Bull. Korean Math. Soc. 43 (2006), No. 2, pp. 425-441

ON WEAKLY-BERWALD SPACES
OF SPECIAL (o,()-METRICS

IL-YoNG LEE AND MYUNG-HAN LEE

ABSTRACT. We have two concepts of Douglas spaces and Lands-
berg spaces as generalizations of Berwald spaces. S. Bacsé gave the
definition of a weakly-Berwald space [2] as another generalization
of Berwald spaces. In the present paper, we find the conditions
that the Finsler space with an (¢, 8)-metric be a weakly-Berwald
space and the Finsler spaces with some special (o, 8)-metrics be
weakly-Berwald spaces, respectively.

1. Introduction

Let M™ be an n-dimensional differential manifold and let F" =
(M™, L) be an n-dimensional Finsler space where L is a fundamental
function. Let g;; = éiéjL2/2 be the fundamental tensor, where the
symbol §; means d/0y* and we define G; as

G; = {y"(6,8;L%) — 8;L*} /4,
and G* = ¢"JG; where the symbol §; means 8/9z* and (¢%/) is the inverse
matrix of (gi;). The coefficients (G;%, G?;) of the Berwald connection
BT are defined as G%; = 9;G* and G, = 3kGij.

A Berwald space is a Finsler space which satisfies the condition G;" ik
= 0, that is to say, whose coefficients G;"; of the Berwald connection are
functions of the position (z*) alone. Therefore the equations y.G;" jx = 0
hold, so 2G* = G,%;y"y® are homogeneous polynomials in (y*) of degree
two, so DY = G'y’ — G’y* are homogeneous polynomials in (y*) of
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degree three. Then we can consider the notions of Landsberg spaces
and Douglas spaces as two generalizations of Berwald spaces. The notion
of weakly-Berwald spaces is the third generalization of Berwald spaces.
Thus if a Finsler space satisfies the condition G;; = 0, we call it a
weakly-Berwald space.

Let (M™, L) be a Finsler space with an (a, 3)-metric L(a, 3), where
o = (ai;(z)y*y?)? and B = b;(z)y*. In [6], the functions G* of a Finsler
space with an (o, 3)-metric are given by 2G* = 0% + 2B, where 7%
stand for the Christoffel symbols in the space (M, «), then we have
G = v'; + BY; and G;°% = v;'x + Bj’k, where §;B° = B%; and
OxB'; = Bj4. '

Thus a Finsler space with an (a, 3)-metric is a weakly-Berwald space,
if and only if B™,, = 0B™/0y™ is a one form.

Recently S. Bacsé and R. Yoshikawa [3] investigated the conditions
that Randers and Kropina spaces be weakly-Berwlad spaces. R. Yoshika-
wa and K. Okubo [12] studied the conditions that generalized Kropina
spaces and Matsumoto spaces be weakly-Berwald spaces and Berwald
spaces, too.

In the present paper, first we study the condition that the Finsler
space F™ with an (o, 8)-metric be a weakly-Berwald space. Next we
find the conditions that Finsler spaces with an infinite series («,3)-
metric L = #2/(B — «), a special metric L = a + %/a and a special
cubic metric L3 = c;0%8 + 8% be weakly-Berwald spaces, respectively.

2. Weakly-Berwald space with respect to (a, f)-metric

In the present section, we deal with the condition that a Finsler space
with an (o, 8)-metric be a weakly-Berwald space.

Let M be an n-dimensional differential manifold and let F™ = (M™,
L) be an n-dimensional Finsler space equipped with an (¢, 3)-metric L
(o, B), where & = (ai;(x)y*y?)% and § = b;(z)y’. In this section, the
symbol (/) stands for h-covariant derivation with respect to the Rie-
mannian connection in the space (M, @) and ~,% stand for the Christof-
fel symbols in the space (M, ). Let us list the symbols for the later
use:

b =a¥b,, b?=a"%b.b,,
2ri; = bigs + bjzis 2845 = bigg = by,

T __ . ar T i __ r — r
r';=a"ry, s;=a"s, Ti=0b1", 8 =bps"s.
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Now we consider the functions G*(z,y) of F™ with an («, 8)-metric.
According to [7], they are written in the form

2G™ = ™o + 2B™,
(2.1) B™ = (E"/a)y™ + (aLp/La)s™o
~ (aLaa/La)C*{(y™/a) — (a/B)b™},

where we put

= (BLg/L)C",
C* = {a/B(TOOLa - 2a30Lﬂ)}/{2(ﬂ2La + a72Laa)}7
(2.2) v =b*a® - B2,

Lo =0L/8a, Lg=08L/3B, Lan=08*L/0ada,
Log = 0°L/0adB, Laaa = 0*L/00dad0.

