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SOME EXTENSIONAL PROPERTIES OF MODULES

Yong Uk CHO

ABSTRACT. The purpose of this paper is to describe some char-
acterizations on rational and t-rational extensions of modules, to
determine the forms of ¢-rational extensions of given t-torsion free
module for a left exact radical ¢t and investigate the maximal ¢-
rational extensions of modules.

1. Preliminaries

Throughout this paper, R means a ring with identity and all modules
are unitary left R-modules. First we introduce the notions of rational
extensions and essential extensions of modules. This theory will be need
in the construction of the maximal right ring of quotients. Much of these
research come from the work of Utumi [10] and Findlay-Lambek [3].

Let N be a submodule of a module M. Then M is called a rational
extension of N or N is a rational submodule (or dense submodule) of M,
if for every module D with N C D C M and every R-homomorphism
f+ D — M, the inclusion N C Kerf implies f = 0. This notion
is denoted by N<,M. Clearly, Z is a rational submodule of Q as Z-
modules.

We shall say that a module E containing a module M an essential
extension of M if every nonzero submodule of E intersects M nontriv-
ially. An essential extension E of M is said to be mazimal if no module
properly containing E can be an essential extension of M. If E is an
essential extension of M, then we shall also say that M is an essential
submodule (or large submodule) of E, and which is denoted by M < E.
In Lam’s book [5], we get a useful characterization of essential extension,
that is, M <.FE if and only if for every z # 0 in FE, there exists r in R
such that rz # 0 in M.
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We denote the category of all modules by R-Mod and the injective
hull of a module M by E(M). A preradical t of an abelian category
© assigns to each object A a subobject t(A) in such a way that every
morphism A — B induces t(A) — t(B) by restriction. In other words,
a preradical is a subfunctor of the identity functor on ©.

The class of all preradicals of © is a complete lattice, because there
is a partial ordering in which #; < t means that t;(C) C t2(C) for all
objects C, and any family (¢;) of preradicals has a least upper bound
> t; and a greatest lower bound Nt;, defined in the obvious ways. If ¢
and ty are preradicals, one defines preradical ¢1 as

t1t2(C) = t1(t2(C))

for all objects C. A preradical ¢ is called idempotent if tt = t, and is
called a radical if t(C/t(C)) = 0 for every object C.

For a preradical ¢t of R-Mod, a module A is said to be t-torsion
(resp. t-torsion free) if t(A) = A (resp. t(A) = 0). The t-torsion class
(resp. t-torsion free class) of modules or the class of t-torsion (resp.
t-torsion free) modules will be denoted by T'(t) (resp. F(t)). Also, for
two preradicals t and s of R-Mod, we shall say that s is less than t or ¢
is larger than s if s(A) C t(A) for every module A.

We denote the left linear topology corresponding to a left exact pre-
radical t by L(t), that is,

L(t) = {RI <R|R/I € T(t)}.

We will refer to Lambek [6] and Stenstrom [8] for the remainder
terminologies and basic properties of preradicals and torsion theories.

2. Rational and t-rational extensions

An exact sequence 0 — A—>5B of homomorphisms of R-modules is
said to be a rational extension of A if a(A)<,B. In this case we also say
that B is a rational extension of A or A is a rational submodule of B.
Our exposition here follows in part Bican-Kepka-Nemec [2] and Lam [5].

An exact sequence 0 — A——B of R-homomorphisms is said to be
an essential extension of A if a(A)<.B. We note that N<,M implies
N<.M. But the converse is not true.

The next proposition provides characterizations for rational exten-
sions in terms of nonexistence of certain types of R-homomorphisms
and additional condition.
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PRrROPOSITION 2.1. Let N < M be left R-modules. Then the following
conditions are equivalent:

(1) N M.

(2) For every submodule D of M with the relation N C D C M,
Homg(D/N,M) =0.

(3) Ifz,y € M with y # 0, then there exists r € R such that rz € N
and ry # 0.

(4) Homgp(M/N,E(M))=0.

Proof. (1) = (2) Assume that N<,M, that is, for every module
D with N € D € M and every R-homomorphism f : D — M, the
inclusion f(N) = 0 implies f = 0. Let ¢ : D/N — M be an R-
homomorphism, that is, g € Homg(D/N,M). Define h : D — M
by h(d) = g(d + N), where d € D. Then clearly, h is well defined,
R-homomorphism and h(N) = 0. Since N<, M, h = 0. Hence f = 0.

(2) = (1) This is proved by similar method of (1) => (2).

(2) = (3) Suppose for some z,y € M with y # 0, we have for all
r € R such that ro € N, ry = 0. We define f : N+ Rx — M by
f(n+rz) =ry, (n € N, r € R). Obviously, f is an R-homomorphism
vanishing on N. So by hypothesis of (2), 0 = f(z) = f(0+1z) = 1z = z.
This is contradiction.

(3) = (4) Assume that there exists a nonzero R-homomorphism
f:M — E(M) with f(N) =0. Then since f(M) #0, MO f(M)=0.
Then There exist z, y € M —{0} such that y = f(z). By (3), there exists
r € R with rz € N and ry # 0. But then 0 = f(rz) = rf(z) = ry. This
fact is contradiction.

