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ON THE SOLUTION OF A BI-JENSEN
FUNCTIONAL EQUATION AND ITS STABILITY

JAE-HYEONG BAE AND WON-GIL PARK

ABSTRACT. In this paper, we obtain the general solution and the
stability of the bi-Jensen functional equation

4f<x;y’ Z;w> = f(=,2) + flz,w) + f(y,2) + f(y, w).

1. Introduction

In 1940, Ulam proposed the general Ulam stability problem (see [8]):

Let G be a group and let Gy be a metric group with the metric d(-,-).
Given e > 0, does there exist a & > 0 such that if a mapping h : G1 — Go
satisfies the inequality d(h(zy), h(z)h(y)) < & for all z,y € Gi then
there is a homomorphism H : G1 — Gy with d(h(x), H(x)) < € for all
reG?

In 1941, this problem was solved by Hyers [3] in the case of Banach
space. Thereafter, we call that type the Hyers-Ulam stability. In 1978,
Th. M. Rassias 7] extended the Hyers-Ulam stability by considering
variables. It also has been generalized to the function case by Géavruta
[2].

Throughout this paper, let X and Y be vector spaces.

A mapping g : X — Y is called a Jensen mapping if g satisfies the
functional equation

20(25Y) = gle) +500)
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DEFINITION. A mapping f : X x X — Y is called a bi-Jensen
mapping if f satisfies the system of equations

2f(””+y ) = 2+ Fw,2),

(1.1) 2 (2 252) = fea)+ 1w

When X =Y =R, the function f : R x R — R given by f(z,y) :=
azy + bx + cy + d is a solution of (1.1). In particular, letting y = z, we
get a function g : R — R given by g(z) := f(z,z) = az® + (b + c)x + d.

For a mapping f: X x X — Y, consider the functional equation:

1) af (TFLEEY) = fe2) + flew) + £0:2) + Slwrw)

For a mapping g : X — Y, consider the functional equation:

9 (%) + g(z) + 9(y) + 9(2)

o = b)) (5]

In [5], Y.-W. Lee solved the solution and proved the stability of the
equation (1.3). The equation (1.3) generalized by S.-H. Lee [4] and Y .-
W. Lee [6].

In this paper, we investigate the relation between (1.2) and (1.3).
And we find out the general solution and the generalized Hyers-Ulam
stability of (1.1).

2. The relation between (1.2) and (1.3)

THEOREM 1. Let g : X — Y be a mapping satisfying (1.3) and let
f: X xX — Y be the mapping given by

1
(21)  f@y) =5 [59(= +v) - 9(22 + 2) - 9(2) - 9(v)]
for all z,y € X. Then f satisfies (1.2) and

(2.2) 9(z) = f(z, )
forallz € X.
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Proof. By Theorem 2.1 in [5], there exist a quadratic mapping @ :
X — Y and an additive mapping A: X — Y such that

(2.3) 9(z) = Q(z) + A(z) + 9(0)
for all x € X. Putting y = z in (2.1) and then using (2.3), the equality
(2.2) holds.

By (2.3), we get

r+ytz+w
2[59(——1/22 )—g(m+y+z+w)

() o (%))

_ ! [Sg(:c + 2) + bg(z + w) + 59(y + 2) + 5g9(y + w)

2
—g(2z +22) — g(2z + 2w) — g(2y + 22) — g(2y + 2'w)]
24)  —g(=) - 9(y) - 9(2) — g(w)
for all z,y,2,w € X. By (2.1) and the above equality, f satisfies (1.2).

g

THEOREM 2. Let f : X x X — Y be a mapping satisfying (1.2)
and g : X — Y the mapping given by (2.2). If f satisfies (2.1), then g
satisfies (1.3).