Since vo'o = v;*k(2)y’y* are homogeneous polynomials in (y*) of degree
two, a Finsler space F'™ with an (o, 8)-metric is a weakly-Bewald space,
if and only if B™,, = dB™/dy™ is a homogeneous polynomial in (y*)
of degree one. On the other hand, it is well-known [6] that a Finsler
space with an (a, 3)-metric is a Berwald space, if and only if B™ are
homogeneous polynomials in (3°) of degree two.
Then differentiating the latter of (2.1) by y™ and contracting m and
n in the obtained equation, we have
2pm
(= )}e

(2.3) )
) }

ol L

aloo | - 1 m a
- o ()

BLaLs — aLLao .
+( oL, (OmC*)y™ +

: aLg
+8m(La )8 0-

Since L = L(a, B) is a positively homogeneous function of o and 3 of
degree one, we have

Loa+ Lﬁﬂ =L, Lgso+ Laﬁﬁ =0,
Lgoo + Lgﬁﬂ =0, Lgaa+ Laag,@ = —Laa-

B = {3 (L2) g s 0 (2L
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Using the above and the homogeneity of (y¢), we obtain

A ﬁLﬂ m o_ _ﬂ;[‘ﬁ
(2.4 on (22)m =22

 (aLaa (By™ — a2
‘9’"< . )( o8 )
2

= '(ﬂ%)'g {LaLaa + aLoLogo — a(Laa)z} )
a

(2.5)

(2:6) {(a,,%) e Lo - (am%) bm} ~ 0+ (- DB,

(B C*)b™
= 1 2 2 2 02 _ 2
(2.8) T 2a6902 [Q{B( +26%)W +20°B*Laro — fy* LaaToo
= 20(6°Ly + 0*9 Laa)so} — 6® W2 Lo~ 7' Laca
- b2a72Laa}]7
a Ong m_ O‘ZLLaaSO
(2.9) Om (LT) 0= AL

where
W = (T‘ooLa — 20180[15),
(2.10) Q= (Lo +0v*Ly,), provided that Q # 0.

}/ji = a”i’r‘yra Sp0 = O) brs'l‘ = 07 amsij =0.

Substituting (2.4), (2.5), (2.6), (2.7), (2.8) and (2.9) into (2.3), we have

1

+ a2LLaLaa(C’roo + Dsg + Erg)},
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where
(2.12)
A= (n+1)fLa(BLoLp — aLLag)
+ oV’ L{a(Laa)? — 2L Lo — aLaLaaa},
B = a?’LLg,,
C = By {-F%(Lo)* + 20203 Lo Lag — 0?Y?(Laa)? + 0*y2 Lo Lona }
D = 2a{3*(v* - f*)LaLp — ¢’ >y’ LaLaq
—20B87*(7* + 26%) LgLoa — 0*7*(Laa)® — @*B7* LgLoca},
E = 2a282L, .

Summarizing up the above, we obtain

THEOREM 2.1. The necessary and sufficient condition for a Finsler
space F™ with an (o, 8)-metric to be a weakly-Berwald space is that
G™m = Y%"m + B™m and B™,, is a homogeneous polynomial in (y™)
of degree one, where B™,, is given by (2.11) and (2.12), provided that
Q#0.

REMARK. The results (2.11) and (2.12) of Theorem 2.1 are rather
different from the result (1.2) of Theorem 1 given by R. Yoshigawa and
K. Okubo [12].

Here we state the following Lemma and Remark for the later frequent
use:

LEMMA 2.2. [4] If o® = 0 (mod ), that is, a;;(z)y‘y’ contains
b;(z)y® as a factor, then the dimension is equal to two and b? vanishes.
In this case we have § = d;(z)y* satisfying o? = (3§ and d;b* = 2.

REMARK. Throughout the present paper, we say “homogeneous poly-
nomial(s) in (y*) of degree r”as hp(r) for brevity. Thus 0% is hp(2) and,
if the Finsler space is a weakly-Berwald space, then B™,, is hp(1).

