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SHARP WEIGHTED ESTIMATE FOR
MULTILINEAR SINGULAR INTEGRAL OPERATOR

Liu LANZHE

ABSTRACT. In this paper, a sharp inequality for some multilinear
singular integral operators are obtained. As the applications, we get
the weighted L?(p > 1) norm inequalities and Llog L type estimate
for the multilinear operators.

1. Preliminaries and results

As the development of Calderén-Zygmund operators and their com-
mutators, multilinear singular integral operators have been well studied.
In this paper, we will study some multilinear singular integral operators
as following.

Fixe > 0. Let T : S — &' be a linear operator. Suppose that T
is bounded on LP(R®) for 1 < p < oo and weak (L', L!)-bounded and
there exists a locally integrable function K (z,y) on R™ x R™\ {(z,y) €
R™ x R™: z =y} such that

71 = [ K@iy

for every bounded and compactly supported function f, where K satis-
fies:

|K(2,y)] < Clz —y[™
and
(K (y,2) — K(z,2)| + |K(z,y) — K(z,2)| < Cly — 2|z — 2[7"7°

when 2|y — z| < |z — 2|. Let m; be the positive integers (7 = 1,...,1),
my + ---+my = m and A; be the functions on R™ (j = 1,...,1). The
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multilinear operator related to T is defined by

l
Hj:l Ry +1(4552, )
Rn lz —y|™

TA(f)(z) =

K(z,y)f(y)dy,
where

Ry 11(Aj52,9) = Aj(x) = > &ljDaAj(y)(x—y)a-

|| <my

Note that when m = 0, T4 is just the multilinear commutator of T
and A (see [8]). While when m > 0, T is non-trivial generalizations of
the commutator. It is well known that multilinear operators are of great
interest in harmonic analysis and have been studied by many authors
(see [1-5]). In [7], Hu and Yang proved a variant sharp estimate for
the multilinear singular integral operators. In [11], Perez and Trujillo-
Gonzalez prove a sharp estimate for some multilinear commutator when
Aj € Oscypprrs- The main purpose of this paper is to prove a sharp
inequality for the multilinear singular integral operators. As the appli-
cations, we obtain the weighted LP(p > 1) norm inequalities and Llog L
type estimate for the multilinear operators.

First, let us introduce some notations. Throughout this paper, Q
will denote a cube of R™ with sides parallel to the axes. For any locally
integrable function f, the sharp function of f is defined by

#(z) —sup IQI/{f — foldy,

where, and in what follows, fo = |Q|~} fQ (x)dz. It is well-known
that(see[6])

f#(x) = sup inf — ] / |f(y) — cl|dy.

weQ C€

We say that f belongs to BMO(R") if f# belongs to L*(R™) and
flBao = ||f#||pe. For 0 < r < oo, we denote fr by

FE@) = [()F @)
Let M be the Hardy-Littlewood maximal operator, that is, that M (f)(x)
= sup,cq Q! fQ [f(y)|dy. For k € N, we denote by M* the opera-

tor M iterated k times, i.e., M1(f)(z) = M(f)(z) and M*(f)(z) =
M(M*=Y(£))(z) for k > 2.
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Let & be a Young function and & be the complementary associated
to ®, we define the ®-average of a function of f over a cube @ by

I£lle,@ = 1nf{)\>0 |Q|/ ( )d <1}

and the maximal function associated to ® by

Ms(f)(z) = sup || flle,0;
zEQ

The Young functions to be using in this paper are ®(t) = exp(t") —1 and
U(t) = tlog"(t+€), the corresponding ®-average and maximal functions
denoted by H . HecchT’Q, Mea:pLT and H . ”L(logL)T,Qv ML(logL)r- We have
the following inequality, for any r > 0 and m € N(see[11])

M(.f) < ML(logL)’" (f)a ML(logL)m (f) ~ Mm+1(f);
For r > 1, we denote that

Hbllosceaszr = Sgp Hb - bQHemer,Qa

the space Oscegprr is defined by
Oscegprr = {b € Lllog(R") : HbHoscmpu < 00}
It has been known that(see[11])

Hb - bQQ”eszr,QkQ < CkHb“OSCeprr'

It is obvious that Oscegprr coincides with the BMO space if r = 1. And
OsSCegprr C BMO if r > 1. We denote the Muckenhoupt weights by A,
for 1 < p < oo(see]6)).

Now we state our main results as following.