Proof. By (1.2) and (2.1), g satisfies (2.4). Setting y = = in (2.1) and
using (2.2), we have

(2.5) 9(4z) = 4g(z) — 59(2z)
for all z € X. Taking w = 0 in (2.4), we obtain that

2[5g (%) »9(w+y+z)“9(%—q) _g(g)]

= gl +2)+ 59(@) + 5oy +2) + Sgly) — 9(2a +22) — g(22)

(2.6) —g(2y+22) — g(2y)] — g(z) — g(y) — 9(2) — 9(0)

for all z,y,z € X. Letting y = z = 0 and replacing z by 2z in (2.6), we
get

g(4z) = 8g(z) — 69(2x) — 39(0)
for all z € X. By (2.5) and the above equation, we have

(2.7) 4g(z) = g(2z) + 39(0)
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for all z € X. Putting y = z = z in (2.6), we see that

g(da) - 29(3) - 4g(20) + 10 (5 ) = dg(a) =29 (§) + 9(0) =0

for all x € X. Replacing z by 2z in the above equation, we get
9(8z) — 2g(6x) — 4g(4x) + 10g(3z) — 49(2z) — 2g(z) + g(0) = 0
for all z € X. By the above equation and using (2.7), we have

(2.8) 9g(x) = g(3z) + 89(0)
for all z € X. By (2.7) and (2.8), we get
(2.9) 169(3z) = 9g(4z) — 7¢(0)
for all z € X.
By (2.5) and (2.6), we obtain that
s (T4 4 4(0) +90) + 902 + 90

= 2 (55) v (57) +o (57)
0(3)+0(§)+o()]

for all z,y,z € X. By (2.7), (2.9) and the last equation, we see that ¢
satisfies the equation (1.3). O

3. Solutions of (1.1) and (1.2)

THEOREM 3. A mapping f : X x X — Y satisfies (1.1) if and only
if there exist a bi-additive mapping B : X x X — Y and two additive
mappings A, A’ : X — Y such that f(z,y) = B(z,y) + A(z) + A'(y) +
f(0,0) for all z,y € X.

Proof. We first assume that f is a solution of (1.1). Define g, g; :
X — Y by g:(y) = gy(z) = f(z,y) for all z,y € X. Then g,,g,
are Jensen mappings for all z,y € X. By [1], there exists additive
mappings Az, Ay, : X — Y such that g,(y) = Ax(y) + 9-(0) and g} () =
Ay (z) + g,,(0) for all 2,y € X. Define 4,4": X — Y by

A(:E) = f(xa O) - f(O, 0) and Al(y) = f(O,y) - f(07 0)
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for all z,y € X. Then A(z) = go(z) — g4(0) = Aj(z) and A'(y) =
90(y) — 90(0) = Ag(y) for all z,5 € X. So A and A’ are additive. Define
B: XxX —>Y by
B(z,y) := f(z,y) - f(=,0) - £(0,9) + £(0,0)
for all z,y € X.
Note that
B(z+y,2) = flz+y,z)—Alz+y) - A'(2) - £(0,0)
= g(z+y) — Alz) — A(y) — go(2)
= Al(z+y) +9.(0) - A(z) - A(y) — 90(2)
= Al(z) + Ay(y) — A(z) — Aly)
= f(@,2) = f(0,2) + f(y,2) — f(0,2) — A(z) — A(y)
= flx,z) — A'(2) = £(0,0) + f(y, z) = A'(z) - £(0,0)
—A(z) — A(y)
= B(z,z)+ B(y,z?)
for all z,y,z € X. By the same method as above, one can obtain that
B(z,y + 2) = B(z,y) + B(z, 2)

for all z,y,z € X. Hence B is bi-additive.

Conversely, we assume that there exist a bi-additive mapping B :
X x X — Y and additive mappings 4, A’ : X — Y such that f(z,y) =
B(z,y) + A(z) + A'(y) + £(0,0) for all 2,y € X. Since B is additive in
the first variable, 2B (%,y) = B(z,y) and so

(52

_ 9B ( '2”’ ) 24 (m y) +24'(2) + 2£(0,0)
= B(z,2)+ B(y,z) + A(z) + A(y) + 24/(2) + 2£(0,0)
= f(:v,z) +f(y7z)

for all z,y,2 € X. Similarly, we get

2f (2. 15%) = o) + £(0.2)

for all z,y,2 € X. O

THEOREM 4. A mapping f : X x X — Y satisfies (1.1) if and only if
it satisfies (1.2).
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Proof. 1f f satisfies (1.1), then

r+y z+wy) zZ4w z+4+w
= f(:c,z)+f(m,w)+f(y,z)+f(y,w)

for all z,y,2,w € X.
Conversely, assume that f satisfies (1.2). Putting w = z in (1.2), we

have
21 (£52.2) = f@2)+ £

for all z,y,z € X. Similarly, we get

21 (2.52) = f2.0) + 2,2

for all z,y,2 € X. O

COROLLARY 5. A function g : X — Y satisfies (1.3) if and only if
there exists a symmetric bi-additive function S : X x X — Y and an
additive mapping A : X — Y such that g(z) = S(z,z) + A(z) + g(0) for
allz € X.