3. Infinite series (o, §)-metric space

In the present section, we consider the condition that the Finsler
space with an infinite series (o, 3)-metric be a weakly-Berwlad space.
The notion of this space is recently introduced by [10]: Let us consider
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the r-th series (a, §)-metric

L(a,ﬂ)=ﬁgo(%>k,

where we put a < 3.
If r = oo, then the above is expressed as the form

(3.1) L(e, ) = B/ (B — o),

which is called an infinite series (o, 3)-metric.
For the Finsler space F™ with (3.1), we have

=32 /(B-a)®, Lsg=p(8~2)/(8-a),
Laa = 2ﬂ2/(ﬂ - a)3) Laaa = Gﬁz/(ﬂ - a)4'
Owing to [10}, we have
20™ = ")lom() + QBm
(3.3) m_ 0P . B(B- 40)
=22 {b B

where P = Srgg — 2a(8 — 2a)sp and Q = 2a3b? — 3a3% + 3%, provided
that Q # 0.
Substituting (3.2) into (2.12), (2.2) and (2.10), we have

(3.2)

} %(g ~ 20)s™,

a= 2 T (04 D3 - (8 — 405" + 2a(a — 2017),

(B -
B 20(2ﬁ4
B=tG-ar
0= LB 28—+ (8 - a)a + 2024
B— o) Lé
4
(34) D N ( 26(,6 )6{(ﬁ 2a)ﬂ2(,8 a) ( ,62) —2(ﬁ—01)a262’72
~ 4a(B — a)(B — 2a)7*(v* + 26%) — 2(36 — 4a)a’+*},
_ 226 __7
P G-ar? “TE-ap?
we_ B _p o_oB-0)P

(B —a)? 2Q
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Substituting (3.4) into (2.11), we get

(3'5){8b4a7ﬂ2 — 8b1a® % — 24620 8% + 3270 4°
— 2(4b* — 9)a*B°® — 30067 + 14a° — 26°} B,
+ [4(n — 1)b%a®B — 2(5n — 4)b%a*B* + 2{(n — 2)b* — 6n}a’p°
+ (197 + 1)a28° — 2(4n + 1)aB” + (n + 1)8%] 7o
+ [8(4n — 3)b%a’ % — 8(Tn — 6)b%a’B?
—4{3(4n — 1) — (Tn — 8)b*}a’B* + 4{(25n — 3) — (n — 2)b*}o*B®
—2(35n + 3)a®B% + 4(5n + 2)” 87 — 2(n + 1)aB®] so
+ {-8b%a" % + 8b2a’F3 + 120°8* — 160 5° + 4%} g

= 0.
Suppose that F” be a weakly-Berwald space, that is, B™,, is hp(1).

Since « is irrational in (y'), the equation (3.5) is divided into two equa-
tions as follows:

(36) F,B™,, + BG1reo + a2H130 + 014117'0 =0,
(37) FoB™,, + BGorge + Hasg + 0[2I21"0 =0,
where

Fy = —8b%a® 4 3202052 — 30028 — 28,

F, = 8b%a® — 240204 (% — 2(4b% — 9)a?B* + 1438,

Gi1= —2(5n — H)b?e* + (19n + 1)aB? + (n + 1)84,

G2 = 4(n — Dba* + 2{(n — 2)b® — 6n}a?6? — 2(4n + 1)54,
H; = —8(Tn — 6)b%a* + 4{(25n — 3) — (n — 2)b*}a25% + 4(5n + 2)8%,
Hy = 8(4n — 3)b%a® — 4{3(4n — 1) — (7Tn — 8)b*}a* B2

—2(35n + 3)a2B* — 2(n +1)8,
I, = 8b%a® — 1642,
I, = —8b%a* +12a%6% + 4584

Eliminating B™,, from these equations, we obtain

(3.8) BRroo + Sso + a*B°Tro = 0,



432 Il-Yong Lee and Myung-Han Lee

where

R:FzGl —F1G2, S=a2F2H1—F1H2,
T = 32b%a® + 24b%(2b — 7)a®B% + 24(4b* + 3)a*B* — 800235 + 8438,

Since only the term —192(n — 1)b%a1%sq of Ssg in (3.8) seemingly does
not contain 3, we must have hp(12) Vi such that

(3.9) 01280 = V12

First we are concerned with o? # 0 (mod 3) and % # 0. (3.9)
shows the existence of a function k(z) satisfying Va2 = ka'?, and hence
so = k. Then (3.8) is reduced to

RTOO + kS + OézﬁT'r‘o =0.

