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Development of an Enhanced 8-node Hybrid/Mixed Plane Stress
Element : HQ8-14 /4 Element

HZAL - BRIl . Qagrr

Chun, Kyoung Sik * Park, Won Tae * Yhim Sung Soon

Abstract

A new enhanced 8-node hybrid/mixed plane stress elements based on assumed stress fields and modifed shape functions has
been presented. The assumed stress fields are derived from the non-conforming displacement modes, which are less sensitive to
geometric distortion. Explicit expression of shape functions is modifed so that it can represent any quadratic fields in Cartesian
coordinates under the same condition as 9-node isoparametric element. The newly developed element has been designated as
‘HQ8-14/. The presented element is compared with existing elements to establish its accuracy and efficiency. Over a wide
range of mesh distortions, the element presented here is found to be exceptionally accurate in predicting displacements

Keywords : hybrid/mixed element, assumed stress, 8-node plane stress element, modified shape function, non-conforming dis-

placement modes.
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59 WgE ke /PSS A89 A3taae] /e o Piand}t Tong(1986)y2 71313HA] AdEo] BA3HA] ¢k

A&

X J

r_{

*HIR - (DHILQLAAEE DS - ZSHEINKEmail: chunks@dreamwiz.com)

AR - 2EIFTUHE N SAAMISE 4 - SN - DA AKEmail: pwtae@kongju.ac.kr)
QR - MENE S ESZSHI 14 - 2SEINKEmail: yhimss@uos.ac.kr)

B264 HE2AYE - 20065 3H -319-



<8 Agk2)S AK oM, Piandt Wu(1988y= ZAAOA H
A W99} g aple] oJgh 7ol 00] HES s}
T 210E o83l §8 AL 5E TRk

HZoll, Sze(1992)F hybrid 842 FA8H7] 918 Hw
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840 A E I Aatet AR FESITE o A
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Aoz FHEHA 3} FAFEL Y FPEA 9 o
kS 423031t} Chen}t Cheung (1995)8 7133872
2Hg317) Q18 BIAF WReS HH3] Mugozn 9
0] A el 3k 9AES 932 = JdTE wu
9} Cheung (1995, 1996y W4 A HIYZHAS
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2. 8EH Edgo 78

883 e 984 THiiH 84 FYs =5t
oA 23} WHIAE A3 HIBIEE 4T 5= 3
84 T HIAE 84 9ES o)F= &l HHe] WY
of thgt MExgtor FEXAS AAIHKikuchi =,
1999; MacNeal?} Harder, 1992; Chun¥} Kassegne, 2005;
Chun 5, 2005).
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714, MV 983 Lagrange £ M Aol e
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Aow AGyp} 2ol AL 4 Uk
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AARAEHY, 24)= 884 Serendipity 249 g
M; 9} 9895 Lagrange £2:9] B3310ke] BAIS e
Aotk A= B =wdA H&stax} st 88F
Serendipity 84x°] 8% ¥ ghrolth(Kikuchi 5, 1999;
AAA 5, 2004, HAAT AR, 2004, HHAH 5,
2004).

M (& m) = N(E M- 1/ANy(E 1) (4a)
My o(& M =Ny o(& M+ 12N,(E ) (4b)
- L PirDs 5
My(& ) =M (&) mNg(é ) (5a)
Dm—Dl.
M, (& m =M, (& 77)+WN9(§ Y)) (5b)

3714, AAF3F A (natural coordinate system) &} 7= 73
AFoA 13 Zom, iHdX Y gk A7 &=-11.1,
-1,0,1,0-13  p~1,-1,1,1-1,0,1,0°]c}. D= A oA
Jacobian 9 (x, y)/d (& m)e] 4ule} FUT e 7AYo
7} o] goJgitt,

D,- X=X X, X, ©)
iTYi YV
(i,j,k,m)=any one of{(l’z’3’4) (3’4’1’2)} @)
(2,3,4,1) (4,1,2,3)
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&re A Bikehs S Ado

HIZS R =e] 71E3S Q4o AR 191H
07 HAdURAE FAIBKRE v g Ao ¥
Fellol] A2 HAEIAF W9, incompatible displacement
mode)? =5 F715}] WENPRER Aokd Wsves &
o] Fo Al WS Hlsh= Aot HA, 2003). =,
40 7HE Wflel AdEe] e WS Fkke
Aol
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MM NY ®
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KA



J8 2. 88 fEleeAE

AN, M E AT FHE FATERA A 2(5)
of Agoletltt. N, = BT W=tk ne 24T A
ATE, me AMEE HIAe MeREl] 5 ou|sht. 84
A Serendipity 84l ARETFsEF 71HEZ] HIAG wIR
== a9 28} 21, o]F o' ®HEP 299t 2ok
(Chun 5, 2005; Choi®} Park, 1999):

Ny=E1-E) M= n(1- 7). N =(1-E)1-7)

Ny=En(1-&).Ns=En(1-17)

219 8895 840 ZF Aol 09] gks 7EAWEA] 7]
& Sul7iEss Q4 (isoparametric element)ollA] UERS o 7]
A e AFRIS g3l e muSelth 2(9)]
AMAel FHA Bes 33 S, Al Res B
g MR EE FUksl] fgtelH, vldsiel oAl v
Edol tigk AekS eselr] fIgh Aotk &2, 2003).