THEOREM 1. Let r; > 1 and D*A; € Osceyypr; for all a with
lo| =my; and j = 1,...,l. Denote that 1/r =1/r1+ .-+ 1/r;. Then
for any 0 < p < 1, there exists a constant C > 0 such that for any
feCP(R™) and x € R,

!

TAME@ <CIT| Do 1ID%4llose, ,»; | Migogrysr(H)(@).

3=1 \lajl=m;

THEOREM 2. Let r; > 1 and D*A; € Oscyypr for all o with
ol =mj and j =1,...,L
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(1) If1 <p < o0 and w € Ap, then

l
T4 p ) < 01]( > HD%A;IIOSCMJ f 1 2o s

J=1 \Jaj|=m;

(2) If w € Ay. Denote that 1/r = 1/ry + -+ 1/r; and ®(t) =
tlog/"(t + e). Then there exists a constant C > 0 such that for all
A >0,

w({z € R": [T4(f)(x)| > A})

l
<cf @ AT D2 1I0% 4500w, vy | 1F(@)] ) w(z)da.

T
=1 \laj|=m;

2. Some lemmas

We give some preliminaries lemmas.

LeMMA 1. ([3]) Let A be a function on R™ and D*A € LI(R"™) for
all o with |a| = m and some q > n. Then

1/q

1

Rnizy) < Clo—y™ 3 o [ DAz )
|a]§m |Q(-Tay)| Qz,y)

where Q is the cube centered at = and having side length 5v/n|z — y|.

LEMMA 2. ([6, p.485]) Let 0 < p < q < oo and for any function
f > 0. We define that, for 1/r =1/p—1/q

I fllwre = S/\u%)\i{:c € R": f(z) > A\HY,
>

Np,q(f) = sup W fxEllce/lxEllLr

where the sup is taken for all measurable sets E with 0 < |E| < oo.
Then

Ifllwze < Npo(f) < (a/(a — )Pl fllwLe.
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LEMMA 3. ([11]) Let r; > 1 for j = 1,...,m, we denote that 1/r =
1/r1+--++1/rm. Then

ﬁ /Q 1@ fm(2)g(@)lde

< ||f“eprT1,Q T |'f|IempLTm,Q|'.‘JHL(logL)l/r,Q

3. Proof of Theorem

It is only to prove Theorem 1.

Proor orF THEOREM 1. It suffices to prove for f € C§°(R™) and
some constant Cp, the following inequality holds:

1/p
Acr
<|Q| / T C’ol”dx)

< CH ( Z IDa]Aj”OsceszT]> ML(logL)l/T(f)(x)'

loj[=m;
Without loss of generality, we may assume [ = 2. Fix a cube Q@ =

Q(zg,d) and Z € Q. Let 3
Q= 5vnQ

and
Aj(z) = Aj(2) - > a,(D“A )o®
|et|=mn;
Then ij(Aj;x, y) = ij (Aj;;z:, y) and Da/ij = DaAj — (DCYA]‘)Q for
|a| = m;. We write, for fi = fXQ and fz = fXRn\Q7

T4(f)(z)
2 A ..
_ [ i Tl 200) oy

Rn |z — y|m
H l}lm +1( 53 L ay)
= K(z, d
o eyl (z,9) f2(y)dy
H?:l ij (Aj; T, y)
R® |z —y|™

- o / L (A22.0)@ =9)™ oy 710 e fa(0)dy

|z — y|™

+ K(z,y) A1 (y)dy

la1|=m1
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m1 A, — q)2 B
- o /n Lmy)@ =y, 2 A2 (y)K (2,) fi(y)dy

— m
ol |z -yl

N Z 1 / (:B _ y)a1+a2Da1/~11(y)Da2A2(y)

|041|=m1, |a2|=m2 I yl

x K (z,y) f1(y)dy,
then
T2 @) - TA(£2) o)
H?:l R’mj (Aﬁ T,y)

R® |z —y|™

K(z,y)fi(y)dy

m2 A ; a1 o i
| ¥ o [ Pl BV pes iy ) K o) )y

lall—ml IQJ '— ylm

+ Z /n my Al,w y y)az Da2A2(y)K($,y)f1(y)dy

g |= m2 ICE - y|m

+ Z 1 / (CL‘ _ y)a1+a2Da1 Al (y)D"‘?;lg(y)

Otl'az x — yl|™
lar|=m1, |az|=m2 | l

x K (2,5)1(v)dy|

+ T4 (@) ~ TA(f2) a0)|
= Ii(z) + L(z) + I3(x) + Li(z) + Is(z),

thus,
(& [ o -ri e )

(\Ql/ Il(x)pdx)l/p+ (IQI/ (e )pd"’>l/p
(1@!/ (’pd””> (1@1/ “p‘*”>
1/p

(IQI/ ()pd‘”)

= h+DL+L+1L+1s.