Only the term —16b%a19{(3n — 2)rgp + 12k(n — 1)a?} of the above does
not contain 3. Thus there must exist Ap(1) U; satisfying (3n — 2)rog +
12k(n — 1)a?® = BU;. It is a contradiction, which leads to k = 0. Hence
we obtain so = 0; s; = 0. Substituting sg = 0 into (3.8), we have
(3.10) Rroo + &*8Try = 0.
Then only the term 2(5 — n)3' ¢ of (3.10) seemingly does not contain

o?, and hence we must have 2p(10) V1o such that 5%rgp = a?V3g. From
a? # 0 (mod ) there exists a function f(z) such that

(3.11) Too = &2 f(z); 7ij = a;; f(2).
Transvecting (3.11) by b%y’, we have
(3.12) ro =Bf(z); r;="b;f(x).
Substituting (3.11) and (3.12) into (3.10), we have
(3.13) ' f(@)(R+B*T) =0.

Let us assume f(z) # 0. Then (3.13) implies

—16(3n — 2)b%a!® = BV,
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where Vy is hp(9). Analogously to the above, this implies Vy = 0, pro-
vided that b # 0. Hence f(z) = 0 must hold and we obtain

ro0=0; 7r;=0 and ro=0; r; =0.

Conversely, substituting roo = 0, sp = 0 and o = 0 into (3.5), we
have B™,, = 0. That is, the Finsler space with (3.1) is a weakly-Berwald
space.

On the other hand, we suppose that the Finsler space with (3.1) be
a Berwald space. Then we have rqp = 0, g = 0 and rg = 0, because the
space is a weakly-Berwald space from the above discussion. Substituting
the above into (3.3), we have B™ = 0, that is, the Finsler space with
(3.1) is a Berwald space. Hence s;; = 0 hold good.

Next we deal with a® = 0 (mod ), that is, Lemma 2.2 shows that
n=2,b%=0and o® = 36, § = d;(z)y’. From these conditions (3.8) is
rewritten in the form

(314) 3R/T00 + 25,80 + 45T’7‘0 =0,

where

R' = —(75 — B)(66 + B),
S’ = 2166° — 263628 + 5068% — 363,
T' = (6 — B)(95 ~ B).

Since only the term —3032%(rgg + 28s0) of 3R/rgg + 25’50 in (3.14) seem-
ingly does not contain ¢, we must have hp(1) V; such that rgo +28s¢ =
0Vi. Thus the above shows the existence of a function g(z) satisfying
so = 6g(z); s; = d;g(x). Transvecting this equation by 5" and paying
attention to d;b* = 2, we have g(z) = 0. Hence we obtain so = 0.
Substituting so = 0 into (3.14), we have

(3.15) 3R/T'0() + 4(5T’7‘0 =0.

Only the term 33%rgy of 3R'rgp in (3.15) seemingly does not contain 4§,
and hence we must have hp(3) W, such that 332%rgg = 6Ws5. Further
there exists hp(1) W; satisfying roo = §W;. Substituting this result into
(3.15), we have 3(76 — 3)(66 + B)W1 = 4(6 — B)(96 — B)ro. Hence there
exists a function p(z) such that Wi = p(z)(d — §), and thus substitution
of W1 = p(z)(6 — B) into 3(76 — B)(66 + B)W1 = 4(6 — B)(95 — B)ro
leads to 3p(x)(70 — B)(66 + B) = 4(96 — B)rg. Similarly to the above,
this implies p(z) = 0.
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Consequently, we obtain
ro0=0; r;; =0 and 7r0=0; r; =0

Conversely, from rgg = 0, 79 = 0 and sp = 0 we have B™,,, = 0. Thus
the space with (3.1) is a weakly-Berwald space.
Summarizing up all the above, we have

THEOREM 3.1. A Finsler space with an infinite series («, 3)-metric
(3.1) is a weakly-Berwald space, if and only if ;; = 0 and s; = 0 are
satisfied.

4. Finsler space with L = o + %/«

The present section is devoted to a Finsler space with the metric

(4.1) L(a,B) =a+ —BZ;.

