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GENERALIZED STABILITY OF
ISOMETRIES ON REAL BANACH SPACES

EuNn Hwi LEE AND DAL-WON PARK

ABSTRACT. Let X and Y be real Banach spaces and £ > 0, p > 1.
Let f: X — Y be a bijective mapping with f(0) = 0 satisfying

£ (@) = fFWI = lle = yll| < ellz —yll®
for all z € X and, let f~! : Y — X be uniformly continuous. Then

there exist a constant § > 0 and N(g,p) such that lir% N(e,p)=0

and a unique surjective isometry I : X — Y satisfying || f(z) —
I(z)|| < N(e,p)||=|]? for all z € X with ||z|| < 6.

1. Introduction

Throughout this paper X and Y denote real Banach spaces. It is a
well-known classical result of Mazur and Ulam (5] that an isometry f
from X onto Y for which f(0) = 0 is automatically linear. A mapping
f: X =Y is called an (g, p)-isometry if

I1f(2) = F)ll - ll= - yll‘ <elz—yl?

for all z,y € X.
In 1983 J. Gevirtz [2] showed that if T : X — Y is a surjective
(e, 0)-isometry, then there exists a unique isometry I : X — Y such that

IT(z) - I(z)]| < 20(v2 - 1)~} ((ellz]l)? + 40¢)

for all z € X. Using a result of P. M. Gruber [3], there exists a unique
surjective isometry I : X — Y for which ||T'(z) — I(z)|| < 5e for all
reX.

In 1995 M. Omladi¢ and P. Semrl [6] showed that for any an (g, 0)-
isometry f : X — Y there exists a unique surjective linear isometry
I: X — Y such that ||f(z) — I(z)|| <2eforall z € X.
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J. Lindenstrauss and A. Szankowski [4] studied a wider concept of
approximate isometries. For given surjective mapping f from a real
Banach space X onto a real Banach space Y they considered the function

o(t) = sup{|If@) - F@)I — Nl =l

o —yll < tor || f(z) - FW)I| <t}
for t > 0. They proved that if

* 24(t) -
/ _t2_dt < 00,
1

then there is an isometry I from X onto Y, defined by
I(z) = lim 27" f(2"z),

n—oo

such that ||f(z) — I(z)|| = O([|2[)) as [jz]| — oco.

Using the result of J. Lindenstrauss and A. Szankowski [4], G. Dolinar
[1] showed that if f : X — Y is a surjective (g, p)-isometry with f(0) =0
and 0 < p < 1, then there exist a constant N (p) and a surjective isometry
I+ X —Y such that

If(z) - I(2)]| < eN(@)l]”

for all z € X.

Also he showed that for an (g, p)-isometry f from a real Banach space
X into a real Hilbert space H with f(0) =0 and 0 < p < 1, there exists
a linear isometry I : X — H such that

17(z) - 1(@)]| < Cle, pymax{|la|?, |21}

for all z € X, where C(e,p) — 0 as ¢ — 0.

In case p = 1, from the result of J. Lindenstrauss and A. Szankowski
[4] we obtain an (g, 1)-isometry T' from lp onto itself which satisfies for
every linear operator L on Iy there is an x € [ so that

17(z) = L(z)I| = [|=|-
Thus we cannot obtain an isometry I : lo — I3 such that
IT(z) — I(=)|| < C(e)l=

for all z € Iy where C(e) » 0 as e — 0.
In this paper, given p > 1 and ¢ > 0, let f : X — Y be a bijec-
tive (g, p)-isometry with f(0) = 0 and, let f~! : ¥ — X be uniformly
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continuous. Then there exist a constant § > 0 and N(g,p) such that
lirr(x)N (¢,p) = 0 and a unique surjective isometry I : X — Y satisfying
E—

[ f(z) = I(z)|| < N(e,p)ll=|”
for all z € X with ||z]| <.

2. Results

The following theorem is a generalized proposition of J. Lindenstrauss
and A. Szankowski [4].

THEOREM 1. Let f be a bijective mapping from a real Banach space
X onto a real Banach spaceY . Let o > 0 and ¢ be monotone increasing
functions such that ¢(2t) < 2%¢(t) for real number t > 0 and

1)~ £~ Iz~ 91| < 6(l= — ol
for all z,y € X. For given § > 0, let ¢ be a mapping satisfying

1£(2) = £l = le = | < w15 @) - F@)I)

for all z,y € X with ||f(z) — f(y)|| £ 4.
Let d = ||lx — y|| < & and n be a positive integer such that 2" >
W Then we obtain

flz)+ ()