- Kim#} Choi(1992), Choi¢} Park(1999y= A2l H]
2ot el e, AR 2ol AR ES Esl 8
A7 9t E Q4 (Plate bending element)2] A5-S 7HX1813TH
. TE0] ARIg 84 A8 HIA MfREe met
Ho}. Kimd} Choi(1992)7} AA1EF NC-QHE= HIZE M=
N, N, ZZ3l Ns S ARE3190.0m, Choit Park (1999 H]
23} HEE N ~-N, S A3 NMS-8PZ AJAJ&1t).
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EEste] Aol st olW hybrid 85789 g
ZIHQ] =ZH-L Pian®t Wu(1988), Chen?} Cheung(1995)°]
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= vA3 WeRdye] A ANFoZH 5
e dS3iT
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4. TV

<, hybrid £38840] HH] $HFS =E3]
e Al WRlo] AXNEA. o5 W =
714-82 (assumed stressyS 18 7E:32719] Agolct.
7} Tong(1986)y 7F4-8-82] iabatol] thgh
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SHHTE 2k 880l ﬂﬁo}fﬂ A (18)°] UrE}kH 8%
< 844 7888 24F Jidsed oA FEsith
(Feng 5, 1997, Chun %, 2005) Iy 2(23)9] 8%
o th3h 14712] SHHFE 22T9olx F28=o] 9
& 2AgEE AAH AfEs FTMIIA et 39
FE WEFEE FH3PA A (19)9F 2o] e =
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AFAFEEA NN T 849
Jacobian PH] QAEF :r’- H H3lsiHo|t}, HeliHe
AAFEA ANA e (L8, covariant) 582 AW
AN Zejd E\’JZ']O] Q‘E:LE HIA7 = s s
o}, RIS M=} 520 2100l o8] HE §Y
g Tk WS _049_:1'%/\]_5 o] 2] pE o]}
AAFTAL] AR &, THSHOZ Hogt & o5 W3l
o olgsle] WA HuA S Beld Hrow Waks ;4\51].
FY3ITH(Yeot Lee, 1997). WA HIZG HIRES
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5. Hybrid 33 242| HA|5}

Hybrid $8723= 7Pd-8-83d-l diell 72218 2=
Hellinger-Reissner ¥12]oll A4S}, Piant Wu(1988)01 <]
St Hellinger-Reissner Hel—= 23} At}

M, = 7% chTScsdm [ o' (Dwyda (20)

P 2= 8% Y QS iR s AR 4
99, Dt WMRE - WITAE 99 FRANAE oul),
g WSy 2 WIS WITE 0] 2591 )
W u=utuLlth o= 7H8-89 WEE YeRi
Frees 73 flal shte] a4l diste] gojd 3
S ZZF YolA] W9, 2388 g} o] Al o)
F88e 27 ANN d&EF1S 8= 1A gou=
B $EHe ZARIAES 24T FHHoE A9
T At
u=Nd (21

N
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o

el k1

o=Pf (22)

oA71A, f= 7887 Wl #gk HEelt). M= AFEE
AlelA] Aolel 7122Q1 SriziH Fdsee] sjdolnt. p
= 88 AL F5e] ™ol

Aol Aen 22y thdste] geljshd, vt 22
JH 2] Fel9] Hellinger-Reissner HIGS 78 4= Ut

M,z =—38"HB+BGd 23)
o714
H= j P'SPIQ
Q

G:_[ P'BiQ (B=D-N)
Q

N3 S8 DA QA 5 84 wslol thste] wEe
Aot AsH BRAE T 4 ok ol 89 24 2
2= 84 g9jdA] FYPZEoE HoHY] wiEe] $8 &
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o™, 3X3 Gauss-Legendre &%-3 ARSI 3t

