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Abstract — A new method to obtain explicit re-parameterization that preserves the curve degree and parametric domain is
presented in this paper. The re-parameterization brings a curve very close to the arc length parameterization under L; norm
but with less segmentation. The re-parameterization functivns we used are C' continuous piecewise rational linear functions,
which provide more tlexibility and can be casily identified by solving a quadratic equation. Based on the outstanding
performance of Mobius transformation on modifying pieces with monotonic parametric speed, we first create a partition of
the original curve, in which the parametric speed of each segment is of monotonic variation. The values of new parameters
corresponding to the subdivision points are specified a priori as the ratio of its cumulative arc length and its total arc length.
C' continuity conditions are imposed to each segment, thus, with respect to the new parameters, the objective function is linear
and admits a closed-form optimization, Tlustrative examples are alse given to assess the performance of our new method.
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1. Introduction

Parametric representation is one of the most common
ways to describe curves in CAD/CAM and related
arcas. Arc length paramclerization is the most natural
parameterization for a given curve because of its nice
mathcmatical propertics and uscful applications, For
instance, in computer animation and computer numerical
control machiming, it is indispensable to have a control
of the speed, which can be readily obtained from the
arc length parameterization. However, the impossibility
[1] of constant parametric spced is a fundamental
limitation to polynomial and rational curve parameler-
izations. Therefore, a number of methods [2-4] have
been proposed to obtain approximations of the arc-
length functions or inverses of the arc-length functions
[5,6]).

To obtain re-parameterization of a polynomial curve
but still keeps its parameter domain and degree,
Mobius transformation is a class of appropriate re-
parameterization functions. In [7], Farouki first introduces
an optimality criterton to measure the deviation of a
curve from its arc length parameterization. He also
gives a method to obtain optimal parameterizations using
Mobius transformation. Bert Juttler further derived a
simplification of thc method. Farouki’s method is very
attractive for its simplicity [8], unfortunately, it is also
limited because the class of rational linear function is
too small to achieve good approximation to arc-length
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parameterization. For higher order curves with several
unduiations in their parametric speeds above and below
unity, the method gives only negligible improvements.

Costantini et al. {9] expand the class of re-paramcteri-
zation functions to the space of piccewise ralional
linear functions. They show that, for fixed knots, the
optimal piecewise rational linear re-parame-terization
can be delined by a simple recursion relation, bul this
representation is only €7 continuous with respeet (o
new parameters. In most applications, C! continuous rc-
parameterizations with respect to new parameters are
preferable. Thus some schemes to achieve ¢’ continuous
re-paramelcrizations have also been proposed, however,
objective functions of (hese schemes, which provides
three sets of free parameters, are highly nonlinear and
do not admit a closed-form optimization. In fact, for a
pre-specified error, partitions using fixed knots usually

_give too many residual segments.

In this paper, we will first analyze some charac-
teristics of Mobius transformation, and their effects on
parametric speed. Based on the outstanding perfor-
mance of Mobius transformation on modifying pieces
with monotonic parametric speed, we create a partition
of the original curve, in which the parametric speed of
each segment is of monotonic variation. The values of
new parameters corresponding to the subdivision points
are specified a priori as the ratio of its cumulative are
length and its total arc length. C’ continuity conditions
are imposed to each segment, thus, with respect to the
new parameters, the objective [unction is lincar and
admits a closed-form optimization. Illustrative examples
are also given to assess the performance of our new
method.
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2. Preliminaries o

at points u*=i—2@, which lies to the left and right

Let #(1) for + € [0,1] be a regular parametric curve, -

and its normalized form be p) = r(1)/S, where
S= [|F(ldr is the total arc length of r(z).

e assume that p(#) is a polynomial Bezier curve of

of u,, respectively. Thus, the parametric speed is sped
up over [0, u#«] and slowed down over [us, 1], or vise
versa. Therefore, we get the conclusion that if the
parametric speed with respect {o the original parameters

degtee 7 is monotonic, expression. (4) can improve the parametric
n flow dramatically to closer constant parametric flow;

pH= Z P By () (1) otherwise, the improvement is negligible.
k=0 In Figs. 1-2, we give two examples of parametric

curve. For the curve in Fig, 1, the original polynomial
parameterization has monotonically decreasing parametric