This metric is proposed and is thought of as desirable in the viewpoint
of geometry and of applications. We quote the proposition as follows:

PROPOSITION. (8] Let F™ be a Finsler space with the (o, 3)-metric
(4.1), and suppose that o = a;;y'y’ be positive-definite. The funda-
mental tensor of F™ is positive-definite

(1) if all the powers > 4 of b; are neglected,
(2) ifn =2 and (1 + 2b%)a? — 32 are positive.

Now we consider the condition that F™ with (4.1) be a weakly-
Berwald space. For F™ with (4.1), we have

Lo = (a? = B*)/a?, Lg=28/a,

(4.2)
Loo = 2ﬁ2/a3, Loga = _6:82/a4'

Substituting (4.2) into (2.1), we have

2G™ =™ +2B™,
(4.3) Bm - o2P ym 2ﬁ3 m) 2a2,3 om
(@2 - f2)Q a2(a? + f2)Y az— g2 o
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where P = (a? — 32)rgo — 402Bs¢ and Q = (1 + 2b%)a? — 3432, pro-
vided that @ > 0. Substituting (4.2) into (2.12), (2.2) and (2.10), and
substituting the obtained results into (2.11), we obtain

(4.4) FB™,, + BGroo — 20*Hso — 2a*Iry = 0,
where

F = (1+2b%)%a% — (1 + 20%)(7 4 26%)a® B2 + 2(7 + 4b% — 2b*)ap*
—2(1 — 8b% - 2b%)a? B — 3(5 + 4b?)a2 B8 + 9677,
G =5(1—-b%)a® — {(11 — 2n) — (17 + 4n)b?}a5 52
—2{(6 + 5n) + (3 — 4n)b*}o*p*
+2{(12 4 7n) — (3 — 2n)b*}a?B% — 6(1 + 2n) 8,
H = (1+2b%)a® — 2(2 + b?)(1 + 4b%)a®3?
+2{(9 + 2n) + (3 + 2n)b°}o*B*
—2{2(3 +4n) — (3 — 4n)b*}a2p°® — 12(1 — n)B5,
I=(1+2b%)a® —2(2+b%)ab32 + 2(1 — b2)a*B*
+2(2 +b%)a2p% - 358,
Suppose that F™ be a weakly-Berwald space, that is, B™,, is hp(1).
Only the term 38°{38B™,, — 2(1 + n)roo} of (4.4) seemingly does not
contain o, and hence we must have hp(9) Vy satisfying 36°{38B™,, —

2(14-n)roo} = V. For the sake of brevity we suppose a? # 0 (mod 3).
Then the above is reduced to

(4.5) 368B™,, — 2(1 + n)rop = ka?
with a function k(z): Thus (4.4) is reduced to
(44’) k)F + 2(1 + ’n)F”roo + 3,3{ﬂG/7‘00 — 2H$0 — 2.[7’0} = O,

where
F' = (F-98")/d?,

G’ = {G +6(1 +n)B%}/o?.

The terms of (4.4") which seemingly does not contain 3 are

(1+26%)2a®{ka® + 2(1 + n)roo}.



436 Il-Yong Lee and Myung-Han Lee

Consequently, we must have hp(1) V i.e., V = v;y* such that the above
is equal to (1 + 2b?)2a®BV. Thus we have

(4.6) ka? +2(1 + n)reo = BV.
Since (4.6) is a contradiction, we have k = 0, and hence we get, under
the assumption that n > 2,

BV biv; + ijz-).

o1
1+n) TS = It

1
4.7 =
Transvecting (4.7) by b'y?, we have

1
4(1+n)

1

2 . .
IO (b“v; + vpbj),

(48) Ty = (b2V + ’Ubﬁ); T =

where v, = v;b°. Substituting k = 0, (4.7) and (4.8) into (4.4'), we have
(4.9) {21 +n)VF —12(1 + n)Hsg — 36*°VI} = 38{v,I — BVG'}.

The terms of (4.9) which seemingly does not contain 3 are
(1+ 2b%)a® [{(12n — 1)b? + 60}V — 12n(2b% — 1)50].
Thus we must have hp(8) Vs such that
(1+ 26%)a [{2(1 Fn) 4 (1+4n)b2}V — 12(1 + n)so] = (Vs

Hence there must exist a function h(z) such that

0 so = 1—2(%5 [{2(1 +n)+ (1+4n)b2}V — hﬁ];
s = mi—n) [{2(1 +n) + (1+ 4n)b?}V; — hbj].

