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Abstract

We introduce the notion of intuitionistic fuzzy (¢, s)-congruences on a lattice and study some of its properties. Moreover,
we obtain some properties of intuitionistic fuzzy congruences on the direct product of two lattices. Finally, we prove that
the set of all intuitionistic fuzzy congruences on a lattice forms a distributive lattice.
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0. Introduction

The subject of fuzzy sets as an approach to a mathe-
matical representation of vagueness in everyday language
was introduced by L.A.Zadeh [22] in 1965. He generalized
the idea of the characteristic function of a subset of a set
X by defining a fuzzy subset of X as a map from X into
[0,1]. After that time, Sidky and Atallah [21] introduced
the concept of T'-congruences on a lattice and investigated
some of its properties.

As a generalization of fuzzy sets, the notion of intu-
itionistic fuzzy sets was introduced by Atanassov [1]. Since
then, Coker and his colleagues [5,6,9], and Lee and Lee
[19], and Hur and his colleagues [14] introduced the con-
cept of intuitionistic fuzzy topological spaces and studied
various properties. Moreover, Hur and his colleagues [13]
applied the notion of intuitionistic fuzzy set to topologi-
cal group. Moreover, Banerjee and Basnet {2], Biswas [3],
Hur and his colleagues [10,11,12,15] applied to group the-
ory using intuitionistic fuzzy sets. In 1996, Bustince and
Burillo [4] introduced the concept of intuitionistic fuzzy
relations and investigated some of it’s properties. In 2003,
Deschrijver and Kerre [7] investigated some properties of
the composition of intuitionistic fuzzy relations. In par-
ticular, Hur and his colleagues [16,18] introduced the con-
cept of intuitionistic fuzzy congruences on a lattice (a semi-
group) and studied some of it’s properties. Also, Hur and
his colleagues [17] investigated various properties of intu-
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itionistic fuzzy equivalence relations.

In this paper, we introduce the notion of intuitionistic
fuzzy (¢, s)-congruences on a lattice and study some of its
properties. Moreover, we obtain some properties of intu-
itionistic fuzzy congruences on the direct product of two
lattices. Finally, we prove that the set of all intuitionistic
fuzzy congruences on a lattice forms a distributive lattice.

1. Preliminaries

In this section, we list some basic concepts and one
result which are needed in the later sections.

Forsets X,Y and Z,f = (f1,f2) : X = Y x Zis
called a complex mappingif f{ : X - Yand fo: X — Z
are mappings.

Throughout this paper, we will denote the unit interval
[0,1] as I. And for a general background of lattice theory,
refer to [8]. Moreover, we will use ¢ and s to denote a
t-norm and a ¢-conorm, respectively. For a ¢-norm and a
t-conorm, we refer to [20].

Definition 1.1[1,5]. Let X be a nonempty set. A complex

mapping A = (pua, va): X — I x1 iscalled an intuition-
istic fuzzy set (in short, IFS) in X if pa(z) + va(z) < 1

357



HX| 3 X EAAHSH

=& x| 2006, Vol. 16, No. 3

for each z € X, where the mappings p4 : X — I and
va : X — I denote the degree of membership (namely
w4 (z)) and the degree of nonmembership (namely v4(x))
of each z € X to A, respectively.In particular, 0. and 1.,
denote the intuitionistic fuzzy empty set and the intuition-
istic fuzzy whole set in X defined by 0..(z) = (0,1) and
1.(z) = (1,0) for each z € X, respectively.

We will denote the set of all IFSs in X as IFS(X).

Definitions 1.2 [1]. Let X be a nonempty set and let
A = (pa,va) and B = (up,vp) be IFSs on X. Then
(WACBiffus <pupandvy > vg.
2)A=Biff ACc Band B C A.
(3) A® = (va, pa).
@“HANB= (uA Aug,vaVvg).
(5) AUB = (pa V uB,va AvB).

Definition 1.3 [5]. Let {A;}ic; be an arbitrary family of
IFSs in X, where A; = (p4,,va4,) for each ¢ € J. Then
(L mAl = (/\H’Aw\/VAi)'
(2) UAl = (V.U‘Aia/\VAi)'

Definition 1.4 [5]. Let X be a set. Then a complex map-
ping R = (ugr, vr) : X x X — I x I is called
an intuitionistic fuzzy relation (in short, IFR) on X if
wr(z,y) + vr{z,y) < 1foreach (r,y) € X x X, ie,
RelIFS (X x X).