1Y) r

I1£(

< 8Y(d) + 8¢(d) + = Z¢ 25" max(1, 2% 1)d)
k——l

Before proving the theorem, we define some notations and prove the

following lemmas. Given z,y € X with d = [[z —y|| < 4, let u = %y

and v = £ (z);f @) We define inductively two sequences {u;}52 cX

j=—o0

and {vj}?i—oo C Y by putting ug =u, vo =v
(1) Uj+1 = f—l(v—j)’ Vj+1 :f(u—])7 J =0,1,2,...
U—; = au;,v—5 = b’U]',

where a and b are the isometries of X and Y satisfying

ar’ =2u—12', by =2v -1/
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for all z/ € X and 3/ € Y. We define the following numbers

(2) d2; = max{ |lugk —uall | [k —1|=7,—j <k 1<j}
Doj = maxocics{ |luzi — =], luzi — yl| }
for j =0,1,2,....
LEMMA 1.
Symin > 263m — 27¢(Sym)
m=1,2,3,....

Proof. Let —j +1 <k, ! < j with |k —[| = 7. Then we have

(3) I f(u_ort2) ~ flu—ais2)]|
= ||lvak—1 — var-1|| = ||bvak—1 — bua—1||
= |lv_zrs1 — v_ap1ll = 1 f (ugk) — flua)ll.

Thus (1), (2) and (3) imply

(4) lluzk—2 — ugi-all — lluak — U2zl|’
= |lou-gk+2 — ocu_zit2l — |luak — um“’
= |lu-zrr2 = u-zrsall = luze — uall|
< Jlluzakre — -zl = 1 (u-gkse) = flu-zs)l|

{11 uams2) = £zl = 1 Fw2r) = Flw)l

{1 uzk) = fwa)ll = lluze — il

O(llu—2k+2 — v-2it2ll) + S({luzk — uall)

2¢(82;)-

IAIA

Let k,I be such that —2™~ ! < k, | < 2™~ with |k — | = 2! and
(5) (Szm = ||u2k - u21||.

Since ||u2k — u2;|| = ||u_2k — ’u,_gl”, om—2 < |k| <2m—1or gm—2 <
|| < 2m — 1, there is no loss of generality to assume that k > 2™~2.
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Applying (4), we have

‘Huzk — ugy|| — |Jugm — u01|'

< 'Huzk — ugy|| — ||ugkt2 — u2l+2[|‘ TR
+’|IU2m-2 — u_al| — [lugm — uOll‘

< (@77 = k)g(d2m)

< 2™ 1 (Gom).

Hence we get
) k= watll — 27 1p(53m) < [luzm — o).
Thus (5) and (6) imply
Gomt1 2 |lug-m — ugm || = 2|lugm — uol|

> 209m — 2™ p(0gm)

form=1,23,.... O

LEMMA 2. Ifj < then Ng; < 3¢,

d
4(8(d)+y(d))’

Proof. Without loss of generality we can assume that ¢(d) < g and
P(d) < 4. Since Ny < ¢ < 3¢ we assume that Ag, < 3¢, for 0 < k < j
4 2 =74 4

(7) lu—2k =yl = llau—2x — ayl = [luak — ||
< Dop < —.
Hence we have

I1f (u—2k) = F@)I = llu—2k — yll| < S([u-2x — yll) < S(d).

Thus by (7) and our assumption we have

(8) 1 f(u—2k) = F < Nlu—2 — yll + ¢(d) < d.
So we obtain
(9) | f(uzks2) = @) = |lv_2k—1~ f(2)]
= |lbv_gr_1 — bf (@)
= flvek+1 — f(Y)Il

= |[f(u—zx) = FW)II.
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From (8) and (9) we have

(10) luzksz = ol = £ (uaks2) = (@)l
< (lf(uaws2) - F@)]) < ().
Thus (9) and (10) imply

Jusera = all = Juze o]
(1) = |luzks2 ~ all = ouzk — asl]|
= |luaks2 ~ 2l - u-2t =
< [luzkss = ll = 1 (uzns2) = £

{1 (wzs2) = F@I = 1 (u-20) = |

{117 (u-28) = S = N2~ 3l
< ¢(d) +¥(d).
Replacing z by y in (11), we have
| Aoky2 < Dgi + ¢(d) + ¥(d).

Since ANy = %, using induction we have

d
Dak+2 < 5 + (k+1)(g(d) +4(d))-
Since k + 1 < j, Aggia < 3d. O
Proof of the Theorem 1. Suppose there exists the largest non-negative

integer m such that 2™ < ; P d)i DR
By Lemma 2, Agym+1 < d. Since dg; < 2AAy; for every j, we have

(12) Sgm—k < Ogm+1 < 2/gme1 < 2d
for k=-1,0,1,...,m—1.
By Lemma 1, we get
(13) bymos < Sy + 2N G(5ym ).
We will prove that
(14) Sym-r < 27 max(1, 2% Y)d
for k=-1,0,1,...,m— 1.
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If k = —1, we have from (12)
Som+1 < 2d < 2max(1,2% 1)d.

