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DERIVATIONS ON SUBRINGS OF MATRIX RINGS
JANG-Ho CHUN AND JUNE-WON PARK

ABSTRACT. For a lower niltriangular matrix ring A = NT,(K)
(n > 3), we show that every derivation of A is a sum of certain
diagonal, trivial extension and strongly nilpotent derivation. More-
over, a strongly nilpotent derivation is a sum of an inner derivation
and an uaz-derivation.

1. Introduction

Let NT,,(K)(n > 3) be the ring of all (lower niltriangular) n x n
matrices over an associative ring with identity K which are all zeros on
and above the main diagonal.

It is well-known(see [4], p.100) that if F' is a field, then any F-
derivation of M, (F) is inner. Moreover, Amitsur [1] showed that any
derivation of M,(K) is a sum of an inner derivation and a trivial ex-
tension and Nowicki [8] characterized derivations of special subrings of
M, (K).

Dubish and Perlis [3] classified automorphisms on NT,(F) over a
field F. Every automorphism on NT,(F) is equal to a product of
certain diagonal automorphism, inner automorphism and nil automor-
phism. Moreover, Levchuk ([6], [7]) characterized automorphisms of
NT, (K) and Kuzucuoglu and Levchuk [5] characterized automorphisms
on R,(K,J) = NT,(K)+ M,(J).

In this paper, we will characterize derivations of NT,(K). In sec-
tion 2, we characterize ideals and characteristic ideals of NT,(K). In
section 3, we show that for a derivation 6 on NT,,(K), § =14+ 7 + s¢
where igq is a diagonal inner, & is a trivial extension of K and s; is a
strongly nilpotent derivation. In section 4, we have that for a strongly
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nilpotent derivation s;, s = $; + Sua, Where s; is an inner derivation
and s, is an uaz-derivation. Moreover, we characterize the difference
between uaz-derivations and az-derivations.

For a ring R, not necessarily contains 1, a derivation § is an additive
map on R which satisfies

§(ab) = é(a)b + ad(b) (a,b € R).

We say that § is an inner derivation if there exist r € R such that
0(x) = rz — xr for all z € R.

For the convenience we have the followings :

(1) NT,(K) = A, = A.

(2) e;; : matrix units of M, (K).

(3) AF : k-th product of A.

(4) Any derivation ¢ of K can be extended to A by putting

C_T(Z rijeij) = ZU(T‘”‘)GU (T‘ij S K)

1>7 i>7

It is easy to show that & is also a derivation of A. We call & a trivial
extension of o.

(5) Let B, be the set of all matrices in M, (K) with zeros above the
diagonal. Then each diagonal matrix d = > d;e;;(d; € K) determines a
derivation i4(z) = [d, z] of B,, and the derivation iy induces on A. We
call 74 a diagonal derivation.

(6) Since we can regard A as a K-module, we define a K-derivation
on A by §(rz) =ré(z)(r € K,z € A).

(7) For all x € A, we denote {z};; = m;;(z).

2. Ideals of A

The ideals of NT,,(F') are characterized in Dubisch and Perlis [3],
which are referred to “staircase open polygon”. Also, the ideals of A
can be regarded similarly. But we characterize ideals of A another way.
For any subset H of A, trivially > m;;(H)e;; 2 H. If H =" m;(H)ey;,
we call H a direct subset of A.

PROPOSITION 2.1. Let H be a subset of A. If H is an ideal of A,
then the followings hold,
(1) m;;(H) is a subgroup of K.
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(2) For all s > i, me;(H) 2 Kmy;(H).

(3) For allt < j, ms(H) 2 mi;(H)K.

Conversely, if H is a direct subset of A and satisfies above (1), (2)
and (3), then H is an ideal of A.

Proof. The proof of the first statement is obvious.
Conversely, by (2)

WzJ(NTn(K)H) = Z WzA(NTn(K))W)\J(H)
A=

—

i—1

= Z WzA(NTn(K))Tr)\](H)
A=j+1
i—1
= Y Kmy(H)=Kn_1;(H) Cmii(H).
A=j+1

Thus, by 375 (H)es; = H, NT,(K)H C H, that is, AH C H.
Similarly, by (3) and > m;;(H)e;; = H, HA C H. Therefore, H is
an ideal of A. (

Next example shows that an ideal of A is not necessarily direct and
for noetherian ring K, A is not noetherian in general.

EXAMPLE 2.2. For the rational number field Q and the ring of in-
tegers Z, let K = M2(Q) and A = NT3(K). Denote f;;(i,j = 1,2) by
matrix units of M2(Q). Set

0 0 0
Hy = okfar 0 0
T xfa O

where T = Qf11 + Qf21 + Qf22. Then we have the following properties;

(1) Hy are ideals but not direct.