Proof. Define f : X xX — Y by (2.1) for all z,y € X. By Theorem 1,
f satisfies (1.2) and (2.2). Using Theorem 4, f also satisfies (1.1). By
Theorem 3, there exist a bi-additive mapping B : X x X — Y and two
additive mappings Ay, Ap : X — Y such that

f(z,y) = B(=,y) + Ao(z) + Ap(y) + £(0,0)
for all z,y € X. By (2.2), we have
(3.1) 9(z) = B(z,z) + Ao(z) + Ay(x) + 9(0)

forallz € X. Define S: X x X »>Y and A: X - Y by
1
S(z,y) = 5[B(@y) + B(y,x)] and A(z) = Ao(z) + Ap(e)
for all z,y € X. Then S is symmetric bi-additive, A is additive and
9(z) = S(z, ) + Az) + g(0)

for all x € X.
The converse is obviously true. ‘ O
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4. Stability of (1.1)

Let Y be complete and let ¢ : X X X x X — [0,00) and ¢ : X x X X
X — [0,00) be two functions such that

x>

1)  Plzy,2) = 331— [o(32, 3%y, 2) + p(,,32)] < 00
=0

and

(@) P92 = o B3y, 32) + 9,0, 2)] < o0
7=0

for all z,y,2z € X.
THEOREM 6. Let f: X x X — Y be a mapping such that

Qf(‘”“/ )—ﬂx,z)—f(y,z)

ay (o) - e - S

for all x,y,z € X. Then there exist two bi-Jensen mappings F, F' :
X x X — Y such that

4.5) || f(z,y) = F0,9) = Fz,n)|| < &z, —z,y) + ¢(—2,3z,y),
(46) “f(m,y) - f(x70) - F/(w7y)” S TP(w,y, —"y) + ¢($, _y73y)
for all z,y € X. The mappings F, F' : X x X — Y are given by

(4.3) < play,2)

S ¢(x?y7 Z)

1 1 .
F(z,y) = lim = f(¥=z,y) and F'(z,9):= lim = f(z,3y)

j—oo j—o0
forallz,y € X.

Proof. Letting y = —z in (4.3) and replacing z by ~z and y by 3z
in (4.3), one can obtain that

12£(0,2) = f(z,2) = f(~=,2)|| < (=, —=,2),

12f(x,2) — f(==z,2) ~ f(3z,2)|| < ¢(~z,3z,2),

respectively, for all z, z € X. By the above two inequalities and replacing
z by y, we get

137 (z,y) — 2£(0,9) — f(3z,9)|| < o(x, —=,y) + ¢(—z,3z,7)
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for all z,y € X. Thus we have

_f(3j+1'r, y)“

H%f(ij,y) - %f(()’y) e

< grrle(e, —¥z,y) + (=32, 3, )]

for all z,y € X and all j. For given integers [,m(0 <! < m), we obtain
that

1 m—1 .
=l
m—1 1 ) _
< §J~+—1 o3z, -3z, y) + p(— 37x,37+19:,y)]
g=l

for all z,y € X. By (4.1), the sequence {%f(3jx,y)} is a Cauchy se-
quence for all z,y € X. Since Y is complete, the sequence {3% f(3z,y)}
converges for all z,y € X. Define F: X x X — Y by
1 .
j—oo 37

for all z,y € X. Putting | = 0 and taking m — oo in (4.7), one can
obtain the inequality (4.5). By (4.3), we get

2

%f (My) —~ %f(3jx,y) — %f(3jy,2)

1 . .
S g%(yx, 3]y7 y)

for all z,y,2 € X and all j. By (4.4), we have

1 .
— J
< HU(F,,2)

2 P yt+z 1 ; 1 ;
Hgf(w, +2) + 3 @) - 51Es,2)

for all z,y,2 € X and all j. Letting j — oo in the above two inequalities
and using (4.1) and (4.2), F is a bi-Jensen mapping.

1
Define F/ : X x X - Y by F'(z,y) = hm gf(a: 3y) for all z,y €

X. By the same method in the above argument, F’ is a bi-Jensen
mapping satisfying (4.6). d
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