Suppose (14) holds for k — 1,0 < k <m — 1.
Using (12) and (13),

1
dgmt < S Opmeria + 2™ F L (Somo)

1 d
< lmetir + k=10
< Pt @@’
< %62m_k+1+2—’“—32°‘d
< 27 %[max(1,2%77) g
< 2" max(1,2%"1)d.

Using Lemma 1 repeatedly, if m > 1, we obtain for m =1,2,3,...

m—1

Sgmer > 270y — 2™ D (Sgm-k).
k=0
Hence we have
m—1
(15) 92 + d(02) < 27 dgm+1 + Z d(6gm—k) + ¢(52)
k=0

; d - 8(¢(d)+9(d
Since D5 < 2m+1’ 2 m <L )d ( ))'
Thus (12) and (14) imply

(16) 62+ ¢(62) < 16¢(d) + 169(d) Z 6(2'F max(1,2%"1)d)

k=-1
form=1,2,3,....
If W < 2, then (12) and (14) imply

(17) 82 + $(82) < 166(d) + 169(d) + ¢(2max(1, 2% 1)d).
Since n > m, (16) and (17) imply

n—1

82 + $(82) < 16(d) + 169(d) + Y $(2°7 max(1,2°1)d)
k=—1
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and
[£(w) =vll = [lvo—w
= Sl -
= 5 V-1 — V1

1

= §||f(u2) — f(uo)||
1

| < 562+ 0(8)).
This completes the proof of the theorem. O

THEOREM 2. Let X and Y be real Banach spaces and € > 0, p > 1.
Let f : X — Y be a bijective (g, p)-isometry with f(0) = 0 and, let
f1:Y — X be uniformly continuous. Then there exist a constant
d > 0 and N(e,p) such that ;1_1{(1) N(e,p) =0 and a unique surjective

isometry I : X — Y satisfying
If(z) — I(z)]| < N(e, p)||z||”
for all x € X with ||z|| <.
Proof. Since t < 2(t — et?) for t < (Qs)ﬁ, we have

() = FWI = lle — yll| < 2?7 (z) = FWIP

for all z,y € X with |z —y|| < '(26)Ti_z’.
Since f~1 is uniformly continuous, there exists § > 0 such that
S
e —yll < (2e)T7 if |f(z) - fly)ll <6
Hence we obtain
I1f (@) = FWIl = llz — yll| < 2| f(z) — fF()IIP

for all z,y € X with ||f(z) — f(y)|]| < 4. Let ||z —y|| = d < § for all
z,y € X.
By Theorem 1, we get

zHyy flz) + fv)

e sy
< BedP + 8PP 41 Til (217" 2P~ 1ypgp
- 2 k=-1

= M(,p)lz —yl?,

where M(e,p) = <ls(i +2) + ZpE
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Since f(0) = 0, we obtain

(18) 17 - 1) < e el

2
forall z € X, |z|| <4.
For a given x € X, there is a positive integer n such that ||27"z| < 4.
If m > n, replacing x by 27™x in (18), we have

If @ e) — %f(Z_mx)ll < M((e, p)l|127x||P.

Hence we obtain

|27 (2 7) 2 (@) < 2L 0P o,
1—ol-p
Thus {2" f(27"z)} is a Cauchy sequence. So we define I : X — Y by
I(z) = lim 2"f(27"z) for all z € X.
n-—0o0

Hence we get
(19) |1 f(z) = I(z)]| < N(g,p)l|zl}?
for all z € X, ||z|| < §, where N(e,p) = 2M(e,p)

) T Tt
Since f is an (g, p)-isometry and

I127f(27"e) — 2" F (2" Y)l| = lle — yll| < 207z — yP

for all n € N, I is an isometry.

Next we will show that I is an unique mapping satisfying (19). Let
I’ be an another isometry satisfying (19). Since I and I’ are linear, a
given x € X

1(z) - ') = |12"1(27"2) — 2"I'(2"x)||
< 2N(e,p)2"07Pja|P

for sufficiently large n € N. Thus I(z) = I'(z) for all z € X.

Finally we will show that I is surjective. Assume that there is a non-
zero y € Y so that ||y — I(z)|| > a > 0 for all z € X. Then there is a
sequence {z,} such that f(z,) = Ly. Since f~! is continuous, ||z, | — 0

and

(20) 1 () — I > ~a

foralln e N.
Since f is an (g, p)-isometry, we have

3

1
. < p
lznll = —liyll| < ellz]
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for all n € N. Thus ||lz,|| = O(1), and so [|z,|[P = O(%). Since

If(2n) — I(@n)ll < N(e,p)llznll”
for sufficiently large n € N, we obtain

1
1f (@) = I(zn)ll = OC).
This contradicts to (20). This completes the proof. O
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