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PRICING CONVERTIBLE BONDS
WITH KNOWN INTEREST RATE

JONG HEON KIM

ABSTRACT. In this paper, using the Black-Scholes analysis, we will
derive the partial differential equation of convertible bonds with both
non-stochastic and stochastic interest rate. We also find numerical
solutions of convertible bonds equation with known interest rate
using the finite element method.

1. Introduction

Interest rate derivatives are instruments whose payoffs are dependent
in some way on the level of interest rates. In last two decades, the
value of trading in interest rate derivatives in both the over-counter and
exchange-traded markets increased very quickly. Many new products
were developed to meet particular needs of end users. A key challenge
for derivatives traders is to find good, robust procedures for pricing and
hedging these products. Warrants are long-term call options issued by
firm that give the holder the right to purchase the firm’s common stock
at a predetermined price(the exercise price), on or before an expiration
date. Convertible bonds are hybrid instruments, having characteristics
of both debt and equity. Like straight bonds, convertible bonds are en-
titled to receive coupons and principal payments. However, convertible
bondholder has the option to forgo these rights by converting their bonds
into stock at a prespecified rate. In its simplest form, a convertible bond
can be decomposed into a straight bonds and a warrant.

The theory of option and warrant pricing has only of late been placed
on a sound theoretical basis in a context of security market equilibrium|[2,
7]; closed form expressions have been derived by Black-Scholes[2] and
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Merton[8] for the value of an option when the underlying stock pays no
dividend or the option is protected against dividends, and when the stock
pays a continuous dividend which is proportional to the market value of
the stock. Cox and Ross[5] has extended this option pricing model to
take account of jumps in security returns, and the basic option pricing
model has been shown to obtain under certain assumptions, even in the
absence of continuous trading opportunities[9]. More recently, Schwartz
developed algorithms to solve the relevant dynamic programming prob-
lem when the stock does pay dividends and the option is not protected
against dividend payments, so that the possibility of exercise prior to
maturity must be considered for an American type option. Merton|§]
has considered the related problem of valuing callable warrants on non-
dividend paying stocks : callable warrants differ form convertible bonds
in having no coupon payments.

In recent years there have been a number of attempts to extend the
models so that they involve two or more factors. A number of researchers
have investigated the properties of two-factor equilibrium models. Bren-
nan and Schwartz[3, 4] developed a model where the process for the
short rate reverts to a long rate. Another two-factor model, proposed by
Longstaff and Schwartz[7], starts with a general equilibrium model of the
economy and derives a term structure model where there is stochastic
volatility.

In section 2, using the Black-Scholes analysis, we derive the partial
differential equation of convertible bonds under the assumption of the
known interest rate. In section 3, we also derive convertible bonds equa-
tion with stochastic interest rate. In section 4, we find the numerical
solutions of the convertible bond with known interest rate using the finite
element method[1, 6].

2. Convertible bonds with known interest rate

In this section, we make preparations for the valuation of convertible
bonds with assumption of known interest rate, these bonds are very
similar to American vanilla option. We illustrate the ideas with constant
interest rate and, at the section 3, we briefly bring together convertible
bonds and stochastic interest rates in a two-factor model. A convertible
bond has many of the same characteristics as an ordinary bond but with
the additional feature that the bond may, at any time of the owner’s



Pricing convertible bonds with known interest rate 187

choosing, be exchanged for a specified asset. This exchange is called
conversion. The convertible bond on an underlying asset (with price
S) returns Z, say, at time 7" unless at some previous time the owner
has converted the bond into m(conversion ratio) of the underlying asset.
The bond may also pay a coupon to the holder. Since the bond price
depends on the value of that asset we have

V =V(S,t)

the contract value now depends on an asset price and the time to matu-
rity. Repeating the Black-Scholes analysis, with a portfolio II consisting
of one convertible bond and —A assets under dS = uSdt + o SdX

nm=v-AS
B ov 8V 1 2 N ov
av = (,uSaS 875 S aSz)dt—kaS%dX

where dX is the Wiener process and p is the drift rate and o is the
volatility for the stock, respectively. Let we include a coupon payment
of K(S,t)dt on the bond and a dividend payment of D(S,t)dt on the
asset, then we find that the change in the value of the portfolio is
dll = dV — AdS + (K (S,t) — AD(S,t))dt
ov. oV 1 0?V ov
S—+— 252 dt + 0S——=dX
(“ 95 "ot T as) T
— ApSdt — AanX + (K(S,t) — AD(S,t))dt.