(2) T is not an ideal of K.

(3) For a trivial extension ¢ of an inner derivation of K, Hy is not
invariant in general.

(4) K is noetherian. But since H; ¢ Hy € Hz € ---,A is not
noetherian.

nEZ}, k=1,2,...
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DEeFINITION 2.3. Let C be a subring of a ring R. C is called charac-
teristic if every derivation § on R induces a derivation on C.

Obviously for k(1 < k < n), the k-th powers A* are characteristic
ideals of A.

For z € A, it is important to find characteristic ideals of A which con-
tain §(z). We introduce certain characteristic ideals of A which contains
matrix unit e;; (i > 7).

Let C; be the totality of matrices in A whose columns beyond the
[-th are zero. Then Cj is an ideal of A. Likewise, an ideal is given by
the set Ry of all matrices in A whose first £ — 1 rows are zero.

PROPOSITION 2.4 [3]. Cj is the left annihilator of A' and Ry, is the
right annihilator of A¥.

THEOREM 2.5. () and Ry are characteristic ideals. Moreover, for
each derivation § on A and each matrix unit ey € A, §(exs) € C; N Ry.

Proof. For arbitrary derivation 6 of A, let ¢ € C; and € A'. Then
by Proposition 2.4

0=6(cz) =d(c)x + co(x).

Since A’ is a characteristic ideal 6(z) € A’ and c6(z) = 0. So,
§(c)z = 0. This means §(c)A' = 0. Thus §(c) € C;. Therefore C;
is a characteristic ideal.

Similarly, Ry is a characteristic ideal.

Moreover, ex € C; N Ri. So 6(ex) € C; N Ry. O

From the Theorem 2.5, 6(ex;) € C; N Rk. So we have the following;

(*) Sewr-) =D Y Bles, By €K

i>k j<k—1

Now we characterize the characteristic ideals of A

THEOREM 2.6. Let H be a characteristic ideal of A. Then the fol-
lowings hold;

(1) mi;(H) is an ideal of K.

(2) H is direct.

(3) mi;(H) is a characteristic ideal of K.



Derivations on subrings of matrix rings 639

Proof. (1) For r € K, let i4 be a diagonal derivation induced by
d = re;;, that is, i4(z) = dz — zd for all z € A. Then

rmij(H) = 35 (rH) = mi;([d, H]) = 74 (ia(H)) C mi5(H).

So, m;(H) is a left ideal of K.
To show that m;;(H) is a right ideal, take d = —re;;. Then

i (H)r = mi;(Hr) = mi5([d, H]) = m3;(ia(H)) C mi5(H).

So, mi;(H) is a right ideal of K. Therefore, m;;(H) is an ideal of K.
(2) Since H is a characteristic ideal,

[—e€j;, es, H]] = mi;(H)e;; C H.

SO, ij(H)eij C H, that iS, ij(H)eij =H.

(3) Let o be a derivation of K. Then trivial extension & of o is a
derivation of A. So, 3(H) C H. Thus, o(m;;(H)) C m;;(H). Therefore,
m;;(H) is a characteristic ideal. O

COROLLARY 2.7. Let H be a characteristic ideal of A. If m;;(H) = K
or 0, then H is generated by Cj, N Ri,,Ci, N R, ...,Ci, N Ry,.

3. Characterizations of derivations

Since A is a free K-module with basis {e;;}(i > j), derivations of A
highly depends on the image of e;;. Every K-module derivation of A4 is
determined by the image of e;;, but in general every derivation of A is
not determined by the image of e;;. However, we get a useful lemma
which says that for any derivation & of {6(e;;)};; = 0, the coordinate
function of ¢ is also a derivation of K.

LEMMA 3.1. Suppose ¢ is a derivation of A and {0(e;;)}s; = O for
all i > j. Define the coordinate function §;; : K — K such that
6ij (7‘) = {(5(7’6@')}@' (7’ < K) Then 61']' = 521 and 6ij is a derivation of K.

