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A NOTE ON ASCEND AND DESCEND
OF FACTORIZATION PROPERTIES

TARIQ SHAH

ABSTRACT. In this paper we extend the study of ascend and de-
scend of factorization properties (for atomic domains, domains sat-
isfying ACCP, bounded factorization domains, half-factorial do-
mains, pre-Schreier and semirigid domains) to the finite factoriza-
tion domains and idf-domains for domain extension A C B.

Following Cohn [5], we say that R is atomic domain if each nonzero
nonunit of R is a product of finite number of irreducible elements (atoms)
of R. It is well-known that any UFD or Noetherian domain is atomic.
We say that an integral domain R satisfies the ascending chain condition
on principal ideals (ACCP) if there does not exist an infinite strictly as-
cending chain of principal ideals of R. An integral domain R satisfies
ACCP if and only if R[{X,}] satisfies ACCP for any family of inde-
terminates {X,}(cf. [3, Page 5]). But by Roitman [9] the polynomial
extension R[X] is not atomic whenever R is atomic domain, in general.
It is well-known that any domain satisfying ACCP is an atomic but the
converse does not hold (cf. [7]) (see also [9] and [13]). '

By [3] an atomic domain R is a bounded factorization domain (BFD)
if for each nonzero nonunit z € R, there is a positive integer N(z) such
that whenever x = x1---x, as a product of irreducible elements of R,
then n < N(z) (equivalently, we may just assume that each z; is a
nonunit of R (cf. [3, Theorem 2.4]). Noetherian and Krull domains
are BFDs ([3, Proposition 2.2]). Also a BFD satisfies ACCP but the
converse is not true (cf. [3, Example 2.1]).

In [12] Zaks introduced the notions of half-factorial domains, by the
same, an atomic domain R is a half-factorial domain (HFD) if for each
nonzero nonunit element x of R, if z = x1--- 2y, = y1 - - -y, with each
z;,y; irreducible in R, then m = n. Obviously a UFD is an HFD but
converse is not true, for example Z[y/—3|, and an HFD is a BFD (cf. [3]).
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In general HFDs do not behave very well under extensions. By [3, Page
11], if R[X] is an HFD, then certainly R is an HFD. However, R[X] need
not be an HFD if R is an HFD. For example the domain R = R+ XC[X]
is an HFD, but R[Y] is not an HFD since (X (1 +iY))(X(1 —3Y)) =
X2%(1 + Y?) are factorizations into irreducibles of different lengths (cf.
[3, Page 11]).

In order to measure how far an atomic domain R is being an HFD,
by [1, page 217], the elasticity of R is defined as

p(R) =sup{m/n: 1 Tm = Y1+ Yn, each z;,y; € R is irreducible}.

Thus 1 < p(R) < 0o and p(R) =1 if and only if R is HFD.

By (3] R is an idf-domain if each nonzero element of R has atmost a
finite number of non-associate irreducible divisors and UFDs are exam-
ples of idf-domains. Moreover, Noetherian domain R = R + XC[X] is
an HFD but not an idf-domain(cf. [3, Example 4.1(a)]).

By [3] R is a finite factorization domain(FFD) if each nonzero
nonunit of R has a finite number of non-associate divisors and hence,
only a finite number of factorizations upto order and associates. An
FFD is not an HFD and vise versa. Moreover, an integral domain R is
an FFD if and only if R is an atomic idf-domain (cf. [3, Theorem 5.1]).

In general,

FFD < UFD = HFD = BFD = ACCP = Atomic and
Atomic < ACCP <= BFD <« FFD = idf-domin.

- But none of the above implications is reversible.

According to [5] and [11], an element z of an integral domain R is
called primal if whenever z divides a product ajas with a1,a2 € R,
then z can be written as x = z122 such that x; divides a;, i = 1,2
(an element whose divisors are primal elements is called a completely
primal). A domain R is called a pre-Schreier if every nonzero element
z € R is primal. An integrally closed pre-Schreier domain is called
a Schreier domain. By [5], any GCD-domain ( a domain R is called
a GCD-domain if every pair of elements of R has a greatest common
divisor) is a Schreier domain.