We can choose
ov

A=—
oS
then
ov. 1 0%V
dll = 0?S?—— + K(S,t) — AD(S,t) | dt.
(5 + 5055 + K50 - AD(S0)
The return on this risk-free portfolio is equal that from a bank deposit

and so
dIl = rIldt

2
O S (rS — D(S.1) O
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where r is the interest rate. This partial differential equation is recog-
nized as the basic Black-Scholes equation but with the addition of the
coupon payment term. The final condition is

V(S,T) = Z.

Recalling that the bond may be converted into m assets we have the
constraint

V(S,t) > mS.

In addition to this constraint, we require the continuity of V" and 0V /05S.
Thus the convertible bond is similar to an American option problem. It
is interesting to note that the final data itself does not satisfy the pricing
constraint. Thus, although the value at maturity may be Z the value
just before is

max(m.sS, Z).
Boundary conditions are

V(S,t) ~mS as S — o0

and
V(0,t) = Zexp{—r(T — 1)}

this last condition assumes that it is not optimal to exercise when S = 0.

THEOREM 1. If the variable S satisfies
dS = oSdX + pSdt

where dX 1s Wiener process and p and o are constant. Then the function
V(S,t) satisfies following partial differential equation

ov. 1 , ,0°V ov _
E—FgaSW+(TS—D(S,1S))%—TV+K(S,25)—0
provided
A if t=T
_J max{mS, 7} if 0<t<T
V(s,t) = mS if S — o0

Zexp{—r(T—-t)} if S=0
V(S,t) > mS.
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3. Convertible bonds with stochastic interest rate

When interest rates are stochastic, a convertible bond has a value of
the form
V =V(S,rt)
with dependence on T suppressed. The value of the convertible bond is
now a function of both S, » and t. We assume that the asset price is
governed by the standard model

(1) dS = pSdt + 0SdX,
and the interest rate by
(2) dr = u(r,t)dt + w(r, t)dXos.

Since we are only modelling the convertible bond, and do not intend
finding explicit solutions, we allow u and w to be any functions of r and
t. Observe that in (1) and (2) the Wiener processes have been given
subscripts. This is because we are allowing S and r to be governed
by two different random variables ; this is a two-factor model. Thus,
although dX; and dX, are both drawn from normal distributions with
zero mean and variance dt, they are not necessarily the same random
variable. They are , however, correlated by

with —1 < p(S,r,t) < 1.

In order to manipulate V'(S,r,t) we need to know how It6’s lemma
applies to functions of two random variables. As might be expected, the
usual Taylor series expansion together with a few rules of thumb results
in the correct expression for the small change in any function of both S
and r.

REMARK. The Wiener processes of (1) and (2) have the following
properties

> dX?=dt

> dX2 = dt

> dX dXy = pdt |

Proof. By the Winner process

5X = eVt
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where € is drawn from a standardized normal distribution.
E[6X?) = §tE[e?]
= ot (Varle] + (Efe])?)
=0t
Var[6X? = Var[e?6t] = 6t*Var[e?] tends to zero as 6t — 0. Thus §X?
is non-stochastic and dX? = dt. And
E[dX,dX,] = pdt
Var[dX,dX,] = E[(dX1dX,)?] — (E[dX,dX5))?
= §t* — p*St?
= (1 —p)at®

Var[dX;dX5)] tends to zero as 6t — 0. Thus dX;d X, also non-stochastic
and dX1dXs = pdt. UJ

Applying Taylor’s theorem to V(S + dS,r + dr,t + dt) we find that

1 7
V(S +dS,r +dr,t +dt) = Z (ds% + dr% + dt§> V(S,r,t)

ov ov ov

dV = %deL Ed r+ 8_dt
LV (o OV 102V
555" gy dSir + 4 G+

To leading order,
dS? = 0*S?dX} = o> S?dt
dr? = WdX3; = Wdt
and
dSdr = cSwdX1dXs = poSwdt .

