCT(FCT(/‘aT)I’T)/ = /\ FL(FC(u,7),7)

n€Bo nE€Bg
<X
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and hence A\ ,cp p < A. Then (A ,cq, )TN
which is a contradiction.
Conversely, let A not be r-fuzzy F-closed set relative
to X, then there exists r-fuzzy feebly open cover
A of X such that each finite subfamily Aq of A,
(V e, FCr(p,7))(2) < A(z) for some z € Sup(A)
and hence

( \/ FC.(p,7) ) zx) > N(x) >0

HEAg

for some € Sup(A). Thus B = {FC,(u,7)" |
u € A} forms r-fuzzy feebly open filterbasis in X.
Let there exists a finite subfamily {FC;{(u,7) |
i € Ag} such that (Auea, FCr(p,7))gA. Then
A< \/‘Her FC.(u,r). So there exists a finite sub-
family Ag of A such that Vuer FC (p,r) = A
which is contradiction.  Then for each finite
subfamily Ay = {FC (s,7) | 1 € Ao} of A,
we have A, FC:(u,r)'qA.  Hence by the
given condition (A, c4(FC-(FC-(u,7),7))) A
A # 0, so there exists =z €  Sup())
such that (A, (FC(FC-(p,7),m)))(x) >
0. Then (V,c4(FCA(FCr(u, ), 7)) z) =
Viea FL(FC(p,7),7))(z) < 1 and hence
(V,ea #)(z) < 1 which contradicts the fact that
A is r-fuzzy feebly open cover of A. Therefore \ is
r-fuzzy F-closed. a

THEOREM 4.18. If each fuzzy filterbasis B in
an fts (X, 7) such that for each finite subfamily
1, Y2y, i from B and for any r-fuzzy feebly
closed set v > X has (1 A pa A ...... A pr)qrv, B
has r-fuzzy f-0-cluster point in A, then A is r-fuzzy
F-closed relative to X.

Proof. Let B be r-fuzzy feebly open filterbasis in
X not having r-f-cluster point in A. By Theorem
7?7 B has no r-fuzzy f-f-cluster point in A\. Then
by hypothesis, there exists r-fuzzy feebly closed set
v > A such that for some finite subfamily B of B;

(Aues, w)qv- Then (A cp, #)GA. Hence by Theo-
rem 77, Ais r-fuzzy F-closed set relative to X. O
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