Following Zafrullah [10], we say that an element z of integral domain
R is said to be rigid if whenever r, s € R and r, s divides z, we have s
divides r or r divides s. Also R is known to be semirigid if every nonzero
element of R can be expressed as a product of a finite number of rigid
elements.

By [6, page 326], for a (commutative) ring extension A C B, the
conductor of A in B is the largest common ideal A: B={z € A:zB C
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A} of A and B. In [8], the whole study is based on the conductor ideal
A : B and on the Conditionx : Let A C B be a (commutative) ring
extension. For each x € B there exist ' € U(B) and 2" € A such that
z = 2’2", in which we established a criterion for ascend and descend of
factorization properties.

In the following we restate ([8, Proposition 2.6, Proposition 2.7 and
Theorem 2.10]) as:

Let A C B be a domain extension which satisfies the Condition* and
M = A: B is a maximal ideal in A.

(1)

(a) Then A is atomic if and only if B is atomic.

(b) If A is atomic, then p(A) = p(B).

(c) Then A satisfies ACCP if and only if B satisfies ACCP.
(d) Then A is a BF'D if and only if B is a BFD.

(e) Then A is an HFD if and only if B is an HF'D.

(2) If A is a pre — Schreier ring, then B is a pre — Schreier ring.

(3) If A is a semirigid domain, then B is a semirigid daomain.

In this paper we extend the study of ascend and descend of factoriza-
tion properties to idf-domains and FFDs for a domain extension A C B
which satisfies the Conditionx whereas M = A : B is a maximal ideal
in A. But first we give some examples of ring extensions satisfying the
Condition * .

ExaMmPLE 1. (a) If B is a fraction ring of A, then ring extension
A C B satisfies Condition*. Hence the ring extension A C B satisfies
Conditionx is the generalization of a localization.

(b) If B is a field, then ring extension A C B satisfies Condition * .

(c) If the ring extensions A C B and B C C satisfy Conditionx,
then so does the ring extension A C C.

(d) If the ring extensions A C B satisfies Conditionx, then the ring
extension A + X B[X] C B[X] (or A+ XB[[X]] C B[[X]]) also satisfies
Conditionx.

THEOREM 1. Let A C B be the domain extension which satisfies
the Conditionx and M = A : B is a maximal ideal in A. If A is an
idf — domain, then B is an idf — domain.

Proof. Suppose A be an idf-domain and let 2 be a nonzero element
of B. Therefore there exist 2’ € U(B) and z” € A such that z = 2'2".
Since z” has finite number of irreducible divisors in A, which are also
irreducibles in B, by [8, Theorem 2.5(d)]. Hence each nonzero element
of B has finite number of irreducible divisors in B. O
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THEOREM 2. Let A C B be the domain extension which satisfies the
Conditionx and M = A : B is maximal ideal in A. If A is an FFD,
then B is an FFD.

Proof. Follows by (3, Theorem 5.1], [8, Proposition 2.6(a)] and The-
orem 1. O

The converse of Theorem 1 and Theorem 2 is not true because if
we consider the domain extension A = R +XC[X] C C[X] = B which
satisfies the Conditionx and M = A : B = XC[X] is a maximal ideal
in A. As C[X] being a UFD is an idf-domain but R +XC[X] is not
an idf-domain (cf. [3, Example 4.1(a)]). Moreover it is observed that
U(B)NA=U(A) and U(B)/U(A) is infinite. On the other hand for the
field extension Fy C Fj, the domain I + X Fo[X] (or Fy + X Fy[[X]]) is
an FFD if and only if F5 /F} is finite which is only possible if F; = F
or F; is finite (cf. {4, Example 5]).

