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ON THE ALTERNATING SUMS OF
POWERS OF CONSECUTIVE ¢-INTEGERS

SE0G-HooN RiM, TAEKYUN KiM, AND CHEON SEOUNG RYoO

ABSTRACT. In this paper we construct ¢g-Genocchi numbers and
polynomials. By using these numbers and polynomials, we inves-
tigate the g-analogue of alternating sums of powers of consecutive
integers due to Euler.

1. Introduction

The Genocchi numbers G, are defined by the generating function:

oo

= Gm—y, (|t <) (cf. [3]),

m=0

1) F(t) =

where we use the technique method notation by replacing G™ by G (m
> 0) symbolically. It satisfies G1 = 1,G3 = G5 = G7 = --- = 0, and
even coefficients are given G, = 2(1 — 22m)B2m = 2mPFEs;,_1, where By,
are Bernoulli numbers and E,, are Euler numbers which are defined by

et+1 ZE .cf. [5, 6, 8]).

For z € R (= the field of real numbers), we consider the Genocchi
polynomials as follows:

2t
_ t t
(2) Flo,t) = F(t)e™ = ="

=3 @)
n=0
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Note that Gm(z) = Y_jvp (%) Grz™ *. Let us also define the Genocchi
polynomials of order r as follows:

1 " xt . T "
2(1+6t> e =;Gg>(x)m (cf. [3]).

In the special case x = 0, we define G(T)( 0) = ) What is the value
of the following sum for a given positive integer k ?

1F 42k 485 ... 4 b

Let us denote this sum by fix(n). Finding formulas for fx(n) has inter-
ested mathematicians for more than 300 years since the time of Jacob
Bernoulli (cf. {1, 7, 9, 11}). It was well known that

() falh—1) = — Z("“)Bk"“" (cf. 9, 1)),

n—i—li:O )

where (}) is binomial coefficients.
Let n, k be positive integers (k > 1), and let

To(k)=—1F 428 —3F p 4% 5k 1. 4 (—1)F 1 (n - D)k

Following an idea due to Euler, it was known that

Nk 1 k-1 n
(4) Tn(k)z( 12) ’ Z(Z>E,k“—l+§2ﬂ(1+(—1)k+1) (cf. [5]).
=0

Let ¢ be an indeterminate which can be considered in complex number
field, and for any integer k& define the ¢-integer as
k

q k—1
k = =1 “e. .
[klq q—1 +tq+---+gq

Throughout this paper we assume that ¢ € C with 0 < ¢ < 1. Recently
many authors studied g-analogue of the sums of powers of consecutive
integers. In (2], Garrett and Hummel gave a combinatorial proof of a

g-analogue of Y p_, k% = ("‘2"1)2 as follows:
C 1 k+1 +17°
seow (5], [5,) =[5
k=1 7 ¢ q
where

k
1
[ Z } = H [n—+——-.—J]q denotes the g-binomial coeflicients.
q

=1 g
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Garrett and Hummel, in their paper, asked for a simpler g-analogue of
the sums of cubes. As a response to Garrett and Hummel ’s question,
Warnaar gave a simple g-analogue of the sums of cubes as follows:

n 2
S kR ke = [ ";1 L (cf. [12, 13]).

k=1

Let

n

fma(n) =3[kl 2 [k]7 1R =
k=1
Then we note that limg_,1 fm ¢(n) = fm(n) (cf. [10, 12]).

Warnaar [13] ( for m = 3) and Schlosser {10] gave formulae for m =
1,2,3,4,5 as the meaning of the g-analogues of the sums of consecutive
integers, squares, cubes, quarts and quints. Let n, k(> 1) be positive
integers. In the recent paper, it was known that

Z ¢ [J]n = T1 Z (n M 1) Bjaq & [k]nH‘J

J

1
n-+1

( (n+1)k)ﬁn+1 a4 (See [4 6 7])

where 3; 4 are called Carlitz’s g-Bernoulli numbers. Originally g-Geno-
cchi numbers and polynomials were introduced by Kim-Jang-Pak in 2001
[3], but they do not seem to be the most natural ones. In this paper
we give another construction of g-Genocchi numbers and polynomials
which are different than g-Genocchi numbers and polynomials of Kim-
Jang-Pak in 2001 [3]. By using these numbers and polynomials, we
investigate the g-analogue of alternating sums of powers of consecutive
integers.

