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REMARKS ON CENTERED-LINDELOF SPACES
YaN-Kul SONG

ABSTRACT. In this paper, we construct an example of a normal

centered-Lindelsf space X such that St-I(X) > wi under 2%0 =
281,

1. Introduction

By a space, we mean a topological space. The purpose of this paper
is to give an example stated in the abstract. In the rest of this section,
we give definitions of terms which are used in the example. Let X be
a space and U a collection of subsets of X. For B C X, let St(B,U) =
WHU eu:UnB+#p}.

DEFINITION 1.1 ([1, 2, 3]). A space X is star-Lindelof if for every

open cover U of X, there exists a countable subset ¥ C X such that
St(F,U) = X.

In [2], a star-Lindelof space is called * Lindelof and in [3], a star-
Lindelof space is called strongly star-Lindeldf.

Clearly, all Lindeldf spaces, all separable spaces and all countably
compact spaces are star-Lindelof (see [7]).

Recall that a family U of subsets of a space X is centered provided
every finite subfamily of I/ has nonempty intersection, and A is called
o-centered if it is the union of countably many centered subfamilies.

DEFINITION 1.2 ([1, 8]). A space X is centered-Lindelof if for every

open cover U of X, there exists a o-centered subfamily A of I/ such that
UAd=X.
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It is clear that every star-Lindel6f space is centered-Lindelof. As a
natural generalization of star-Lindeléfness, one can consider the follow-
ing cardinal function:

DErFINITION 1.3 ([1, 7]). The star-Lindeléf number of the space X is

St-l(X) = min{x : V open cover U of X, IF C X such that |F| <&
and St(F,U) = X}.

Song [9] constructed an example of a Tychonoff centered-Lindelof
space X such that St-I(X) > k for every regular uncountable cardinal
x, which answered Bonanzinga and Matveev [1, Questions 2 and 3] and
Matveev [7, Question 47]. Mat-veev [8] showed that St-I(X) < ¢ for
a normal centered-Lindelof space X, which answered Bonanzinga and
Matveev (1, Question 2] and Matveev [7, Question 47]. Thus, it is
natural for us to consider the following question:

QUESTION. Is there a normal centered-Lindelof space X such that
St-l(X) =c¢?

The purpose of this note is to construct an example of a normal
centered-Lindeldf space X such that St-I(X) > w; under 2% = 2%
which gives a partial answer to the above question.

Thorough this paper, the cardinality of a set A is denoted by [A[. Let
w denote the first infinite cardinal, w; the first uncountable cardinal and
¢ the cardinality of the continuum. As usual, a cardinal is the initial
ordinal and an ordinal is the set of smaller ordinals. When viewed as
a space, every cardinal has the usual order topology. Other terms and
symbols that we do not define will be used as in [4].

2. An example on centered-Lindel6f spaces

In this section, we construct an example stated in the abstract by
using the well-known example. But we included the original construction
here for the sake of completeness. Recall that a family U of subsets of the
set X is independent if for any collection Uy, Us, ... , Uy, V1, V5,... , Vi
of distinct elements of U, (M;<, U:) N (MN;<n(X \ V5)) # 0.

EXAMPLE 2.1. (See Example E [10]) Assuming 2% = 281 there is a
separable normal 77 space with an uncountable discrete closed subspace.
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CONSTRUCTION. Let L be a set of cardinality N; disjoint from w.
Let {F, : @ < ¢} be an independent family of subsets of w. Using
2% = 281 we may construct a complement-preserving map f from (L)
onto {Fo:a < cfU{w\ Fy:a<c} Let X = LUw with a subbase ¢
for a topology defined by

(a)if M C L, then M U f(M) € p;

(b) if n € w, then {n} € ;

(c)if p € X, then X \ {p} € o.

The space X is a separable normal 77 space with an uncountable
discrete closed subspace.

Recall us recall from [5] that a space X is starcompact if for every open
cover U of X, there exists a finite subset F' of X such that St(F,U) =
X. Tt is not difficult to show that every countably compact space is
starcompact(see [5]).

EXAMPLE 2.2. Assuming 2% = 281 there exists a normal centered-
Lindel6f space X such that St-1(X) > w;.