Consequently, we obtain, under assumption that n > 2,

1 1
Too = 2(1 +’I’L)’8V’ To = 4(1+n)(

= 1_2(1%7) [{2(1 +n) + (1 +4n)b*}V — hﬁ].

b2V + ’Ubﬁ),

So
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Conversely, substituting k = 0 and (4.7) into (4.5), we have 3B™,, =
V, that is, B™,, is hp(1).

Next we deal with o® = 0 (mod 3), that is, n = 2, b> = 0 and
o? = (38, 6 = d;(z)yt, d;b* = 2. Since the dimension is equal to two and
(b;, d;) are independent pair, we can put v; = f(z)b; + g(x)d; under two
functions f(z) and g(x), and then v, = 2g. Transvection of (4.10) by b°
leads to g = 0. Hence we obtain v; = f(z)b; and v, = 0. Substituting
the above into (4.7), we have

(4.11) 2(1 4+ n)roo = f(2)B%  2(1 +n)ry; = f(x)bib;.
Further from (4.8), we get r; = 0. Furthermore from (4.10), we obtain

(4.12) 12(1+n)so = {2(1 +n)f(z) — h(z)}5;
' 12(1 4+ n)s; = {2(1 + n) f(z) — h(z)}b;.
Conversely, substituting a? = 3§ and (4.11) into (4.5), we have
3B™,, = fB+ kd, that is, B™,, is hp(1).
Summarizing up the above, we have

THEOREM 4.1. A Finsler space with L = o + 3?/a is a weakly-
Berwald space, if and only if

(1) o #0 (mod B) : (4.7) and (4.10) are satisfied under n > 2 and
vp = v;bL.

(2) @®> =0 (mod B) : n =2, b> =0 and (4.11), (4.12) are satisfied,
where o = 35, § = d;(z)y* and f(x), h(z) are functions of (z*).

5. Cubic Finsler space with an («a, §)-metric

In the present section, we find the condition that the cubic Finsler
space be a weakly-Berwald space.

Let the so-called cubic metric on a differentiable manifold with the
local coordinates x* be defined by

o p
L(z,y) = (aijr(z)y'y’y*)3 = i),

where a;;; are components of a symmetric tensor of (0, 3)-type, depend-
ing on the position z, and a Finsler space with a cubic metric is called
the cubic Finsler space. It is regarded as a direct generalization of Rie-
mannian metric in a sense. We quote from the proposition as follows:
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PROPOSITION. [9] Let F™ be a Finsler space with a cubic metric
L(z,y)

(1) In case of n > 2, if L is an (a, 3)-metric where « is non-degener-
ate, then L3 can be written in the form L3 = c¢,028 + co3% with
two constants ¢, and cy.

(2) In case of n = 2, L is always written in a generalized (—1/3)-
Kropina type L = a%,B% , where o may be degenerate.

Now the cubic metric L(w, 3) of F" is given by

(5.1) L3(a,,3) = 1028 + ¢33,
where ¢; and ¢y are constants. For this case we have
(5.2)

3L2L, =2c1af3, 3L?Lg = c10® + 3c282,
9L° Lo = 2¢18%(3¢2% — c10?), 27L3Laaa = 8c2aB3(c10? — 9ca8%).
By means of [11], we have
G™ = 0" +2B™,
(5.3) B P { ™y (3co32 — claz)bm} N (c10? + 302,32)81,”0,
Q 2c18 2¢,8

where
P = c18ro0 — (c10® + 3¢28%)s0,

Q= 3aﬂ2 — cl'y2, a=cyb®+¢.

Substituting (5.2) into (2.12), (2.2) and (2.10), and substituting the
obtained results into (2.11), we obtain
(5.4)

m 9 , ) , .
B"m = ot pes 8 (8QA’ + 817 (3c2f” — c10”)C'}roo

— 8{B(c10? + 3c2B?)QA’ — 3a*(3c2? — c1?)Q%L3
~ 38(3¢28° — c10®)D'}sp + 48¢102 5% (3¢ 8% — c1a2)QL3r0],
where
A" =9c23° + ca{—9cob® + 2(n — 8)c; }3a?
+ 1 {18¢3b% + (2n — e }62a4 + 3¢23%a8,
C' = 3cy(3a + ¢1)B* — 6¢1(3a — ¢1)B%a® — 3c2b%0d,
D' =3c2(3a + ¢1)3® — c2(18bcZ + 45b%cico + 16¢2) 5%
+ 2¢1{9b*c3 — b%ca(5c1 + 3c2) — 63} B4
+ b33 (14b%¢s + 9¢1)f%a® — 2bic3ab.