2. g-Genocchi numbers and polynomials

Let Fy, x(t) be the generating functions of the ¢-Genocchi numbers as
follows:

oo oo

Fy(t) = 20t S ¢ [l (1Y " exp (Hila = ) = 3 Crg

n!
J=0 =0
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By using Taylor expansion in the above, we see that

o0}

tn
nZ—OGn,k,qm
0o qn!kz—j
= [2gt > "l (~1)" IZ
j=0
= 20t Y " flpe(-1)
=0
> 1 n(k=3) e [ t?
x> nd ? Z( )( 1)mqm}—
n:O{(l_Q) m=0 m n!
2l < 1 k+ 2k ~ (n m
I—@gZ1—qr! ° 2 m) Y
0 m=0
x| SR - gy ) o
n.
=0

oo qm—l—g+k+"2—’°(1 @)

2] t n m _
= q2Z(1_ E( >(—1) (1+qm—1—%)(1+qm+1——)nl'

Note that Gk, = 0. Hence, we have

e o]

tTL
an,k,qH
(—1)m-1 m+k+(" DE_nsdlo2 nel

=1 " /n—1 7
_tZa_—q—w‘Z (m—l) (1+q-2+m— 7)1+ gm7) (n = 1)!

m:
et (1) e
(l—q)n — \m (1+q—2+m—"7_1)(1+qm—"—;—1)n!.

tn
By comparing the coeflicients of —pon both sides of the above equation,

we obtain the below:

THEOREM 1. Let k,n(n > 1) be positive integers. Then we have

n n
G”’k’qz(l—q) Z

m=1

1+q~2+m——><1+qm-71>'
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We also define the generating function.

Fus(t.) = 2t 3 790 + lga (1) xp (11 -+ Hlag~2)
j=0

o0

= 3 Gunalb)ry

By using the binomial theorem and some elementary calculations in the
above equation, we have

t'll
ZGn,k,q(k) i
n
n=0
2t <~ 2j+2k AR i t"
= 1_q2_§%q OE s (C VW) RN ey
J:
o0
_ l[Qth2 Zq—j(l _ q2j+2k)(_1)j+k
—q =
o0 n n
1 7 . i t"
_- 1™ jm-+km —sn 7
S E (e
[2]1 i( 1 )”
— 2 _
1 q n=0 1 q
" /n S N
X ZO <m> 1)tk mkz g2k y( 1)Jq—J+ym—59H
[Q]Qt - ( ) . < ) m+k: mk
=1 _ 22 — Z q
l-¢* = \1-¢ '
1 q2k #n
x 14+ m—%—l 1+ I4+m— nl
q q

- ti (i—i—q)nﬂ Z:O (;) (—1)m+k

qu q(m+2)k "
X [ - n .
1+¢™ 271 1441tm 2 [ nl

> (Ii—q)mzl (P 2h) e
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x( q(m—l)k q(m+1)k > -1

Lt 11 o)

-3 () S (1) e

n=1 m=1
mq(m—l)k mq(m+1)k £
X — ] =.
1+ qm_Q_nTl 1+ qm_Tl' n!

Note that Gk q4(k) = 0. Therefore we obtain the following theorem.
THEOREM 2. Let k,n(n > 1) be positive integers. Then we have

Gaa® = (75) 3 (1) moe

m=1
y ( mg(m="1k mq(m+1)k >

1+qm—~2——"T_1 B 1+qm—"T

REMARK 3. Note that
(1) lim Gr g = G2, (2) lim G o (k) # G2 (k).
q— —

It is easy to see that

20t Y " [l (~1)7 " exp (tlil e 7 )
j=0

— 120t Y a7l + Flgp (=1 exp (8l + Klog )

§=0
k-1 .
= [2lgt 3 (~1) " [fl2d* T exp (tlileg T )
j=0

Thus, we easily see that

k-1 4 B
2o 3 Lo (~17 g B = Gnkn = Gnka(R)
=0

Therefore we obtain the following theorem.

THEOREM 4. Let k,n(n > 1) be positive integers. Then we have

]n_lq@:l)i("_ﬂl _ Gn,k,q - Gn,k,q(k) .

k—1
. 1\i-11.
X e (-1l L
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