PRrROOF. Let X = LUw be the same as in the construction of Example
2.1. Let
S(X,w)=LU (w1 xw)

and topologize S(X,w) as follows: A basic neighborhood of [ € L in
S(X,w) is a set of the from

Guall) = (UNL) O (a,w) X (UNw))

for a neighborhood U of [ in X and for a < wy, and a basic neighborhood
of (o, z) € w1 X w in S(X,w) is a set of the form

Gv({e,2)) =V x {z},

where V is a neighborhood of o in w;.

First, we show that S(X,w) is centered-Lindel6f. For this end, let U
be an open cover of S(X,w). For each [ € L, there exists U; € U such
that [ € Uj, thus, we can find a n; € w and §; < w; such that

(Br,w1) x {m} C U,
For each n € w, if we put L, = {l : my = n} and V,, = {U; : | € L,},

then V, is centered and L,, C UV,. If we put V' = U{V,, : n € w}, then
V' is o-centered and L C U{UV,, : n € w}. On the other hand, for each
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n € w, since w; X {n} is countably compact, there exists a finite subset
F, Cw; x {n} such that

w1 X {n} C St(F,,U),

since every countably compact space is starcompact. Let F' = | J{F, :
n € w}. Then, w1 x w C St(F',U). If we put

Vi=Uu{{Ueld:2€U}:z€F, and n € w},

then V" is o-centered and w; x w C UV”. Consequently, if we put
V =V UV”, then V is a o-centered subcover of #{. Hence, S(X,w) is
centered-Lindelof. '

Next, we show that St-I(S(X,w)) > wi. Since |[L| = Xy , we can
enumerate L as {l, : @ < wi}. Since {l, : a@ < wy} is discrete closed in
X, then, for each a < wy,there exists an open neighborhood V,, in X
such that V, N L = {l,}. Let us consider the open cover

U={GCGv,olla): a<wi}U{wi xw}U{X\{la:a<w}}

of X. It remains to show that St(B,U) # X for every countable set B
of S(X,w). To show this, let B is a countable set in X. Since BN L is
countable, there exists 3’ < wy such that

Bn{ly:a>p3}=0.

On the other hand, since BN (w; X w) is countable, there exists 5" < w;
such that
BN ((w1,8") xw) =0.

If we pick a > max{f3', 3"}, then I, ¢ St(B,U), since Gy, «(ls) is the
only element of U containing I, and Gy, «(lo) N B = @, which shows
that St-I(S(X,w)) > wy.

Finally, we prove that S(X,w) is normal. Let E and F be disjoint
closed subsets of S(X,w). If we put Ef, = ENL, FL = FNL and
E, = EN(w X {n}), F, = FN(w x {n}) for each n € w. Since
w1 x {n} is homeomorphic to wy, there exist disjoint clopen subsets E],
and F! in w; x {n} such that E, C E/ and F,, C F}, for each n € w.
Since E, and F,, can not be cofinal in w; x {n}, thus we may pick E,
and F) by the following way

1) E’ is cofinal in w; x {n} if and only if E,, is cofinal in wy x {n
n
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and
(2) F) is cofinal in wy X {n} if and only if F,, is cofinal in wy x {n}.
for each n € w. Let

E=E,u|JE,and F=FLU | F,

new necw

Then, EC E, FCF and ENF = {. It follows from (1), (2) and the
construction of $(X,w) that E and F are closed in S(X,w). Without
loss of generality, we can assume that £ = F and F = F. Since Ey and

Fy are disjoint closed subsets of X, then there exist disjoint open sets
Ug and Ur in X such that Ef, C Ug and Fr, C Up. Let

Ve =(UgNE)U U w1 x{n} and Vp = (UpNF)U U wy X {n}.
nelpNw nelUpNw

Then, Vg and Vp are disjoint open subsets in S(X,w) and Ey, C Vg and
FL Q VF. If we put

Wg=EU (Vg \ F) and Wp = FU (Vg \ E).

Then, Wg and Wy are disjoint open subsets in S(X,w) such that E C
Wg and F C W, which completes the proof. [

REMARK. It is well-known that 2% = 2% implies negation of CH.
Thus Example 2.2 gives a partial answer to the above question. But
the author does not know if there exists a ZFC counter example to the
question.
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