(4) => (2) Suppose that for some D as in (2), there exists a nonzero
R-homomorphism ¢ : D/N — M. By the injectivity of E(M), we can
extend g to a nonzero homomorphism M/N — E(M). O

Let @ be a module. We define a preradical kg by
ko(M) = N{Kerf | f € Homp(M,Q)}

for all modules M. As is well known, kg is the largest radical among all
preradicals ¢ such that ¢(Q) = 0.

Hereafter, we will consider that every preradical means a preradical
of R-Mod. Let t be a preradical. We call that an exact sequence 0 —
A-25B is a t-rational extension of A if B is in F(t) and any submodule
of Coker(c) is in T'(t). If « is an inclusion map, then we say that A is a
t-rational submodule of B. Immediately, an exact sequence 0 — A—B
is a rational extension of A if and only if it is a kp-rational extension of
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A. Also, if an exact sequence 0 — A-2>B is a t-rational extension of
A, then it is a rational extension of A.
The converse of this above remark is not true in general as following:

EXAMPLE 2.2. Let R be the ring Z of rational integers. We put
A =12Z, B = Z and t = Soc. Since Z(B) = 0 and A is an essential

submodule of B, 0 — A—>B is a rational extension of A, where 4
is- an inclusion map. However, Soc(B/A) = 2Z/12Z # B/A. Thus

0 — A—B is not a t-rational extension of A.

On the other hand, for any preradical ¢, an exact sequence 0 —
A-2B is called a t-essential extension of A if it is an essential extension
of A and any submodule of Coker(a) is in T'(t). If « is an inclusion map,
we say that A is a t-essential submodule of B.

PROPOSITION 2.3. If 0 — A-B is a t-rational extension of A,
then it is a t-essential extension of A.

Proof. 1t is sufficient to show that a(A) is an essential submodule of
B. Suppose a(A)N' D =0and D < B. Then

D = D/(a(A) N D) = (a(A) + D)/a(A).
Since a(A) + D)/a(A) is t-torsion and D is t-torsion free, a(A) + D) =
a(A). With the fact a(A) N D =0, we get D = 0. O
Also the converse of this proposition is not true in general as following:

EXAMPLE 2.4. Let R be the ring Z of rational integers. We put
A =47Z/8Z, B = Z/8Z and t = Z, where Z is the singular torsion
functor. Then Z(B) = B, and so Z(B/A) = B/A. Also since A is an

essential submodule of B, 0 — A—5B is a t-essential extension of A,
where 7 is an inclusion map. However, 0 — A——B is not a t-rational
extension of A.

We note that for any t a left exact preradical, an exact sequence
0 — A-5B is a t-rational extension of A if and only if B is in F(¢)
and Coker(a) is in T'(t).

PROPOSITION 2.5. Let t be a left exact radical, and 0 — A-—>B and
0— BLC two exact sequences. Then 0 — A-2>B is a t-rational

extension of A and 0 — B——ﬁ—>C is a t-rational extension of B if and
only if 0 — Aﬂc is a t-rational extension of A.
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Proof. Assume that both 0 — A-2>B and 0 — B—ﬂ—>C are t-

rational extensions. Then since
0 — B(B)/Ba(A) — C/Ba(A) — C/B(B) — 0
is exact,
(C/Ba(A))/(B(B)/Ba(A)) = C/B(B).

On the other hand, since #(B)/Ba(A) & B/a(A), B(B)/Ba(A) and
C/B(B) are in T'(t), we see that C'/Ba(A) is in T(t). Thus 0 — A%
is a t-rational extension of A.

Conversely, suppose that 0 — AﬂC is a t-rational extension of A.
We must show that B/a(A) and ¢/B(B) are in T'(t). Since

B/a(A) = B(B)/fa(A) € C/Ba(A),

B/a(A) is in T(t). While since C/3(B) & (C/Ba(A))/(B(B)/Ba(A))
which is contained in T'(t), C/B(B) is in T'(t). This completes the proof.
O

Let ¢ be a left exact preradical and 0 — A—>B’ an essential exten-
sion of A. We put that

t(B'/a(A)) = B/a(A),
where a(A) C B C B’. Then 0 — A—>B is an essential extension of

A and B/a(A) is in T(t). Hence we have

THEOREM 2.6. Let t be a left exact preradical and A a t-torsion
free module. Then an essential extension of A 0 — A-23B' induces a

t-rational extension of A.
PROPOSITION 2.7. Let t be a preradical and 0 — A-25B is a t-

rational extension of A and 0 — A——B' an exact sequence. If there
exists a homomorphism f: B — B’ such that fa = o, then f is a
unique monomorphism.

Proof. By the hypothesis, the following diagram

00— A&B
I
0 — AP
is commutative.