Thus It6’s lemma for the two random variables governed by (1) and (2)
becomes

ov ov ov

dV——&gdS—i-—ard +—a dt
0*V o0?V 1 ,0°V
—l-QUSaS dt—i—paSwasa dt+2 ant
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Now we come to the pricing of the convertible bond. Let us construct
a portfolio consisting of one bond with maturity 77, —As bonds with
maturity date 75 and —A of the underlying asset. Thus

=V, —AVo —AS
= (G- T8+ (G -G - ) as

ot ot oS oS
oV, oVs 1 5 5 [0V 0%V,
* (W A2W) dr30°5" ggz ~ P ) &
0%V, 9V, 1 9%V, 0*V,
—A —w? — A )
T poSw (0587" 28587’) dt+ 5w ( o 20 ) dt
We can choose
oV, oV, B
95 ey ~A=0
oV, oV,
A2
or 2 or 0
so we find
~ovi/or
> oVa/or
and

Vi OVi/Or Vy
9S ~ 9V, or 9S

eliminates risk from the portfolio. Now the portfolio is risk-free,

A:

dIl = rIldt

Il = r (Vi — AsVy — AS) dt

oV; oV;
= (er — TSa—S1> dt — Ay (TVQ — rSa—;) dt
ovi Vs 1 5. [0V 0*Vy
== —QAy—)dt+ = - A dt
(825 2815) 375 g5 T M
0*V 0*Vy 1 0*Vy 0V,
- A dt + ~w? - A dt.
T poS (8587" 28507’) b 2% ( or? > or? ) g



192 Jong Heon Kim

Gathering together all V; terms on the left-hand side and all V5 terms
on the right-hand side we find that

oV 1, 0 2V 1,0 oV
(at T30 g5 TP Ege, T g T I g
(Ve 1,0 2V, 1,0, v,
_Ag <W+§O—S 832 +p08wasar+§w 87“2 —T‘/Q—FTS%
Let
LoV 1,0 2V 1,0 oV
la= 27 T30 9 552 Trovggs T o¥ 5z ~ it rdgg
L, 1,0 2V, 1,0, v,
=57+ 505 gg T roSwags T g TS Ee
then
ovy/or
I = I
Va/or’
I, I,

oVi/or — OVijor

This is one equation in two unknowns. However, the left-hand side is a
function of 77 and the right-hand side is a function of 7,. The only way
for this to be possible is for both side to be independent of the maturity
date. Thus, dropping the subscript from V,

av 1 o0?V o*V. 1 ,0*V ov. oV

e - 227 7 . - - - .
8t+208 532 +p08w8587’+2w 52 rV—H"SaS e a(S,r,t)

for some function a(S,r,t). It is convenient to write
a(S,r,t) = w(r, A(S, 7, t) — u(r,t)

for given w(r,t) (nonzero) and wu(r,t) , this is always possible. The
function \(S,r,t) is the market price of risk.
oV 1, ,0°V 0?V 1 ,0*V ov ov
— 40?8 —— S —w? S—+4(u—wA)——rV = 0.
or T2 5 g5E TP gy o g T g TN G
This is the convertible bond pricing equation. Note that it contains the
known interest rate problem

> u = 0 = w : Black-Scholes equation.

> 0/0S =0 : The simple bond problem (zero-coupon bond).




Pricing convertible bonds with known interest rate 193

More generally, when the underlying asset pays dividends and the bond
pays a coupon we have

a_v_|_1 25282_V+ Sw 82‘/ _|_1wza2_v
ot 277 95z TP7P%H50, T 2Y o2
oV oV
_p)ZL N\ A K = 0.
+(rS ) 55 + (u — wA) o rV + 0

Since this is a diffusion equation with two ‘space-like’ state variables S
and r—that is, there are double derivatives of V' with respect to each of S
and 7, as well as a cross-term-we need to impose boundary conditions on
the edge of the (S, r) space. In other words, we must prescribe V (0, r, )
and V' (oo, r,t) for all t, V (S, 00,t) for all S and ¢ and a second boundary
condition on a fixed r boundary, again for all S and 7.

Some of these boundary conditions are very obvious and others are
result of insisting that V' remain finite. For example, for a convertible
bond with on call feature we have

V(S,r,t) ~mS as S— 0
V(0,r,t) is given by the solution of the simple bond problem (no con-
vertibility and stochastic interest rates).
V(S,r,t) -0 as r— o0

and the last boundary condition, to be applied on the lower r boundary,
is equivalent to finiteness of V.

