Performance Analysis of Reed-Solomon Coded M-ary FSK Modulation
in Nakagami Fading Channels
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ABSTRACT

In this paper we analyze the performance improvement of the M-ary FSK systems for low power and low data rate applications. This
contribution presents a unified analysis of its MRC diversity, uncoded and coded performance in AWGN, m=2, m=3, Rayleigh and one sided
Gaussian fading channels using optimum noncoherent demodulation with Reed-Solomon(RS) codes. The results of this paper should be useful
as benchmarks of obtainable performance and as a reference for validating the results of simulation studies when slow fading models are
applicable.

Y=
MRC diversity, Nakagami fading, Reed-Solomon, one sided Gaussian fading(m = 0.5)

coherently to obtain optimum performance, but in practice
this is mot feasible for the following reasons: (a) A precise
frequency and carrier phase reference must be obtained at the

1. Introduction

Me-ary frequency shift keying modulation (M-ary FSK) is a

power efficient modulation method that is currently being
considered for low power and low data rate applications. Its
power efficiency improves as M ( the number of orthogonal
frequencies used) increases, but unfortunately, so does its

complexity. In principle, M-ary FSK can be detected

receiver for each of the transmitted orthogonal carriers. For
large M, this would make a coherent receiver very complex
and difficult to implement. (b) As shown in section IT, as M
increases, the of
demodulation approaches that of ideal coherent demodulation

performance ideal noncoherent
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with a significant advantage in receiver complexity. A
noncoherent demodu lation for M-ary FSK can be designed
using FFT based demodulator resulting in cost efficient
receivers[1]-[2]. Due to these two factors, the results
presented in this paper consider only optimum noncoherent
demodu lation.

This paper applies MRC diversity and RS code M-ary FSK
in a slow nonselective Nakagami fading channel with additive
white Gaussian noise.

The structure of the paper is as follows: In section IJ
describes the system model under investigation. The utility of
these channels in modeling propagation conditions ranging
from space communications to land maritime aeronautical
mobile satellite communications to terrestrial mobile
communications, respectively, is well known. The results of
section [l MRC diversity performance analysis of the
performance of uncoded M-ary FSK modulation with
optimum noncoherent demodulation for Nakagami-m slow
fading channels is presented. Section [V to derive the coded
performance using RS codes. These codes are considered
because of their powerful error correction capability and the
straightforward manner in which the RS/M-ary FSK coding
modulation scheme can be implemented. In section IV,
optimum codes are derived as function of the modulation’s
signal set size, M and the channel model using a commonly
specified bit error probability criterion.

. System Model

The block diagram of the system under investigation is
shown in figure 1. The input bit stream with a bit rate of f, b/s
is segmented in to ¢ — bit symbols, and the resulting symbol
sequence with a symbol rate of f, = f,/q symbols/s is fed to
the RS code encoder. The RS (V,K) code defined over the
galois field GF(27) is used for error correction, where V is
the code length and K is the information length of the code.
The coded symbol, to be transmitted with a transmission
symbol rate of f,x N/K, is assigned to one of the

M (=27)-ary FSK signals, where orthogonality of the M

frequencies is assumed. For each symbol, fading is assumed
to be nonfrequency selective. Noncoherent detection is used
for the reception of the M-ary FSK signal. The detector
output symbol sequence and samples of the envelope detector
output for each received symbol are then fed to the RS
decoder[3}-[4]. Unfortunately, constructing a soft decision
decoder for an RS code is impractical except for some

restricted classes of codes.
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Fig. 1. System model

1. Uncoded Performance

For orthogonal M-ary FSK on a Nakagami-m channel, the
received signal in the interval (0,7) has the form

r(t)=R QES/ Tcos{wit+8) +n(t) n

where E is the average received symbol energy (under a
normalization described below), n(t) is AWGN with one
sided power spectral density V,, € is a uniformly distributed
random variable (0,27), w; is one of M orthogonally

spaced frequencies, and & is a Nakagami-m random variable

whose p.d.f. is given by [5]

QmmR2m~1 —(ZRrYy
p(R)=————e *

, R>0 2
I'(m)m = @
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and

m= ‘Q i 1
var( RZ)
are the scale and shape parameters of the distribution. For
m =1 we have a Rayleigh fading channel, and as m—>co
we have a channel that becomes nonfading (as the p.d.f. tends
to an impulse function), At the other extreme, for m =1 /2
we have a one-sided Gaussian fading distribution.