We will denote the set of all IFRs on a set X as IFR(X).

Definition 1.5 [5,7] Let X be a set and let P, Q € IFR(X).
Then the composition ) o P of P and @, is defined as fol-
lows : forany z,y € X,

MQOP(JI, y) = vzex[ﬂP(x, Z) A /J‘Q(z? y)]
and

vor(%,Y) = Neex[vr(z, 2) V vg(z y)].

Definition 1.6 [5,7]. An Intutionistic fuzzy Relation Rona
set X is called an intutionsitic fuzzy equivalence relation (in
short, TFFER) on X if it satisfies the following conditions

(i) it is intutionsitic fuzzy reflexive, ie., R(z,z) =
(1,0) foreach z € X.

(ii) it is intutionsitic fuzzy symmetric, i.e., R(z,y) =
R(y,z) forany z,y € X.

(iii) it is intutionsitic fuzzy transitive, i.e., Ro R C R.

We will denote the set of all IFERs on X as IFE(X).
Result 1.A [17, Proposition 2.10]. Let {R,}.cr be a
nonempty family of IFERs on a set X. Then (), Ro €

IFE(X). However, in general, | J,.r Ro need not be an
IFER on X.
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2. Intuitionistic fuzzy (¢, s)-equivalence
relations

Throughout this section, let X,Y and Z be nonempty
sets.

Definition 2.1, Let B € IFS(X x Y) and let S ¢

IFS(Y x Z). Then the (¢, s}-composition of R and S,

S o R, is defined as follows : for each (z,2) € X x Z,
tsotr(T, 2) =V ey lur(@,y) t ps(y, 2)]

and

vsotr(@,2) = \yey Vr(@,9) s vs(y, 2]

Definition 2.2. Let A € IFS(X) and let (\, ) € I x I
with A + p < 1.

(D) [5] AAH = {reX: :pslz) 2 and va(z) <
p} is called the (X, u)-level subset of A. '

Q) ACW = {z € X : pa(z) > A and va(z) < p}
is called the strong (A, u)-level subset of A.

It is clear that R € IFR(X) if and only if R™*#) and
R(:#) are relations on X.

Result 2.A [17, Theorem 2.17]. Let R € IFR(X). Then
R € IFE(X) if and only if R™*) is an equivalence relation
foreach (A, pu) € I x I with A+ p < 1.

Proposition 2.3. Let A, B € IFS(X) and let (A, u) € I x [
with A + ¢ < 1. Then

(1) (AN BYr) = A n B,
(2) (AU B)>) = AGum) y BOWK),

Proof. (1) Let x € X. Then

e (AnB)*W
& pans(@) = pa(z) Aps(z) 2 A
and vanp(z) =va(z)Vp(z)<p
& palr) > A pp(T) > A
and va(z) < p,vp(z) <p
& palz) 2 A\va(z) <p
and pp(x) > A vp(z) <p
ze AN and z e BMH
& zeABW B,
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(2) Let z € X. Then
e (AuB)*W
& paus(t) = pa(@) Vpp(E) > A
and vaup(z) =valz)Ave(z) <p
& pa(z) 2 X or pp(r) = A
and va(z)<p or ve(z)<up
& pa(@) 2 Avalz) < p
or pp(z)>Ave(x)<up
ze AM or g e BOW
z e A B,

T ¢

Definition 2.4. Let R € IFR(X). Then R is said to be :

(1) intuitionistic fuzzy (X, p)-reflexive if pg(z,2) > A
and vr(x,z) < pforeachz € X, where (A, u) € I x T
with A+ < 1

(2) intuitionistic fuzzy (t, s)-transitive if R ol R C R.

(3) an intuitionistic fuzzy (t,s)-equivalence relation
on X if it is intuitionistic fuzzy reflexive, symmetric and
(t, s)-transitive.

(4) an intuitionistic fuzzy (A, p)-(t, s)-equivalence re-
lation on X if it is intuitionistic fuzzy (), u)-reflexive,
symmetric and (£, s)-transitive.