First, we show that f is monomorphism. If z € Kerf N a(A), then
f(z) =0 and z = a(a) for some a € A. Thus d/(a) = fa(a) = f(z) =0
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and so a = 0 and z = 0. Since a(A) is an essential submodule of B,
Kerf =0, that is, f is a monomorphism. '
Next, if there exists a homomorphism f’ : B —— B’ such that
fla = o, then f'a = faand so (f'— f)a(a) =0 for all a € A. Since
(f' — f) is monic, a(a) = 0, that is, (f' — f)(A) = 0. Hence f' = f. O

THEOREM 2.8. Let t be a preradical and 0 — A—">B is a t-rational

extension of A and 0 — A-5B' an exact sequence. If there exist
homomorphisms f : B — B’ and g : B’ — B such that fa = o
and go/ = «, then gf = 1p.

Proof. By the assumption, gfa = aandso (¢9f — 1g)a = 0. Since
B/Ker(gf — 1) = Im(gf —15) C B,

and B/Ker(gf — 1p) is t-torsion free. Also since a(A) C Ker(gf — 1)

and B/a(A)isin T(t), B/Ker(gf —1p) = 0, that is, Ker(g9f—15) = B.

Thus gf — 1p =0, that is, gf = 1p. a

COROLLARY 2.9. Let ¢t be a preradical, and both 0 — A—-B and

0— A% B' t-rational extensions of A. If there exist homomorphisms
f: B— B'andg: B' — B such that fa = o and go’ = «, then
B =B,

Let t be a preradical. We call an exact sequence 0 — A-">B a

mazimal t-rational extension of A if
(i) 0 — A->5B is a t-rational extension of A,

(ii) For any t-rational extension of A 0 — AL B , there exists a
homomorphism f: B’ — B such that fo' = «.

By the Corollary 2.9, we obtain the following important statement.
THEOREM 2.10. Let t be a left exact radical and A a t-torsion free

module. Then there exists a maximal t-rational extension of A, uniquely
up to isomorphism.

Proof. We put that t(E(A)/A) = B/A, where A C B C E(A). Then

as is easily seen, 0 — A-"5B is a t-rational extension of A, where 1 is
/
an inclusion map. Let 0 — A-—-B’ be any t-rational extension of A.
Then we have the following commutative diagram:
0— 45 B
1:’
e
E(A),
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where 7' is an inclusion map. Thus fo/ = i/ and f is monomorphism,
we show that f(B’) C B. Since fo/(A) = A and a(A) C B’, A C Imf.
Also, since
(Imf+ B)/B = Imf/(Imf N B) = (Imf/A)/((Imf N B)/A)
and
Imf/A = B'[d/(A),
(Imf + B)/B is in T'(t). Since
0 — B/A— (Imf+ B)/A— (Imf+ B)/B—0
is exact, B/A and (Imf + B)/B are in T(t). Thus (Imf + B)/A is in

T(t).
Moreover,
B/A=t(E(A)/A) 2t((Imf + B)/A) = (Imf + B)/A
and

t(B/A) = BJA.

Thus B = Imf + B, that is, Imf C B. Hence 0 — A—B is a
maximal ¢-rational extension of A.

Finally, let two exact sequences 0 — AL B, and 0 — A% B,
be maximal t-rational extensions of A. Then by Corollary 2.9, we have
B = Bs. O

ACKNOWLEDGEMENT. This article was done while the author was
visiting the Center of Ring Theory and Its Applications at Ohio Univer-
sity, Athens, Ohio.

References

[1] F. W. Anderson and K. R. Fuller, Rings and Categories of Modules, Second Edi-
tion, Graduate Texts in Mathematics, 13, Springer-Verlag, Berlin, New York,
1992.

[2] L. Bican, T. Kepka, and P. Némec, Rings, Modules and Preradicals, Lecture Notes
in Pure and Applied Mathematics, 75, Marcel Dekker, New York and Basel, 1982.

[3] G. D. Findlay and J. Lambek, A generalized ring of quotients I. II, Can. Math.
Bull. 1 (1958), 77-85, 155-167.

[4] O. Goldman, Rings and modules of quotients, J. Algebra 13 (1969), 10-47.

[5] T.Y. Lam, Lectures on Modules and Rings, Graduate Texts in Mathematics, 189,
Springer-Verlag, New York, Hidelberg, Berlin, 1999.

[6] J. Lambek, Torsion theories, additive semantics and rings of quotients, Lecture
Notes in Math. Vol. 177, Springer-Verlag, New York, Hidelberg, Berlin, 1971.

[7] S. Morimoto, On the mazimal t-corational extensions of modules, in International
Symposium on Ring Theory, Trends Math., Birkhduser, Boston, (2001), 223-230.



652 Yong Uk Cho

[8] Bo Stenstrém, Rings of Quotients, Grundl. Math. Wissen. Band 217, Springer-
Verlag, New York, Hidelberg, Berlin, 1975.

[9] Hans H. Storrer, Rational extensions of modules, Pacific J. Math. 38 (1971), no.
3, 785-794.

[10] Y. Utumi, On quotient rings, Osaka Math. J. 8 (1956), no. 1, 1-18.

DEPARTMENT OF MATHEMATICAL EDUCATION, COLLEGE OF EDUCATION, SiLLA UNI-
VERSITY, PUSAN 617-736, KOREA
E-mail: yucho@silla.ac.kr