We restrict out discussion to slow nonselective fading.
With no loss of generality, we adopt the convenient
normalization 2 = 1 so that the received energy in the fading
channel, R2E,, has an average value IEZ_ES =0FE =E_.
With 2=1, the p.d.f. in (2) is reduced to a one parameter
distribution so that ali of the results can be expressed in terms
of the single parameter m. In Fig. 1 we see several members
of this one parameter farily of Nakagami-m distributions.

Following Barrow [6]. we find the symbol error
probability for Nakagami-m fading by averaging the
nonfading symbol error probability over the underlying
fading random variable. Barrow considered the binary

case only, but in the following we generalize to -

M-FSK{[7]. Here the symbol error probability is given by

P= [TE

;i ER*
z+1 N

p(R)dR

3

where p(R) is given by (2) with 2= 1. Evaluating
(3) and converting form symbols to bits using

M E;

Py= w(M—1) P, and Ey= log .M

we find the M-ary FSK bit error probability on a
Nakagami-m channel to be

S T
£ P A it+1 i B @
MTITALN
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In (4) for m—oc and m =1, we get the familiar
nonfading and Rayleigh fading special cases.

Assuming a maximal ratio combining approach with L
identical branches, the diversity effect is examined as follows.
The output signal to noise power ratio after maximal ratio
combining is equal to the sum of the signal to noise power
ratio of the various combining branches. It can be shown that
pdf of the resulted signal to noise power ratio is [8]-[9].

mY

b (Y)_%m)—(“) "Lexp(—-T25) ©

The average error probability of M-ary FSK signal over
the Nakagami-m fading chamnel with MRC diversity
reception is

P o= f Pg p(y)dy ©®)
0

In figure 2, we show the corresponding comparison of the
SER performance of the M-ary FSK system, when
communicating over Nakagami-m one-sided Gaussian
(m = 0.5) fading models. The curves in the figure were
plotted against the average SNR per bitof E o/ N o for the
parameters M =8, M=16, M=32, L=2 and
L = 3. From the results of figure 2 we observe that for a
given SNR per bit value, the MRC diversity branch number
L = 3 achieves a lower SER, than the MRC diversity branch
number L =2 regardless of M =8, M=16 and
M=32.

Figure 2 shows the average symbol error probability P
as a function of B, /N, with the diversity order L as a
parameter. It is found from this figure that for a large values of

E, L
F) for

o

E./N,, P reduces inversely proportional to (

any value of M.
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Fig. 2. Average symbol error rate

IV. Coded performance

In this section, the performance of RS coded M-ary FSK
modulation is presented. The choice of RS coding for this
application is particularly appropriate because of the straight
forward manner in which the RS encoded codewords can be
mapped to the M-ary FSK signal set. Figure 7 shows a block
diagram of the M-ary FSK transmitter with RS encoding.
Application of this transmission scheme to a fading channel
will generally require that data be interleaved after encoding
in order to randomize bit errors due to long error bursts
caused by long fades, thus improving decoder performance
[10]. In obtaining coded performance results for fading
channels, infinitely long interleaving has been assumed.

An(V, K) RS nonbinary code takes A symbols and maps
them into /V symbols. Each RS symbol can be represented by
k bits. The parameters /V and K, the code’s minimum
distance, d_ ;. , and the number of symbol errors (£) the code

can correct are given by [1]

N=2%—1, symbols

K=1,3,...,N—2, symbols

dyin = NV~ K+ 1, symbols
t=(N-K)/2,symbols )

The first equation in (7) is an existence condition on RS

codes and explains why the parameter & sets the codeword
length (/V) as well as the signal set size (i.e., M = 2K). In
Figure 3, each output from the RS (/V, K) encoder contains
Nk bits. For an (V,K) RS code, there are a total of

q= M= 2K code symbols. Therefore, each code symbol
out of the encoder can be mapped to one of the M
frequencies in the M-ary FSK signal set. Also note that if 7"
is taken as the time required to transmit each code symbol or
one of the M frequencies, the transmission rate is given by
R, = k/ Thitsjsec and the information rate is given by
R, = rRbits/sec, where r= K/N is the code rate.
Finally, note that with this scheme, the decoder output
consists of Ak decoded bits every [V seconds.
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Fig. 3. M-ary FSK with (4V,A) reed-solomon encoder
block diagram