THEOREM 2. If the variable S and r satisfy the equation (1) and (2)
respectively, then the function V(S,r,t) satisfies following equation

v + 1025282—‘/ + poSw il + leaQ—V
or 277 952 TP as0r T 2% o2
ov ov
-2 N S K —
+ (rS ) 55 + (u— wA) o rV + 0
provided
bond conditions if S =0
American call option conditions if r =
V(S,r,t)=1<1 mS if S — o0
max{msS, bond price} if 0<t<T
0 if r—oo

V(S,r,t) > mS.
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4. Numerical solutions for convertible bonds

In this section we find the numerical solutions of convertible bonds
under the assumption of the known interest rate using the finite element
method. Suppose the convertible bond pricing equation is as following

IV (S,t) 1 5 ,0?V(S,t) oV (S,t) B
(3) py +2aS 552 +(r—d)S 55 —rV(S,t)+ K =0

where r, d(dividend yield) and K are constants and
a<S<b,0<t<T
Boundary conditions are
V(S,T) = max{mS, Z}
V(0,t) = Zexp{—r(T —1)}
ov

with constraint
V(S,t) > mS.

Now we represent the differential term of time to difference of time, then
the equation (3) becomes

1 1 :
<E + > V(S ta-1) = 50" 5V (S, ta)

(= d)SV(S, 1) — ——V(S,t) — K = 0

At
where At =t;, —t; 1 (O=tg <ty <---<t,=T)and
oV (S.t) ., PV(S,t) .,
Define
u(S) ==V (S, tn_1)
u(S) =V (St,)
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then the equation (3) becomes

() <é + r> u(S) ~ 5o (8) — (r — d)Su/(S) ~ -7 (S) ~ K = 0.

Since t is not a variable from now on, u is a function with only variable
S.

Suppose ¥(S) (€ C![a,b]) is a test function with compact supprt on
[a,b] , we multiple the test function to both side of the equation (4) and
integrate

(é + r> /abu(S)\I!(S)dS 50 /b S (S)W(S)dS

a

b 1 b
—(r—d)/ Su/(S)U(S)dS — = [ T(S) W(S)dS

5) -K / §(8)dS = 0.

Because equation (5) is zero for all test function W(S), equation (3)
and (5) have the same solution u(S). We find the solution u(S) of
the equation (3) by solving the integral equation (5) with proper basis
functions and test functions. First of all, we define two spaces

P_{f(S)]f(S)—chSk,ckeR,agsgb}

Q={9(S) € Plgla)=0=g(t). g(a) = 1)

where a; = a+ih (i =0,1,2,--- ,N) and h = (b—a)/2k (N = 2k). We
can choose the test function ¥;(S) and the basis function ¥;(S) on @
as following

Case I. 7 is even

U, () % (S —ai1) (S — ar)
U, (S) = —% (S — ais) (S — ax)
Wii(8) = 5y (5 — i 2) (S — ai1)

when
ai—p < S < ay
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1
Ui, (S) = ot (S — aiy1) (S — aiy2)
1
‘1’i+1(5) _ﬁ (S - az) (S - az’+2)
1
Vita(S) = 575 (8 — ai) (S — ain1)
when
a; <5 < ajgo
Case II. 7 is odd
1
i-1(5) = 575 (5 — @) (5 — ai1)
1
Wi 0(S) = 72 (S —ai-1) (S — ais1)
1

when
ai—1 <8 < ajqr.

Finding analytic solutions of equation (3) is very difficult, so we look
for the numerical solutions. Suppose the approximated solution of u (.5)
is up, (9),

Our goal is to find the coefficient a;"l.

define

To simplify the notation, we

(f.9), = / f2(5)g(S)dS

Now we calculate each terms of equation (5) using chosen test and basis
functions.