Proof. For r € K, we get

d31(r) = {0(res1) }a1 = {d(reszezn)}s
= {6(resz)ear + resaé(e21)}s
= {d(resz)ea1 }a1
= {532(7‘)631}31 = 532(7°)-
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On the other hand,

 831(r) = {8(res1)}s1 = {8(reszean) }ar = {0(es2rear)}a
= {0(es2)rea1 + e320(rea1)}s1 = {021(r)es1}a1
= 521 (T‘)

Hence, 633 = d21. Similarly, we can show that for 4 < k < n, 0k 1
= (521.
Ifi—j2>2,

6ij(r) = {0(reiz) tij = {6(resi-1- - - €511,5) b4
= {0i:—1(r)ei; }ij = 6i,i-1(r).
Therefore, for all i > j,8;; = 621(¢ > j).
Now we will show that d3; is a derivation of K. For arbitrary r,r’ € K,
d31(rr') = {6(rr'ea1) }a1 = {0(reszr’ea)}ar
(resz)r’ear + resad(r'ear)}an

{6
{8(res2)}sor’ +r{é(r'ea1)}2
03 ( )7‘ +7‘521( I) :(531( )T‘ +7‘531(’r‘).

So, 631 is a derivation of K. This means d;; is a derivation of K. O

COROLLARY 3.2. Suppose that 6,8’ are derivations of A satisfying
{5(61'3')}1']' = {5’(6@')}@‘ for all 1 > ] Then 5ij — 57{] = 81 — 551 and
8;5 — 6;; is a derivation of K.

COROLLARY 3.3. Let §;; : K — K(i > j) be derivations. Define
§:A— Abyd(Y s, Tijei) = D is;0ij(rij)es;. If & is a derivation of
A, then for all i > j, ;5 = 091.

Proof. Since é(e;5) = 0, {0(ei;)}s; = 0. And for all r € K, 6;5(r) =
{d(reiz)}ij. So, by Lemma 3.1, §;; = d21- O

LEMMA 3.4. If § is a diagonal derivation of A. Then

(1) 6(ek,k~1) = akekrk—1, where o, € K and 2 < k < n.

(2) 6(exr) = aierr, where agy = ag + okp—1 + - + apq1.

Conversely, if § is a derivation of A satistying (1) and (2), then
(6 — iq)(exs) = O, where ig is a diagonal derivation induced by d =
aoeay + -+ (a2 + -+ an)enn.
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Proof. The proof of the first statement is obvious.
Conversely, for all k > [,

iq(exr) = degt — end
=(ag+ - +ag)er — (a2 + -+ oq)ew
= (ax + -+ oy1)en

SO, ((5 — id)(ekl) =0. O

LEMMA 3.5. Let é be a derivation on A. Then there exists a diagonal
derivation iq such that {(§ — iq)(es;)}i; = 0.

Proof. The quantities 6(exx—1),...,0(e+1,1) can be denoted as equa-
tions (*) in section 2 with corner coefficients ﬁ,(f,z_l = ag,..., ﬁl(_l}_t,ll) =

ay+1. By multiplying the equations, we find that

Sew)=D_ Y A e (B €K)
i>k j<l
with corner coeflicients ﬂ,(c’;” Sap =0+ 0k—1+ -+ oy
The quantities «y, a; thus fulfill the conditions (1) and (2) of Lem-
ma 3.4. So, the correspondence ex; — ay e generates a diagonal deriva-
tion ’id such that {5(613)}13 = {id(eij)}ij, that iS, {(5 - id)(eij)}ij = 0.0

DEFINITION 3.6. Let s; be a derivation on A. s; is called a strongly
nilpotent derivation if for all z € A% s;(z) € A*+1,

Obviously every strongly nilpotent derivation of A is nilpotent and
every inner derivation of A is strongly nilpotent.

PROPOSITION 3.7. Suppose that § is a derivation on A such that
{6(ei;)}i; = 0 for all i > j. Then there exists a trivial extension G of A
such that § — @ is strongly nilpotent.

Proof. By Lemma 3.1, it is obvious. O

THEOREM 3.8. Let 6 be a derivation of A. Then § = ig + & + 8¢
where i4 is a diagonal inner, & is a trivial extension of K and s; is a
strongly nilpotent derivation.

Proof. By Lemma 3.5, there exists a diagonal derivation iz such that
{(6 — i4)(es5)}i; = 0. And by Proposition 3.7, there exists a trivial
extension & of A such that (§ —24) — & is strongly nilpotent. a
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4. uaz- derivations of A

Matrix units es1,€31,...,€,1 are left annihilators of A and matrix
units en1,€n2, - .., €n,n—1 are right annihilators of A. There exist deriva-
tions that the images of these matrix units are zero. These derivations
are important role to characterize strongly nilpotent derivations.

DEFINITION 4.1. A strongly nilpotent derivation § of A is called a
uaz-derivation if §(u) = 0 for every matrix unit u which is an absolute
left or right divisor of zero.