IA
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Now, let us estimate Iy, Iy, I3, I4 and I5, respectively. First, for z € Q
and y € @, by Lemma 1, we get

R (Ajiz,9) <Clz—y|™ Y D% Ajllos,

s |l=m;

szrj ?

thus, by Lemma 2 and the weak type (1,1) of T, we obtain

—

no< cI| X ipv4yl (2 /]T(f)(x)]pdx)l/p
b T Ajl10se LT —_ )
J=1 \Jajl=m; ? e Q| 0
2
- CH > 1D Ajllose,,, [Q|—1L%T)/XTC—Z—'1|—L£

A3y
il
—

ov;|=m;

IA
- Q
o [t

ST D% Adllose, v, | 1QIIT()

o [=m;

<
il
i

> D% A4llose, s | 1QIH A

o l=m;

L=
il
-

IN IA
Q9
o [ e 19

z HDajAjHOScmerj M(f)(Z)

7j=1 laj(:mj

> D% Ajll0se,,,r; | Mrgogryr (H(@);

7= \lajl=m;

IA
- Q
e

For I3, note that ||xollespr2,0 < C, similar to the proof of I; and by
using Lemma 3, we get

12 < C Z HDQQAQHOSCEWU"Z

la|=m2

« Y (@ /. lT(Davilfl)(w)lpdm)w

lai}=m1

< C Y 1ID* Asllose,syirs

laz|=mz
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x> QITHIT(DM ALfi)()xqllwes

jo1j=ma
< C D 1D Agllose, i
Jag|=ma
1 .
< X o [ DM e
~ Q| Jgn
Jarj=my
< C Z HDa2A2“Osceszr2HXQ”epr”,Q
|z |=m2
[|D** Ay — (D™ Ar)g ] 511 5
X 1 ( 1 Q' esz"l’Q ’ L(logL)l/T,Q
Jai f=my
2
< CII{ X p%Alos,, oy | Migogryr(H)(@);
7=1 \lajl=m;

For I3, similar to the proof of I, we get
2

L<c]]

J:

j=1

( Z HDO‘]AJ‘“OsceszrJ) ML(ZOQL)I/r(f)(j%

lajl=m;
Similarly, for I, by using Lemma 3, we get

1 - - 1/p
wso ¥ (g [ momipein@rs)

lail=m1, Jaal=me

< C > Q" |T(D* A, D2 Ay f1)xollw i
jarl=m1, laa|=ma2

<o X ) 0mAE@D A s
lail=mi1, lazl=ma Rn

S C Z HDalAl - (DalA]-)QHeq;erl 7@

|t [=my

x> 1D A = (D™ A2)glleuprra O M Ltogyrvm 0

lag|=ms

( Z HDaj AjHOSCeszT]> ML(logL)l/T(f) (;f;)’

ey |=m;

IN

ol

2
=1

j_
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For Iy, we write

TA(f2)(x) - TA(f2) (o)
B K(z,y) K(xg,y) z,
= /Rn( )]TIRmJ A]7 y)fQ( )

o —y™  Jzo — g™ =1

+/n (le(jh;xay) - le(z‘il;mo,y))
XR'rnz(A2;$7y)

lzo — y™
+/n (Rmz(fig';ﬂﬁ,y) - Rmz,(flz;xo,y)>

. B (41320, )

K(zo,y) f2(y)dy

K (z0,y) f2(y)dy

lzo — ylm
| IZ / . = Agl;cm—ygl(j 2 K(a)
Lol U )
x D% A1( )f (y)dy
R, A1,-73 y)(x _ y)
y ) K(z,y)
|az|= m2 /n [~x yl
R )
x D2 A3 (y) f2(y)dy

1 (m _ y)a1+a2
+ Z aqlas! /n[ ]x_y]m K(m7y)

oz [=mny, |aa|=m2
(o — y)otoe
T o —ylm
x D% A1 (y) D*? Ay(y) fa(y)dy
50+ 1P + 19 4+ 1 4 1 4+ 1%,
By Lemma 1, we know that, for z € Q and y € 28+1Q \ 260,

R, (Ajz9)| < Clz—y™ 3 (ID%4flos,,

T

K (o, ?J)}

]ajfzmj
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(DY A) gy — (D A)g))
< Cklz—y™ > 1D% Aljosc,,,r; -