B"(I)=( )I (1-n" . Our objective is to obtain a speed. For the curve in Fig. 2, the original parameteri-

re-parameterizatlon g(u) = p(t(u)) of p(r), which is an zation has several undulations in its parametric speed.
optimal approximation to its arc length parameterization. " Now, we improve the parametric flow of these two
As used in [7], the optimal criterion to measure the curves by using Mobius transformation. And in Figs. 3
deviation of a curve from its arc length parameterl- and 4 we compare the parametric speeds of the original
zation can be defined as : :
) B : : : 6 . .
J= N pakar @ , .
55 1 55 -
As p(t) is normalization of r(z), where p(t)=r(1)/S, we sl ] 5
know that I‘ | p'(1)ldr=1, which gives the obvious result e . .
R . 1 4.

J2 1. Thus, an optimal parameterization is a represe-
ntation that exhibits the least value for J among a given 1 : ] 4
class of admissible parameterizations. ’

Mobius transformation, also known as bilinear transfor- 38 " ’ =
mation or linear fractional transfonmation, is an important 3 . ] 3 .
class of elementary mapping. It can be expressed as the . . 2 :
. . : aqutbh ' " | ' )
p—4 = _+“ ' . “
ratio of two linear expressions 7= () vid’ where ad #bc , RO 2 eraae
The most general form of Mobius transformation, s . ‘ . 5 . . '
which maps intervals ¢+ = [0, 1] and « € [0, 1]onto each "o 1 2 3 4 o 1 2 3 4
other, is 1) (2)
Fig. 1. Parametric flow of curve 1.(1) Original parametric flow, (2)
t= 1) = (1 =y)u 3) Improved parametric flow using Mobius transformation.
y(I =)+ (1-y)u
where 0 < y< 1. In particular it satisfies #(0)=0, r{1)=1, o7 ’ 07
and 7(1/2) = 1- y. The inverse of expression (3) is st P 05l
- tr L * * . * * .. -
( 1 _'Y)( 1 _‘()+'Y'r ‘ os5f, . . 4 asf, ..
Now let us analyze how Mobius transformation can . . . .
modify the speed variation. Substitute (3) into (1), we 0An . .. 1 04 . <.
can obtain the re—parameterization of g(u). The derivative . . . :
D3F . e 4 o03p . . 1
of g(u) is g'(w) = HB From (3) we have b e e e . . e .
" (1) ] T 02t Tl 1
TR @ L W
¥ [y(l—w)+(1-y)u] 01p v . 1 01p w .
Expression (4) is a modification factor to the original 0 , o . . ,
parametric speed. By a projective transformation of the 0 05 1 0 02 04 06 08
parameter domain, we can figout that expression (4) has (H (2)

. : =1 nd i : Fig. 2. Parametric flow of curve 2. (1) Original parametric flow,
a double-pole at point «, 2y—1""2 d it becomes unity (2) Improved parametric flow using Mobius transformation.



Xiuxia Liang, et al.

2.4 . T T T T T

22+ b

1.2¢ k

Tho = TTTN T s T
08k B

06} 4

04 H | L 1 1 1 1 ] 1
0 01 02 03 04 05 06 07 08 08 1

Solid curve: Original parametric speed,

Fig, 3. Paramettic speed of curve 1.

Solid curve: Original parametric speed, Dashed curve: Improved
parametric speed using Mobius transformation.
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Fig, 4. Parametric speed of curve 2.
Sofid ewrve: Original parametric speed, Dashed curve: lmproved
parametric speed using Mobius transformation.

curve and that of improved curve. It is obvious that the
parametric speed of curve 1 becomes flatter after applying
re-parameterization, while the speed of curve 2 has no
observable changes.

We also listed out the values of functions J of
original curve and that of improved curve for curve |
and curve 2, respectively.

From Figs. 1-4 and Table 1 we can see that, for curve

Table 1. Values of J for curve 1 and curve 2

J Original curve Improved curve
Curve | 1.3336 1.0028
Curve 2 1.57686 1.57684
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1 with monotonic parametric speed, the re-parameteri-
zation using Mobius transformation gives a satisfactory
result. However, for curve 2 with several undulations in
its parametric speed, the re-parameterization only shows
negligible improvement on the parametric flow of the
original curve.

3. C! continuous piecewise rational
re-parameterization

From section 2 we know, the class of rational linear
function is too smail to achieve good approximation fo
arclength parameterization, so re-parameterization functions
with more flexibility, such as piecewise rational linear
function, are needed. In this section, we will provide a
flexible method with closed-form optimization to re-
parameterize the polynomial and rational parametric
curves.