We will denote the set of intuitionistic fuzzy
(t, s)-fresp.(\, p)-(¢, s)-lequivalence relations on X as
IFE(; 5)(X) [resp. IFE(y ,iy—(t,5)(X)].

Proposition 2.5. The intersection of arbitrary subfamily of
IFE(; o) (X) [resp. IFE() ,)—(s,5)(X)] is an intuitionistic
fuzzy (t, s)-[resp. (A, p)-(t, s)-lequivalence relation on X.

Proof. Let {R,}qcr be a family of intuitionistic fuzzy
(t, s)-[resp. (A, p)-(t, 5)-lequivalence relations on X and
let R = [\,er Ro- By Result 1.A, it is clear that R is
intuitionistic fuzzy reflexive and symmetric. Thus it is suf-
ficient to show that R is intuitionistic fuzzy (£, s)-transitive.
Let z,y,z € X. Then

/\ MR, (IL’, y)

ael
> /\ BRqot R (T5Y)
ael
(Since R, is (t, s)-transitive )

= AV ez (2, 0)tur, (a,9))

a€ll aeX

> N e, (@ 2)tir, (2, 9)]

= {/\ MRQ(.T,Z)}t{ /\ MR, (Z7y)}
ael a€el
= pr(z,2)thr(z,y)

:U’R(xa y) =
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and
VR('r)y) = \/ VRa(xay) < \/ VR0t R, (.’L‘,y)

a€el ael

= \/ ( /\ [VRa ($7a)SVRQ (a7y)])
a€l aeX .

<V Wra (2, 2)svR. (2,9)]
acl’

= {\/ VRQ(QI,Z)}S{\/ VRQ(Zay)}

acl - a€l

= VR(x,Z)S,uR(Zay)'

So R is intuitionistic fuzzy (¢, s)-transitive. On the other
hand, we can easily show that R is intuitionistic fuzzy
(A, p)-reflexive. Hence R = (\,or Ra € IFE( o) (X)
[resp. IFE(»,.)—(t,5)(X)- This completes the proof.

3. Intuitionistic fuzzy congruences on a lattice

Let L be a lattice with least element 0 and greatest ele-
ment 1.

Definition 3.1. Let R € IFR(L). Then R is said to be :

(1) [16] intuitionistic fuzzy compatible if it satisfies the
following conditions : for any x1, z2,y1, Y2 € L,

() pr(z1Az2,y1 AY2) > pr(21,¥1) Apr(22, y2) and
vR(T1 AZ2,y1 Ay2) < vr(z1,y1) V vR(22, ¥2)-

(i) pr(z1 V 22,91 V Y2) > pr(@1,91) A pr(Z2, y2)
and vg(z1 V 22,91 V y2) < vr(z1,91) V Vr(Z2,¥2).

(2) [16] an intuitionistic fuzzy congruence on L if it is
an IFE on L and is intuitionistic fuzzy compatible.

(3) intuitionistic fuzzy (t, s)-compatible if it satisfies the
following conditions : for any z1,22,91,y2 € L,

(@) pr(z1 Az2,y1 AY2) > pr(21,91) t pR(T2, Y2)

and
vr(®1 A z2,y1 Ay2) < vr(z,y1) s vr(Z2,¥2),
(iD) ur(T1 V T2, 11 V y2) > pr(T1,y1) ¢ pr(za, y2)
and
vr(z1V 22,41 V ¥2) < vr(Z1,v1) s vR(T2, ¥2)-

(4) an intuitionistic fuzzy (t,s)-congruence on L
if R € IFE(; (L) and R is intuitionistic fuzzy (%, s)-
compatible.

(5) an intuitionistic fuzzy (X, p)-(t, s)-congruence on
Lif R € IFE(5 )—(1,5)(L) and R is intuitionistic fuzzy
(t, s)-compatible.

We will denote the set of all intuitionistic fuzzy
congruences [resp. (t,s)-congruences and (X, u)-(¢, s)-
congruences] on L as IFC(L) [resp. IFC (L) and
IFC(x 10— (t.) (L))
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Proposition 3.2. Let R € IFR(L), let a =

Vx,yeL /J‘R(x7y))ﬁ = /\;c,yEL VR(x7y) and let ()\,/14) €
ImR\(e, ). Then

(1) R is intuitionistic fuzzy («, 3)-reflexive if and only
if RO is reflexive.