THEOREM 4.2. Let § be a strongly nilpotent derivation of A. Then
d Is a uaz-derivation of A if and only if d(ex kx—1) = Vken1(k =2, ,n)
where v, = 7, = 0 and the remaining -y are arbitrary scalars.

Proof. (<=) By the hypothesis, é(e21) = d(en,n—1) = 0. Since ¢ is a
derivation of A, we can get

O(er,k—2) = 0(ex k—16k-1,k-2)
= 6(€k,k~1)€k—1,k—2 + €k k—16(€k—1 k—2)

= Yk€nl1€k—1,k—2 + €k k—1Yk—1€n1 = O.

So, d(ex;) = 0 for j < k — 1. Thus, ¢ is a uaz-derivation.

(=) i) If k = 2 or n, then 5 =7, = 0 by hypothesis.

ii) Assume 2 < k < n.

Since 4 is a strongly nilpotent derivation, let d(ex x—1) = tx with
tr € A% and t;, € Cy_; N Ry by the Theorem 2.5.

Now 0 = é(ex1) = 6(exk—16k-1,1) = O(€rk—1)€k—1,1 = tk€k—1,1. SO,
(k — 1)-th column of the matrix t; = 0.

For 1 <j < k— 1, 0= 5(€k,kz—1€j1) = (5(ek,k_1)ej1 = tkejl. SO, the
j-thecolumnofty =0forall 1l < j<k—1.

Thus, the j-th column of tx, =0forall 1 < j <k -1.

On the other hand, 0 = 6(epkerk—1) = €nkd(€kk—1) = enktr. So,
the k-th row of £, = 0. Also, for n > j > k, 0 = d(epjepk-1) =
enj0(erk—1) = enjti. So, j-th row of ¢, =0, for all k < j < n.

Thus, j-th row of tx, =0, for allk > j < n.

Therefore, tx = Yr€n1- O

THEOREM 4.3. Let s; be a strongly nilpotent derivation of A. Then
8t = S;+Sya, Where s; is an inner derivation and s,,,, 1s a uaz-derivation.
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Proof. 1t is enough to show that for a strongly nilpotent derivation
8¢ there exist an inner derivation s; such that s; — s; is a uaz-derivation.
By (*) and the hypothesis, we can set

si(ent) = Y opkepn  (k=2,...,n—1).
p>k

The scalars apr are thus defined for n > p > k > 1 and si(ep1) =
(2 p>q>1 Apa€oq)€r1 = la, ex1], where a = 2 p>q>1pabpq-

So, the inner derivation s,(z) = [a, z] has the property s = s; — s,
maps eg; to zero.

Since s; is strongly nilpotent, s1(enk) = > <k Brqeng. And since for
all p(1 < p < k), enkepr = 0. So, we have 0 = s1(enkep1) = s1(enk)ep1 +
enks1(ep1) = s1(enk)ept = (X, <k Brelng)ept = Brpeni.

It follows that the coeflicients G, are zero except possibly for G (k =
2, vy — 1). SO7 81 (enk) = ﬁklenl = enk(zy;gl ﬂjlejl).

Let —b = Z?;zl Bj1ej1. Then the inner derivation sp(x) = [b, x| has
the property (s1 — splens = 0(l = 1,...,n — 1) and (s; — splex1 =
—sp(er1) =0(k=2,...,n).

Therefore, s1 — sp = st — (So + Sp) is a uaz-derivation and s, + sy is
an inner derivation. EI

COROLLARY 4.4. Let § be a derivation of A. Then § =i+ +s; +
Suaz Where 14 is a diagonal inner, & is a trivial extension of K, s; is an
inner derivation and $,,, IS a uaz-derivation.

The left(right) annihilators of A are the quantities es;, e31,...,€,1
(én1,€n2, ---, €nn—1) and their linear combinations.

DEFINITION 4.5. A strongly nilpotent derivation § of A is called an
az-derivation (annihilator zero derivation) if §(a) = 0 for every absolute
left or right divisor of zero a.

It is obvious that an az-derivation is a uaz-derivation. Moreover, for
a K-derivation, an az-derivation is equal to a uaz-derivation.

In general, every derivation cannot be expressed as a sum of diagonal,
trivial extension, inner and az-derivations. The derivation given in the
next example is a uaz-derivation, but not an az-derivation.

EXAMPLE 4.6. Let

0 0 0
A=[z[x] o o0
Z[X] Z[X] 0
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where Z[X] is a polynomial ring over an integer Z.

Define § : A — A by

5(2 fijeiz)(i > j) = C—Z%fmesb

Then ¢ is strongly nilpotent and inner part of ¢ is 0, that is, § is a
uaz-derivation. But é # az-derivation.

(1]
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