Similar to (3), we define a piecewise rational linear
function as

At(1-y)u

Tj(l"u)+(1_7j)“ )

Hu)=t+

. U—U
where, u=?, uelu, u.,].
J

From (5), we can derive

dt_Ay Y(1-v;)
A -+ (-’

(6)

To obtain C' continuous transformation at points u; (f
=1, =, N —1), the following conditions must be satisfied

i (1-1)

i\t AL 7
Yt (1-1)) O

Ti+1=

X Af; (=0, W)
where m; = — (j=0, -, N).
e m; 2, j

Substituting (5) into (1), we get
g(u) = plt(u)) =

]
n - - & - - n—k
k_zﬂp,(( k)[{,—vju—u)ﬂﬁ,u—vﬁ,wl (U= (1=t (1=ry Y=

n
k n—k_n -
2 U= B
k=0
(3)

For the re-parameterization g(u) = p(f(x)), the optimal
criterion J can be written as

_.:':dz =-G+1d2£
J J-Oﬁ du ZL} -‘ﬁdudf (9)
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To obtain the least value for J, we will discuss how
to determine the knots ty, -, fy. g, - y, and Yo, -, Pn1-

3.1 Determining knots 7o, -, £y and #y, - , ¥y

We begin with choosing the subdivision points using
piecewise rational re-parameterization. Without lose of
gencrality, assume 0 =f <# <.. <ty=1 and 0 =2y
<y <--<uy=1, and denote At =tnd -1, Au; =
Uy —t; torj =0, ..., N -1

To create a partition to the original curve, in which
the parametric spced of each segment is of monotonic
variation,(;lvc!sp cify ¢, (j=1,-, N —1) as roots of (he

1p (r)T_

0

equation
g 7

As we know that, for arc length parametcrization, the
points corresponding to equally spaced values of the
parameter will be uniformly distributed along the
curve. Thus, the corresponding new knots u; are
defined as

5 = S0 =1, N=1) (10)

b TSy T

where s(z;) = J[;f I 4|47 are the cumulative arc-length
functions. dr

3.2 Determining g, =, Yn-1

Obviously, imposing C' continuity conditions to piecewise
rational re-parameterization incurs a dependency of para-
meters ¥, -, ¥ on %. Thus, y%is the only free para-meter
that is used to minimize the value of the function in (9).

Dcnote

oot Ldpl =
he=1 bﬂ (-t)'di, k=0,1,2

I
B==,
Ar;
I,
C=--B,
7 A'j J
i
- i
D, IJ(’"K;_CJ
4

Po= W= Ia @ p1 = gy LT
@ 1 = m\L m2k+|, k= 0, ---,|_(N—I)/2J

L(N—nfzJ(p2
P=% LByt Do 1)

P
2

k-0 Oy

V-2l .2 2
@y @
0= E {—*zpzk+ kHBZ.H]}

2
=0 @ @ k1

L¥=132]
R="3 (myCotmyCopn)
k=0
Then, the problem to minimize function J possesses a
global minimum y, This solution satisfies the equation

d/ Yo (1=yo)m,
—= P+ O+2R=0 (11
dyy (I-yo)my Yo

The roots of equation (11) are

znff,QiJ}’_Q

? (12}
niyO-P

0

If 7 € (0, 1), they identify the extrema of .J.
3.3 Solutions to the re-parameterization

The above algorithm can be summarized as follows:

Input: degrec n and control points py, ..., p, of r(1).

Step 1. Compute knots of original parameter at subdivi-
sion points fy, ..., fx;

Step 2. Compute knots of new parameter u, ..., #y
corresponding to the original knots f, ..., fx;

Step 3. Compute the valucs y, ..., w1’

Output: re-parameterized rational representation g(u).

4. Nlustrative examples

To assess the performance of our new method, we
will give a comparison of our method with rational
linear re-parameterization [7] in this section.

Fig. 5 shows the parametric speed of curve 2 in
Section 2. We can see that an improved parametric

1 1 i .. L 1 1 1 L
0 01 02 03 04 05 06 07 08 08 9
Solid curve: the parametric speed of original curve,

Fig. 5. Parametric spced ol curve 2.

Solid curve: the parametric speed of original curve, Dot-line curve:
rational linear re-parameterization, Dashed curve: improved
parametric speed using C' continuous piecewise rational linear re-
parameterization.
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Fig. 7. Parametric speeds of curve 3.