6. XA R ofix|

B =T AAIE hybrid 38 24:0] A% o] oA
kgt A% FAdAlE 5 A 3%e 2 84

(quadrilateral element)®] /353712 AMS-HTh EE oA
ARSE AlE= AY, B4, o a3 AEs 2t

ek Hgat sjdmae] sl wE Qeag A
slonz 54 welz 7RA0] EAT BaE gick. A

9 a4 F l'ic ASQ] X Axe} nluwsle] Pk 2 S
HAXo] =& Aoz T E 12 AXE 949
IS lﬂtﬂ*hi AR FHsHes 3RS 4
23k Aotk

6.1 17 XIAI&(Eigenvalue Test)

M eA7HdfEs o83 IFAAES Tt TS
9] A ZANYAE=(spurious zero energy mode) WA o
B A5 Hudgase 7E520] gl ] &
2ol diske] 3709 AAlE EZ(rigid body mode)7}
EAeto gt AAAAIFLS gk W] ZHo] 1.00]a &
AAAIG 1.0, EokEH] 0.25, T 1.091 BAREE Tl A
¥ 2o tisle] S8, 1 A7 HQS-144= 3 2

x BZo] 7P| ARdUAREE WA e &

/\ oh;]_

6.2 ZZIA|&{(Patch Test)e} ZHEIH &

B Aol AMSE HQS-144 84 IAHEE 9 59
JelE AT F AR oARE Gopry] el 19 33
2o] MacNeal?} Harder(1985y7} AQHet A S =335}
Atk o A6yt o] Aojw We ut vE A EA]
7} A3 3Rk (x, pell 2A81 Alkkslal, ofE szl

A, 2, WEeolA sjimae] 7t Aol g W
d5 9 eue Asasly 1 As AT 2ol JAW
B8 2 gkl e,

u=10"(x+y/2) (26a)

E 2. I7X|(Eigenvalue)

Ai T3]
1 4.5939E-00
2 4.5939E-00
3 2.1333E-00
4 2.1031E-00
12 3.0155E-01
13 1.5621E-01
14 1.0000E-07
15 -5.0000E-08
16 -5.0000E-08
1
(0.06, 0.08)
(0.16, 0.08) E=10°
2 (0.04, 0.02) v=025

(0.18, 0.03) t=0.001
| o
: 0.24 !

37 3. =ZfA@(Patch Test)

A= Yl diste] 77 AEH BE sjrds 82y
STt ol B2 A7ArEdl ool Ea e v
2ot siMrde] )stety @, Al 4 skexd
< I8 40 yehd H}Q‘r Zom, A= i 39
Hlste] YeRRRITE. 3£ 2004w w33l i WS
up= yEEl oigk ‘?‘HE ofm| &t

LCIE LAHFEHE HeeAE Solir] S 2t
Al (Patch test)e] AF-ZH, vlwdpPy =5 H7} 34339t
Zslgon, ol 27X e EJ,}_E_ o)) sheh(Di%}
Ramm, 1994). LC2= slamdle] 3A%L vep)r] 93
o], LC3¥} LC4= 8484e] sl 1:}]6} ek A=3)

v=10"(v2+y) 26b) 7] SIgtelct. £ =Rol AN HHSH R HOS-Bl4S
&= &= %,~10",0,=0,-1333,7,,-04 7) :’E g3 2491 Q8 QPMSEERE opE} WILSIXIATE
£ 2= 4 829 QUIDHET BX Ao w2 o=
2] ARy Aot ke siade] Aol v]  HrhEnh @], Q8 84 Lezell HisiA i o® tas
1. XM Zo|nE 28 feles
Name Description
Q8 Standard 8node quadratic plane stress element.
QPMS 2D plane stress continuum element in LUSAS
QC9D Membrane finite element with drilling degrees of freedom derived by Groenwold and Stander (1995).
53-EP 53 family with equilibrium constraint plus perturbation derived by Di and Ramm (1994).
8 -EP 84 family with equilibrium constraint plus perturbation derived by Geyer and Groenwold (2002).
M543 4node plane stress element with refined transformation matrix derived by Yeo and Lee (1997).
HQ8-145 Present hybrid assumed stress 8node plane stress element with nonconforming displacement modes and modified

shape functions
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LC1 LC2
T E —_— E=
I 1.5 3.0
+ K: V=0.25
1
+1Ig
1 A
i t; —_— — X
R 1.5
Tt T 3
E =1500
v=10.25
LC4 2 2 1,1 4
150 + Tt TLcs Les
i L’f . —_—
B 1000 T
2 150
A
1 -
R | | 1000 T
r 1 T 1 T 2 T 3 T 3 150
T2 4. =ZIA|8l(Patch Test) ¥ ZHEIH] & s{Amdl
E 3. ZZANE X6 Zae|m
LCl1 LC2 LC3 LC4
Element
ulA 7u2A uZA _O;CB 1';‘}’3 u2A _O;‘B
Q8 6.00 17.80 99.70 3003 2.72 101.41 4095
QPMS8 6.00 16.80 99.99 2999 1.65 102.45 4158
QCYD 6.00 16.78 81.86 2541 - 84.59 3453
5(-EP 6.00 17.64 96.18 3014 - 98.19 4137
8-EP 6.00 16.87 84.86 2881 - 88.00 3822
HQ8-144 6.00 17.75 100.00 3000 0.00 102.13 4137
Analytical 6.00 18.00 100.00 3000 0.00 102.00 4050