Jaj|l=m;

Note that |z —y| ~ |zg —y| for z € Q and y € R™\ @, we obtain, by the
conditions on K,

(1) |z — o] |z — zol°
SR (|wo g T oy gt

2
x [T 1Bm; (4552, )|l f2(y)ldy

j=1
2

< cIl| X 1p¥4ilios, .,
J=1 ’a]’_mf

( |z — o] |z — ol
2k+1Q\2kQ [zo —y[*t1  |zo — ylnte

( 1D% Ajllos, )
lo; |=m;

o~k _1_ d
f2 )l2’°Ql 2kQIf(y)l Y

( > HD‘”"AJ'HOS%WTJ) M(f)(@);

log|=m;

X

. IA
M8 - it ¥

) @y

£
Il
—

IA
Q
=

.
Il

For 1552), by the formula (see [3]):
- . 1 -
|B)<m;
and Lemma 1, we have
lRm]' (Aa T, y) - ij (Aa Zo, y)l
<C ¥ S fo—aol™lw — gD Ao,

[Bl<m; |al=m;

erj 3



thus

11|

Similarly,
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< CH (l ,z: ||DaJAjHOSCempLTJ)
Qjl=m;
00 lm B xg’
X A 4
kz—o /Qk-HQ\QkQ |g;0 _ y!n-l‘-l lf(y)l Y
<

2
H( Z HDaJAjHOSCeszT]> M(f)(:i‘),

oy |=my

2
5 <c]] ( > HD“]AJ'HOSCEIM) M(f)(@);
=1 \Jaj|=m;

For I, é4), similar to the proof of I; ) , Iy () and Iy, we get

4
19 <

IN

IN

IN

GZ/

lanf=ma

X1 Bomg (A 2, )| D% Ay ()] )y
40 [ | Ruali,9) - Bony (i 0,9)

levr|=m

(z -y K(2,y) (20— y)‘“K(xo,y)]
lz — y™ [z — y[™

Mo — ) K(z0,9)
|zo — y|™

C Z ”D"2A2'lOsceszr2 Z Zk(2~k+2—sk)

o2 |=mz ot |[=my k=1

/ng lDal‘le(y)Hf(y)ldy

(D A1 (y)| f2(y)|dy

L1
125

C Y D™ Asllose,ye Y. D k(E2TF427%)

|oxa|=mz oy [=my k=1

XIlDalA]_ - (DalAl)@”ezp[/rl,ZkQ]]fI]L(ZOgL)I/T,QkQ

2
H ( Z ”DajAjHOsceszr]) ML(logL)l/T(f)(i');

faz|=my
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Similarly,
5) 2
< CTT X 1% 4o,y | Miogoguy-(F)(@);
j=1 [aﬂ:mj

For Iéﬁ), by using Lemma 3, we obtain

< c Y i(z—’wz—f’“)

fa1|=ma,|az|=mg k=1

xﬁ /2 o D Ay ()] | D Ao ()| £ () |dy

2
CH Z HDajAjllOsceszrj ML(logL)l/r(f)(fz)Q

3=1 \loyl=m;

VAN

Thus

15| <0H< > HD“JAJ-HoScer]) My gogryir-(F)()

lajl=my

This completes the proof of Theorem 1.
By Theorem 1 and the LP-boundedness of My, ;,47)1/-, We may obtain
the conclusions (1)(2) of Theorem 2.

4. Example

In this section we shall apply Theorem 1 and 2 of the paper to the
Calderén-Zygmund singular integral operator.

Let T be the Calderén-Zygmund operator (see [4], (6], [12]), the mul-
tilinear operator related to T is defined by

[1i=; Roy41(4537,9)
Rn [z~ y|™

T4(f)(z) = K(z,y)f(y)dy

In particular, the multilinear commutator related to T is(see[11])

l

T4(f)(» / [H )} K(z,y)f(y)dy.
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Then
(T (<)

(M) : o
<cII{ X wp 7 Asllose, vy | Mrgogry (F)(®)

3=1 \lejl=m;

for any f € C§°(R™) and 0 < p < 1;

I
@ T Dl <CIL{ X 10% 40w, | 1fllrw)

3=1 \la;|=m;
for any w € A, and 1 < p < o0;
w({z € R": |[T4(f)(@)] > A})

3
) <cf s > 1D Aylloe,_ -y | 1£@)] | wiz)da

3=1 \loy|=m;

for any w € A1 and all A > 0.
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