Solid curve: the parametric speed of original curve, Dot-line curve:
using rational linear re-parameterization, Dashed curve: using C'
continuous piecewise rational linear re-parameterization.

13 13 13
12 12 12
1 11 11
1 1 1
ast °, ast °, LE
08 osl 08
07 ': a7 N 07
o6i., .o 06t , " 08}, .o

“35 05 o7 G5 s °%F oe o7 o8 09 CUbBs os o7 08 o
() 2) &)

Fig. 8. Parametric flows of curve 3.

(1) The original parametric flow, (2) The parametric flow usin%
rational linear function, (3) The parametric flow using C
continuous piecewise rational linear re-parameterization.

speed is given by the new method. Fig. 6 shows the
parametric flow of curve 2 obtained by the new
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Table 2. Values of J for curve 2 and curve 3

Original Integrat Piecewise
Curve 2 1.57686 1.57684 103153
Curve 3 1.17539 1.06339 1.00263
method.

In Figs. 7 and 8, we give out another example, say
‘curve 3°. Fig. 7 shows the parametric speed of original
curve, the parametric speed obtained by rational linear
re-parameterization, and the parametric speed obtained
by the new method. Fig. 8 shows the corresponding
parametric flow of curve 3.

In Table 2, we also give vahlues of the J function of
original curve, rational linear re-parameterization (integral),
and C' continuous piecewise rational linear re-para-
meterization (piecewise) for curve 2 and curve 3.

5. Conclusions

In this paper, we present a C’ continuous piecewise
rational linear re-parameterization, which provides
more flexibility than rational linear re-parameterization
and can be easily identified by solving a quadratic
equation. A partition is done on the original curve, in
which the parametric speed of each segment is of
monotonic variation. It should be noted that, in order 1o
satisfy a pre-specified error bound, further partitions
could be used as needed, which split each new
parameter interval into halves. The values of new
parameters corresponding to the subdivision points are
specified a priori as the ratio of its cumulative arc
length and its total arc length. C! continuity conditions
are imposed to each segment, thus, with respect to the
new parameters, the objective function is linear and
admits a closed-form optimization. Analysis of examples
shows that our method brings a curve very close to the
arc-length parameterization under L, norm but with
fewer segments.

6. Acknowledgements

This research was supported by he National Natural
Science Foundation of China under Grant (No.
60403036) and the Research Fund for the Doctoral
Program of Higher Education of MOE under Grant
(No. 20020422030).

References

[1] Farouki, R.T., and Sakkalis, T. (1991), Real rational
curves are not “unit Speed”. Computer Aided Geomeltric
Design 8, 151-157.

[2] Ong, B.H. (1996), An extraction of almost arc-length
parameterization for parametric curves. Ann. Number.
Math. 3, 305-316.

[3] Wang, F.C.,, and Wright, PX. (1998), Open architecture
controllers for machine tools, Part 2: A real time quintic



4

International Journal of CAD/ICAM Vol 6 No. 1, pp. 59~64

spline interpolator. ASME J. Manufacturing Science and
Engineering 120, 415-432.

[4] Wang, F.C., Wright, PK., Barsky, B.A., and Yang,

D.C.H., (1999), Approximately arc-length parameterized
C? quintic interpolating splines. ASME J. Mech. Design
121, 430439,

(5] Faitsch, FN., and Nietson, G.. M.(1992), On the problem

of detemining the distance between parametric curves. In:
Hangen, H., Curves and Surface Design. SIAM, 123-141.

[6] Victoria H.M., and Jorge E. S. (2003), Sampling points

on regular parametric curves with control of their

Liang Xiuxia born in 1976. Ph.D. degree candidate, Her
current research interests include CAGD, CG, information
visualization and medical image processing,

distribution, Computer Aided Geometric Design 20, 363-
382.

[7] Farouki, R.T. (1997), Optimal parameterizations. Computer
Aided Geometric Desigrn 14, 153-168,

(8] Jittler B. (1997), A vegetarian approach to optimal
parameterizations. Computer Aided Geometric Design 14,
887-890.

(9] Costantini P., Farouki R.T., Manni C., and Sestini A.
(2001), Computation of optimal composite re-para-
meterization, Computer Aided Geometric Design 16, 875-
897.

Liang Xiuxia