The performance of this coding modulation scheme can be
computed analytically in a straightforward manner when the
receiver uses hard decisions on the received symbols. Note
that this is directly
demodulation of the M-ary FSK signal set. Although several

compatible with noncoherent
decoding alternatives are available, it is assumed that when
the received codeword contains less than ¢ symbol errors, the
decoder corrects these errors and when the number of symbol

errors exceeds ¢, the decoder makes no attempt to correct the

€rTors.
M 1 & N i
= | Y icVP(1-P)"
B=gtry | v, 2 R T @
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where P, is the MRC diversity symbol error probability
given by (7) with the signal to noise ratio {-y,)appropriately
modified to account for the code rate.

In order to find optimum RS codes as a function of A4 and
of the channel model, (8) has been used to determine the
E,/ N, required to achieve P, = 10~ ®. Figure 4 shows
the required £,/ NV, for 32-FSK modulation for AWGN,
Nakagami-m (m = 3,m = 5,) Rayleigh (m = 1) and
one-sided Gaussian(m = 0.5) fading channels as a function
of the number of information symbols, K, for asch RS code.
Note how for the AWGN channel the optimum codes have
relatively high rate whereas for fading channels the optimum
code rate decrease as fading becomes more severe. Similar
results have been given in [10] in studying the performance of
RS (31, K)codes with BPSK modulation in fading channels.

Ey/N, [dB]
8
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Fig. 4. B/ N, required for P, =107 for 32-FSK

modulation with (31,K) RS coding with hard decision
decoding for Nakagami-m fading channels

Following a similar procedure for different modulation
signal set size, optimum codes can be determined. This
becomes more evident as M increases and may provide some
flexibility in the choice of RS code to be used for a particular
application.

Figures 5 show the performance of the optimum codes and
MRC diversity for Nakagami fading with one sided Gaussian
respectively. In examining the coded results given in these

1206

figures, it is worth noting that whereas the performance of
uncoded M-ary FSK does not improve significantly as M
increases, particularly as fading becomes more severe, the
same is not true of the coded performance when optimum
codes are considered. In fact, as fading becomes more severe,
the benefits of coding and diversity become more significant
as M and L increases.

The spectral efficiency of the above transmission scheme
is measured by the information rate to bandwidth ratio. For
RS encoded M-ary FSK, the information rate is
R, = Kk/NT and the occupied bandwidth, assuming
minimum frequency spacing between orthogonal carries, is
W= M/ T. The theoreti cal spectral efficiency is then
given by n= R,/ W= Kk/NM= rk/M@ps/Hz).
For example, 32-FSK encoded with RS (31,15) yields a
theoretical spectral efficiency of 0.08 bps/Hz .In practice,
the actual spectral efficiency of this transmission scheme
would be significantly less due to the need to increase the
frequency spacing between tones to allow some margin for
frequency uncertainties, phase noise, etc.
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Fig. 5. Performance of MRBC diversity and optimum RS

codes with MFSK modulation in Nakagami-m fading
with one sided Gaussian(m =0.5)
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V. Conclusions

A unified analysis of the uncoded and coded performance
of M-ary FSK with MRC diversity, RS encoding and ideal
noncoherent demodulation has been presented for AWGN,
Nakagami-m (m =2), (m =3), Rayleigh(m = 1) fading
and one sided Gaussian(m =0.5) fading channels. The
analytic method developed for finding the uncoded symbol
error probability circumvents the difficulties encountered in
evaluating performance for large M when using the
alternating series formulation. Optimum RS codes have been
derived as a function of A and of the channel model for a
given bit error probability criterion assuming sufficiently long
interleaving (i.e., theoretically infinite). In practice, the use of
limited interleaving will introduce additional degradation
which, when found through simulations, could be quantified
by referring to the infinite interleaving case treated here.

The results given in this paper should be useful in
validating the results of simulation studies and can serve as
benchmarks of obtainable performance in slow fading
situations.
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