(2) R is intuitionistic fuzzy symmetric if and only if
R™#) is symmetric.

(3) If R is intuitionistic fuzzy transitive, then R(:#) is
transitive.

@I RO1) g transitive, then R is intuitionistic fuzzy
(t, s)-transitive.

(5) If R is intuitionistic fuzzy compatible, then R(*:#)
is compatible.

6) If RA# i compatible, then R is intuitionistic
fuzzy (t, s)-compatible.

Proof. (1) (=) : Suppose R is intuitionistic fuzzy (o, 3)-
reflexive and let z € L. Then clearly pp(z,z) = « and
vr(z,z) = B. Since (A, 1) € ImR\(ev, B), pr(z,2) > X
and vr(z,z) < p. Thus (z,z) € RAH. So RO s
reflexive. ‘

(<) : Suppose R™#) is reflexive and let z € L.
Then pr(z,z) > A and vg(z,z) < ufor each (A, p) €
ImR\ (e, B). Thus pr(x,z) > « and vg(z,z) < 8. By
the definition of («, 8), pr(z,z) = o and vr(z,z) = 5.
So R is intuitionistic fuzzy (¢, §)-reflexive.

(2) (=) : Suppose R is intuitionistic fuzzy symmet-
ric. For any z,y € L, let (z,y) € R™#. Then
nr(z,y) = pr(y,z) > X and vr(z,y) = vr(y,z) <
Thus (y,z) € R*#). So RA#) is symmetric.

(«) : RAH is symmetric. Assume that R(z,y) =
(A, p1) and R(y,z) = (Ao, uo) such that \; > A; and
p1 < po. Then (z,y) € RMP2#2). By the hypoth-
esis, (y,z) € RP2#2). Thus Ay = pr(y,z) > Ag
and po = vgr(y,z) < pe. This is a contradiction. So
R(z,y) = R(y,z). Hence R is intuitionistic fuzzy sym-
metric.

(3) Suppose R is intuitionistic fuzzy transitive. For any
z,y,2 € L, let (z,y) € RM® and (y,z) € RO,
Then pr(z,y) > Avr(z,y) < p and pp(y,2) >
A, vr(y, z) < p. By the hypothesis,

/‘LR("Ea Z) 2 Van[N’R(x’ a) A .U/R(a'ﬂ z)]
2 pr(Z,Y) A pr(y, 2)
> A

and
VR(xa Z) < /\an[VR(x’ a‘) N VR(a’ z)]
<vg(z,y) Vrr(y, 2)
< pu.
Thus (z, z) € RO Hence R*#) s transitive.
(4) Suppose R is transitive. For any z,y,z € L,
let R(z,y) = (A, 1) and R(y,z) = (A2, p2) such that
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)\1 < )\2 and H1 Z Ha. Then

pr(z,y) t pr(y, z) < A1 and vgr(z,y) s vr(y, z) = p.

Assume that R(z,z) = (As,pu3) such that Ay < Mg
and p3 > pi. Then (z,y) € RP3#3) and (y,2) €
R(s:#3) - By the hypothesis, (z,z) € R(3:#3). Then
A3 = pgr(z,z) > A3 and pu3 = vp(r,z) < ps. This
contradicts the fact that R(x,z) = (A3, p3). Hence R is
intuitionistic fuzzy (¢, s)-transitive.

(5) Suppose R is intuitionistic fuzzy compatible and let
T1,%2,Y1,Yy2 € L. Then

pr(T1Az2, y1AY2) > pr(z1, y1)Aur(Te, y2)

and

vr(Z1AZ2, y1AY2) < vr(z1,y1)VUR(Z2, Y2).

Also,

pr(T1VE2, y1VY2) > pr(T1, y1)Aur(Z2, y2)

and
vrR(z1VE2, 11 Vy2) < vr(Z1, y1)Vrr(ze, y2).

Let (z1,91) € R*# and (z2,52) € R™#. Then

pr(T1,91) > Avr(z,y) < poand pgr(zs,y2) >
)‘7’/R($27y2) < . Thus

BR(Z1AZ2, y1AY2) > N VR(Z1AZ2, Y1 AY2) < j1

and
BR(Z1VE2, y1VY2) > A\ vg(T1VE2, Y1 VYy2) < W

So (ml AZo,y1 A yg) € R™#) and (1 Vxa,y1 Vi) €
RO, Hence R™#) is compatible.