REMARK 1. Let A C B be the domain extension which satisfies the
Conditionx and M = A : B be a maximal ideal in A. Let B be an idf-
domain and let z be a nonzero element of A. Therefore = being an ele-
ment of B has finite number of irreducible divisors in B, say di,ds, ..., d,
and hence z = bdydy - --d,, where b € B. But z = 2’2", with 2" € A
and z’ € U(B). Therefore

z=2'z" =bdids---dy.
This implies
" = (2')"'bdidy---d,
= ()" Wv'd\d}dyds - - - dldl
(@) iy d i .
Here (/)Y ¥,d},d},...,d, € U(B) and b",d/,d4,...,d! € A. Hence
by [8, Theorem 2.5(b)], whenever d; € M, d; is irreducible in A if and
only if d; is irreducible in B, so in this case d; = 1d;. Now if d; € B\M,
then d; is irreducible in B if and only if d! is irreducible in A, where
d; = did] with d; € U(B) and d] € A (cf. [8, Theorem 2.5(c)]). Since
b'did, - - d;, = u € U(B), therefore .
¢ = o' ((«)"Wdid,---d,)b"d{dy - d)
ub"d!dl - d".
Now if z € A\M, then u € A (by [8, Lemma 2.3(a)]). Since U(B) N

A = U(A) (by [8, Proposition 2.2(c)]), therefore u € U(A). Similarly
if z € M, then either " € M or b” € A\M. It is obvious that for
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b € M, ub” € A. However it is not always true that for b” € A\M and
u € U(B)\U(A), ub” € A. To make this always happen that ub” € A, we
may assume that U(B) = U(A). If a domain extension A C B satisfies
the Conditionx such that U(B) = U(A), then A = B. But if F} C Fy
is proper finite field extension, then the domain extension A = F}[X]
C Fy + XF3[X] = B is such that U(B) = U(A), which does not satisfies
the Condition x . Surprisingly both A and B are FFDs and hence idf-
domains.

REMARK 2. In the domain extension A = Z9)+XR[[X]] C R[[X]] =
R+ XR[[X]] = B, A and B are idf-domains (cf. [3, Page 13]). Obviously
this extension satisfies C'onditionx but A : B is not a maximal ideal in
A. On the other hand in the domain extension A = Z)+XR[[X]] C
Q+XR[[X]] = C, A is an idf-domain but C is not an idf-domain be-
cause R*/Q* is not finite. Here we have also observed that the do-
main extension A C € satisfies the Conditionx, indeed; as Z3) C Q
satisfies Condition*, so if h(X) = ¢+ X > ;5 Xt e Q+XR[[X]],
then ¢ = ¢'q", where ¢ € Q* = UQ+XR[X]]), ¢’ € Z(3), hence
X)) =4q(¢ + Xzizo(ql)‘lriXi), where ¢ + Xzizo(q')‘lriXi €
Zip+X R[[X]]. Moreover A : C is not a maximal ideal in A.

REMARK 3. Following [2, Example 5.3|, let V be a valuation domain
and F' be its quotient field such that F' is the countable union of an
increasing family {V;} of valuation overrings of V. Let K be a proper
field extension of F' and K*/F* is infinite. Then each R; = V;+ X K[[X]]
is an idf-domain. However R = UR; = F'+ X K[[X]] is not an idf-domain
because K*/F* is infinite. By this example we have observed several
interesting situations regarding the ascend and descend of factorization
properties for domain extension.

(1) The domain extension V; + X K[[X]] C K[[X]] satisfies the Condi-
tionx as the extension V; C K satisfies the Condition x. But X K[[X]] is
not a maximal ideal in V; + X K[[X]] and such that U(V; + XK[[X]]) #
U(K[[X]]). In this case both V; + X K[[X]] and K[[X]] are idf-domains.

(ii) The domain extension V; + X K[[X]] C F+ X K|[X]] satisfies the
Conditionx but X K[[X]] is not a maximal ideal in V; + X K[[X]] and
such that U(V;+ X K|[[X]]) # U(F+XK|[[X]]). In this case V;+ X K[[X]]
is an idf-domain but F' + X K|[[X]] is not an idf-domain.

(iii) The domain extension F+ X K[[X]] C K|[[X]] satisfies the Condi-
tionx such that U(F + X K[[X]]) # U(K[[X]]) and X K[[X]] is maximal
ideal in F + XK[[X]]. But F + XK|[[X]] is not an FFD whereas the
domain K|[[X]] is an FFD.
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