=
=
=
Il
o
<3
L
s\@
&
2
=
2
o9
@)
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Casel. 7 is even

=S a;—l/ W, (S)Wi(5)dS

j=i—2
i+2 aiyo

+ Zay—l/ U;(S)W,(S)dS
j=i %
h 2h 8h ., 2n ., h .,

n—1 n—1
— T 152 + 15 %1 + 15 % + 15 Yt T 7 Y2

Casell. 7 is odd

i+1

Ai+1
= > a;.”/ ' W,(9)W,(S)dS
j=i—1 ai-1
2h ., 16h ., 2h .,
= E%—l 1_50%' + 1_50‘z‘+1

Caselll. i is N

ont / ", (9)Wi(8)ds

N
-y
h

j 2 aN-—2
_ an—l + 2han—1 + 4h’an—1
15 N2y N s N

~Y ! / b U (S) {29W,(5) + S2W(S)} dS
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Casel. 7 is even

%

j=i—2
i+2

—_ — (8]
= > >

—_
>

(
(
(
? (
— 307, (
CaselL. i is odd

i+1

j=i—1

Jong Heon Kim

;/\y ) {25,(S) + S2W}(S)} dS

Za” ! / - U(S) {28T;(S) + S*W}(S)} dS

5a% + 10aih + h* (4 + 5i2) ) o)
5a® + 10aih + h? (1 + 5i%)) a7~
3502 + 70aih + h2 (4 + 35i%)) o~
5a® + 10aih + h? (1 + 5i%)) i

5a2 + 10aih + h* (4 + 5i%)) af')

/ it+1 \I’, {25«\11 + Sz )} ds

_ 4 (5a® + 10aih + h* (1 + 5i%)) af

15h

_ 8 (5a® + 10aih 4+ h* (1 + 5i*)) o~

15h

—|—i(5a + 10ath + B (1 + 5i%)) a7

15h
Caselll. i is N

N
= mb*— Z

AR

o / V() {25Ux(S) + S*Wy(S) ) dS

j=N-2
= 30% (5a® + 10aNh + h? (4 + 5N%)) an’h
+ 3
15h

1
30h

(5a® + 10aNh + h? (1 + 5N%)) alvy
(

35a° + 70aNh + h* (4 + 35N?)) ay !
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N—-1

b
(S, ), = 3 an! / SU(S)T,(S)dS

j=1
Casel. 7 is even

=y ot / Z SU,(S)W;(S)dS
j=i—2 ai

i—2

i+2 aito
+) oyt / ST (S)W,(S)dS
j=i

a;

1 N e
= 35 (5a + h (=4 + 5i)) ')

2
— 15 (ba+h(=2+50)) ol

4h n—1
15

2
T (5a+ h (2 +5i)) ol

1 N e
~ 30 (5a + h (4 +5i)) al'ry

Casell. 7 is odd

i+1 ai41
=y ot / - SU(S8)Wi(8)dS

j=i—1

2
=1 (5a + h (=2 4+ 5i)) a7

8h n—1
15"

2 . _
+ R (5a + h (2 + 5i)) a7

199
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Caselll. i is N

N an
an! / S (5)W,(S)dS
N-2 AN-2

_J;

1 o
= % (5@ + h (—4 —I— 5N)) O[N_lz
2
— == (5a+h(=2+5N)) oy

1
+ 35 (15a + h (=4 + 15N)) .

(1,0), /b ,(5)dS

ai+2
- / U,;(S)dsS

ai—2

Casel. 7 is even

2h

Casell. 7 is odd

3
Caselll. 7 is N
anN
_ / ,(8)ds
aN-—2
h
=3
For all cases i, the equation (5) becomes

1 1 ,
<E + 7“) (u, W;), — 502 (SZU//, \I/z-)h — (r—d)(Su,¥;),

L _
6) -5 @ W), — K (1), =0
In Table is shown that the value of a convertible bonds with Z = 1,
n=1,r =0.1, 0 = 0.25 and with one year before maturity. In both cases

there are no coupon payments. We can find that the price of convertible
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bonds with no dividend(d) is higher than the price with d = 0.05. It can
be shown that an increase in d makes early exercise more likely.

| Stock Price | CB Price(d = 0.00) [ CB Price(d = 0.05) |

0.0 0.90483742 0.90483742
0.2 0.90484194 0.90484194
0.4 0.90486434 0.90485225
0.6 0.90869386 0.90720473
0.8 0.94723899 0.93631915
1.0 1.05458760 1.03230021
1.2 1.21677246 1.20003931
1.4 1.40457068 1.40000000
1.6 1.60116540 1.60000000
1.8 1.80030572 1.80000000
2.0 2.00014964 2.00000000
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