(6) Suppose R™M*) is compatible. For any
T1,22,Y1,y2 € L, let R(zi,y1) = (A, 1) and
R(Ibz,yg) = ()\2,#2) such that Ay < Ay and p; > Ha.
Assume that pgp(x1 A T2,y1 A y2) = A3 < A; and
V(21 A2, Y1 AY2) = pg > pa. Then (z1,1) € ROa#2)
and (z2, yg) € R(s:#3) By the hypothesis, (x1 Azo,y1 A
y2) € RP3:#43) Thus Ay = pr(x1 Aza,y1 Ays) > A and
ps = vr(x1 A 2,91 A ya) < usz. This is a contradiction.
Then )\3 Z Al and H3 < 1. So

BR(ZI A T2, y1 AY2) = A3 > Ay

= pr(T1, Y1) Apr(T2,y2) > pr(T1, Y1) t R(T2,Y2)
and

VR(Z1 A T2, 1 Ay2) = 3 < iy

= vr(z1,y1) VVR(Z2,Y2) < vr(Z1,y1) s va(T2, Yo).
By the similar arguments, we have
pr(Z1V T2,y1 Vy2) > pr(21,91) t pr(z2,y2)
and :

vrR(z1V x2,y1 V y2) < vr(Z1,y1) s vr(22,Y2).



Hence R is intuitionistic fuzzy (¢, s)-compatible. This

completes the proof.

The following is the immediate result of Definition 3.1
and Proposition 3.2.

Corollary 3.2. Let R € IFR(L), leta =/, 1 pr(z,y),
B = Nayervr(®,y) andlet (A, u) € ImR\(«, f).

(1) R € IFE(, g)_(1,5)(L) if and only if R*#) is an
equivalence relation on L.

(2) R € IFC(4 p)(1,5)(L) if and only if R*#) s a_
congruence.

Remark 3.3. If R € IFC(; (L), then pp(x A z,y A 2) 2>

pr(z,y),vr(zAz,yN2z) < vr(Z,y) and pr(zVz,yvz) =
/—‘LR(Iv y)7 VR(J: V2, Yy \% 2,') < I/R(:Ev y) for any r,y,z € L.

Proposition 3.4. The intersection of family of intuitionistic
fuzzy (¢, s)-congruences [resp. (A, u)-(£, s)-congruences)]
on L is also so.

Proof. Let {R,}qcr be a family of intuitionistic fuzzy
(t, s)-congruences [resp. (A, u)-(¢, s)-congruences] on L
and let B = NuerR,. Then, by Proposition 2.5, R €
IFE; ;)(L) [resp. IFE(y 1)—(t,s)(L)]- Let 21, 22,91,92 €
L. Then

pr(T1 A T2, Y1 A Y2)

= /\ pr, (21 A T2, 91 Ay2)
ael

> N lra(@,u) t pr, (22, 92)]
aecl

(Since R, is (¢, s)-compatible)
= (A pr.(@u90) t (N pr.(22,92))
acl acl
= rgerRa (1, V1) T g er R, (T2, Y2)
pr(z1,91) t pR(T2, Y2)

and

VR(.’El ANZ2,y1 A yz)

= \/ VR, (T1 A T2,y1 A y2)
ael

< \/ VR, (x1,11) s VR, (2, 92)]
acll

= (V vr.(@191)) s (\ vr.(22,52))
acl acl
VAserRa (T1,91) 8 VnyerRa (%2, ¥2)

= vr(z1,7%1) s VR(»TQ,yQ)-

By the similar arguments, we have

INTUITIONISTIC FUZZY (¢, s)-CONGRUENCES

pr(z1V zo,y1 Vy2) > pr(z1,y1) t pr(z2, ¥2)
and

vr(z1V T2,y1 V y2) < vr(z1,y1) s vr(T2, 42).
So R is intuitionistic fuzzy (¢, s)-compatible. Hence R €
IFC(; ¢y (L) [resp. IFC(y 1) (z,s)(L)].