F2 AdE Holal 9)E Folo

6.3 Cooke| WHEX|
1

N

rr

A9z} o] A0l Aga gTE 2awde 2
siimelel] tha) 48] Aol HE AFEAS Bk

f13ld Cooke] HHEAE 283130t Cook®] HFHEAR=
T2 Q40 e ATS Frel] ffste AReEe B2
oo}, 19 504 Bo] dhle nAgdola thE ghHS
HR1ES Hhe A= sjamdo] AN, das 95
AREE QARSES 20X 2, 4X4, T18]al 8X 8olt), Ko Eut
T CHAAY FHAR g, B e AHF BRHol
Aol ) - HA 39S gl (Simo 5, 1989)0] tigh H
&2 Arslsie] 3£ 49 5ol Z42t mlaste] UeRARIT 3
oAl BEo] AXE 84 HQ8-14p52 wie- Ags A=

— X =

3% 5. Cooke| HLHEM| s

4. GHSHEN FEXF (o)HL

FH

Element 2X2 4X4 8X8
Q8 0.950 0.992 0.999
QPMS 0.965 0.992 0.999
QCID 0.806 0.946 0.985
5/-EP 0.884 0.963 0.991
8FEP 0.841 0.950 0.986
HQ8-144 0.968 0.993 0.999
Best known 2391

E 5 HSHSHO| Hrf - 22 FS vl

2X2 mesh 4X 4 mesh 8X'8 mesh
Element

(Cmax)A (Omin)B (Omada (Omin)B  (Omax)A (Omin)B
Q8 1.057 1.044 1.025 1.002 1.012 1.013
QPMS 1.106 1.070 1.030 1.012 0.012 1.013
QC9D 0.779 0.804 0950 0.948 0984 1.001
53-EP 0.786 0.778 0.950 0.924 0.994  0.988
8 F-EP 0.768 0.818 0.959 0.906 0.998  0.990

HQS8-144 1.099 1.065 1.031  1.004 1.012  1.013
Best known 0.2360 -0.2010 0.2360 -0.2010 0.2360 -0.2010

ISR

6.4 M ZHER|H &

MacNeal?} Harder(1985)°] oJ3fl AAj€ HE#H He=
% eollxeE o] 37EA] QAR tisiA afAEt
sMeAlE L ol tieix HAAE, AdRlE, HY
ARE T S o 43 ol tig sl WIREs}t w2
V(155 AT = A= TEE THHEAE SHI

Sgtolet,

6
| 0.1
mesh a | l A3
| | | | | _ 0.2
E = 10000000 T
_meshb_ 45°A\ v=0.30
| VA — ) X F-1.0
_meshe A4°
| / /7 / |

T8 6. M | ®o| HMmY
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I 6. XM HERH 2of FistE X|shA Za|n

Tip load direction Element Theoretical solution mesh a mesh b mesh ¢
M54 1.000 1.000 1.000
Q8 0.998 0.998 0.998
Extension 3.0x107
QPM8 1.000 1.000 1.000
HQ8-14/ 1.000 1.000 1.000
M54 1.000 0.378 0.957
Q8 0.982 0.899 0.980
Inplane shear 0.1081
QPM8 0.987 0.967 0.987
HQ8-14/ 0.987 0.975 0.987
y 12 L
l < N QPM8
E
- 2 10 * - z
150 B ¢ A S T *
. - TISO = r HQ8-14p
7 E=1500 g 08|
v=025 \ § L
P T150 — X S Qs
| | | g oop |
5 5 3 N
N
T2 7. 2294T0l e s my E 04
g | L
0.2 1 1 1 1 1 1 1
_ 0.0 1.0 20 3.0 40
T} RG-S W B o] MR dAdd Distance ‘e’
PENE 7P W olzozNH A X 6o 27 4 »
BRI Qs W e a4l #Fgle] Hlal i QPM8
qoz ANE BE 84V £ A9E BT Wb, Wy 1.0 = \4._<:<n
Aol Bk FAlIA HQ8-1440) $2427R= M5/} Q8 ‘ '

3} ulaste] Tt Rl g S5E AE B
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