On weakly-Berwald spaces of special (o, 3)-metrics 439

Before discussing our problem, we have to check the assumption c¢; #
0, Q # 0 and L? # 0 because c;Q?L3 appears in the denominator of
(5.4). If L> = 0, then ¢; = 0 and ¢y = 0. Thus ¢; # 0 or ¢y # 0. Also,
if Q =0, then c2b? + ¢; = 0 and ¢; = 0, that is, c3b?> = 0. Thus ¢; # 0,
ca # 0 and 4% # 0. Consequently, ¢; # 0, c3 # 0 and b? # 0 are proper
assumptions in the present section.

The above (5.4) can be rewritten in the form

(5.5) 48c1a2ﬁQSBmm — clﬂT’r‘oo —+ 8a2U80 —_ 48c1a2ﬂ2V7“0 =0,
where

S =ci1(8a+c1)*B% 4+ c1(3a +c1)(a+ 3c)B?
+ c1b?{ea(1 — 6e1)b? — 8c2} 820 + cPbal,

T = —657c3(3a+c1)B% + c2[1971c3b* + c1c2b*{8(6n — 75) + 8019¢s}
+ c2{64(n — 8) + 3688c,}]3°a*
+ ¢1[—4599c3b* + (8n — 3937)c1c2b? + 4ck(16n — 251)]8%t
+ ¢102{657cab? + ¢1(833 — 16n)} 3%’ + 21908,

U = 3[9¢5b* + 3c1cab®{(2n + 7)c3 + 3c2} + 4c3{2(n — 9)c3 + 32} 5°
— 9¢1¢2[8c2b* — B2 {(n + 4)c1 + 6¢2}]B%° |
+ 2[21c2b* + 0% {(133 — 2n)c; — 18¢2} + 8(n + 1)c3]B*at
+ 26362 {9¢sb? — (n — 8)c1 }B%0® — 6b*ciad,

V = 3c2(3cob? + 4¢1) 8% + c102(3c2b? + 8¢1) B
— c2(5cob? + 4cp) B0t + 5b%ab.

Since B™,, is supposed to be hp(1), the term in (5.5) which seemingly

does not contain o? is 657cic2(3a + ¢1)B°roo only, and hence we must
have hp(9) Vs satisfying

(5.6) 657c1c2(3a + ¢1)B%r00 = 02 V.
Since b% # 0, we are concerned with the general case a® # 0 (mod f3).

(5.6) shows the existence of a function k(z) satisfying Vo = kB°, and
hence we have :

(5.7) roo = &2 f(x); 1y = ai; f(z),
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where f(x) = k(z)/657c1c3(3a + c1).
Transvecting (5.7) by b'y’, we obtain

(5.8) ro = Bf(z); r; =b;f(x).
Substituting (5.7) and (5.8) into (5.5), we have
(5.9)  B{48c1BSB™m — c1 f(z)(T + 4862V)} + 8Uso = 0.

Since only the term —48b*c}a®sg of (5.9) seemingly does not contain 3,
we must have Ap(8) Vs such that

aBsy = BVs.
8

The above shows the existence of a function g(z) satisfying Vs = g(z)a®,
and hence

(5.10) so = Bg(x).

Consequently, we obtain rog = o2 f(z), ro = Bf(z) and s = Bg(z).
Conversely, substituting (5.7), (5.8) and (5.10) into (5.5), we have

(5.11) B{48¢c1SB™, — 48c1 f(2)BV'} = c1 f(x)T — 8g(x)U.

Only the term (219c¢; f(z) — 48b%cig(x))a® of (5.11) seemingly does not

contain 8, we must have hp(7) V7 such that o® = V;. From Lemma

2.2 it is a contradiction. Thus we have SB™,, = f(z)8V, that is, we

must have a function h(z) such that B™,, = h(z)S3, which is hp(1).
Therefore we have

THEOREM 5.1. Let F™ (n > 2) be a cubic Finsler space with L> =
c10?B + 3 and suppose ¢; # 0, c; # 0 and b*> # 0. F™ is a weakly-
Berwald space, if and only if there exist functions f(z) and g(x) such
that (5.7) and (5.10) are satisfied.
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