Proposition 3.5. Let R € IFR(L). Then R € IFC(L) if
and only if R\ is a congruence on L for each (), u) €
ImR.

Proof. By Result 1.A, R € IFE(L) if and only if R is
an equivalence relation on L for each (X, 1) € ImR. Then
itis sufficient to show that R is intuitionistic fuzzy compat-
ible if and only if R™#) is compatible.

{=) : Suppose R is intuitionistic fuzzy compatible.
For any z1,Z2,y1,¥2 € L, let (z1,41) € RX#) and
(z2,92) € RXM#) Then

pr(z1,y1) 2 A, vr(z,y) < p
and

pr(Z2,¥2) > A, vr(Z2,¥2) < po
Since R is intuitionistic fuzzy compatible,

BR(T1 A T2, 51 Ay2) 2 Br(T1, Y1) A pr(T2,52) 2 A
and

vr(z1 AZ2,y1 Ay2) < vr(T1, 1) V VR(Z2,92) < p.
Thus (z1 A T2, 91 A 42) € ROH). By the similar argu-
ments, we have (z1 V 22,71 V 42) € RA#), So RO ig
compatible.

(<) : Suppose R+#) is compatible for each (X, ) €
ImR. For any x1, T2, y1,y2 € L, let R(z1,y1) = (A1, 1)
and R(z2,y2) = (Ao, p2) such that Ay > Ap and py <
u2. Then (z1,11) € R2:82) and (z2,y2) € R2:m2),
By the hypothesis, (z1 A Zo,91 A y2) € R*2#2) and
(21 V 2, y1 V y2) € RA2#2) Thus

BR(T1 AT, Y1 Ay2) 2 A2 2 A1 A X

= IJR(iUh yl) A ,U'R(x% yQ)a
VR(Z1 A T2,91 Ayo) < po2 < i1 V g
= vr(z1,y1) V vr(Z2,92),
and
BR{ZT1V T2, y1 VY2) 2 A2 2 A A Ao
= pr(21,y1) A pr(T2,92),
ve(z1Vzo,y1 Vya) <o S Ve
= vr(®1,51) V Vr(Z2,Y2)-
So R is intuitionistic fuzzy compatible. This completes the
proof.

Definition 3.6[8]. Let L and M be lattices. We define two
operations A and V on L x M, respectively as follows : for
any (a,b), (a1,b1) € L x M,

(a,b) A (a1,b1) = (a A a1, bAby)
and

(a,b) V (a1,b1) = (@ Vai, bV by).
Then L x M is a lattice. In this case, L x M is called the
direct product of L and M and denoted by Lx M.
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Result 3.A[8, Theorem 13 in P.28]. Let L and M be lat-
tices, let P be a congruence on L and let () a congruence
on M. We define the relation Px ¢} on Lx M by

(a,0) = (¢, d)(PxQ)
if and only if
a=c(P) and b=d(Q).

Then Px(Q is congruence on LxM. Conversely, every
congruence on Lx M is of this form.

Result 3.B[8, Lemma 8 in P.24). Let R be a reflexive and
symmetric relation on a lattice L. Then R is a congruence
on L if and only if the following conditions hold : for any
xz,y,2,t €L,
Dz=yR)iffzrAy=zVy
iz <y<zz=yR)a
z = z(R).
(iii) z < y and z = y(R) imply that x A ¢t = y A t(R)
andz Vt=yVtR).

(R).
nd y = z(R) imply that

Result 3.C[8, Theorem 9 in P.25]. Let C(L) denote the
set of all congruences on a poset L. For any P, @ € C(L),
we define P A Q = P N @ and the join, P V @Q, as fol-
lows : for any z,y € L, x = y(P Vv Q) if and only if
there is a sequence 29 = T AY,21, " ,%n—1 = TV Y
in L such that zg < 23 < --- < 2,_; and for each 1,
0<i<n-—12z = z41(P)or z; = z;41(Q). Then
C(L) is called the congruence lattice of L, where C(L)
denotes the set of all congruences on L partially ordered
by set inclusion.

Proposition 3.7. Let L and M be lattices, and let P €
IFR(L), @ € IFR(M). We define a complex mapping
PXQ = (ppxq,vpxq) : (LxM) x (LxM) — I x I
as follows : for any (z1,y1), (z2,y2) € LxM,

1rxQ((z1,91): (T2, ¥2)) = pp(T1,22) A p (Y1, y2)
and

vpx@((z1,41), (T2,42)) = vp(z1,%2) V 1 (Y1, 42).
Then (PxQ)M#) = PO) x Q1) for each (A, p) €
IxIwithA+p<1.

Proof. It is clear that Px(@ is an IFR on LxM. Let
(z1,y1), (x2,y2) € LxM and let (A, ) € I x I with
A+ u < 1. Then

((z1,31), (z2,72)) € (PxQ)*)
& ppx((T1, 1), (22, 92))
= pp(z1, ) A oy, ye)
A

v

and
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vpxQ((®1,91), (%2,¥2)) = vp(21,22) V vo (31, ¥2)
& pp(r,m2) 2 A pe(YL,y2) = A

and vp(z1,72) < p,vQ(Y1,y2) < p
& pp(w,z2) > \vp(z1,22) < p
and  pQ(y1,y2) > A\ vy, y2) < p
(z1,22) € PM) and  (y1,32) € QMM
((z1,22), (y1,92)) € PP QM.
(By Result 3.B)

T e

Hence (PKQ)(ML) — p(»
proof.

) x @) This completed the

Remark 3.8. From Proposition 3.7 and Result 3.4, it fol-
lows that if P € IFC(L) and @ € IFC(M), then Px(Q €
IFC(LxM).

Lemma 3.9. Let R € IFC(Lx M ). Then

(1) R((Jfl,y), ("BQ»y)) = R((xlay/)’($2’y
z1,z2 € Landy,y’ € M.

() R((w, 1), (z,y2))
z,2' € Land y;,y2 € M.

"}) for any

il

R((Ilayl)’ (x/ayQ)) for any

Proof. (1) Let 21,72 € L and y,y’ € M. Then

pr((z1, ), (22,9)) A
= pr((z1,9), (z2,9)) A pr((z1 A2, y),

(z1 A z2,9))
(Since R is intvitionistic fuzzy reflexive)
ur{(z1,y) V(@1 Az, y),

(z2,9) V (21 A 22,Y))
(Since R is intuitionistic fuzzy compatible)
= pr((z1 V(21 Az2),y V'),

(z2 V(z1 A 22),y VY'))

= pr((Ly VYY), (z2,yVY))
= pr((zL,yVY), (22,9 VY))

A pg((21V z2,y'), (21 V 22,7'))
(Since R is intuitionistic fuzzy reflexive)
pr((ZLy VYY) ATV ze,y), (32,9 VYY)

A(z1V z2,9"))
(Since R is intuitionistic fuzzy compatible)
= pr((z1 A (@21 V), (yVy) Ay,
(2 A (21 Va2), (y VY AY'))
= pr((z1,v), (x2,9"))

I

A

<



and

vr((z1,9), (22, 9))
ve((z1,9), (z2,9)) V va((z1 A 22,9),
(z1 Az2,y'))
> vr((z1,y) V(@1 Az, 9),
(z2,9) V (z1 A 22,9"))
= vp((z1 V{(z1 Az),y VY
(2 V (z1 Az2),y VY

)s
)
= vr((z1,y V), (X2, VY))
= vr((z,yVY), (22,9 VYy))
Vvr((z1V z2),y), (21 V 22,¥))
ve((z1,y V') A (21 Vi, y'), (z2,y VYY)
Az Vz2,9))
= vr({z A (@1 V), (W VYY) AY),
(za A (x1V x2), (¥ VY) AY))
= VR((xlay/)7(x27y/))'

v

By the similar arguments, we have pgr((z1,y), (z2,7))
/’LR((xlay/)a(x%y/)) and VR((xlay)7(x2,y))
vr((z1,y), {xe,y")) for each (y,y') € M x M. Hence
R((z1,9), (z2,9)) = R((z1,9),(z2,y)) for any
r1,22 € Landany y,y € M.
{2) By the similar arguments of the proof of (1), we can
see that (2) holds.

2>
<

Proposition 3.10. Let R € IFC(LxM). Then there exist
P ¢ IFC(L) and Q € IFC(L) such that R = Px Q.

Proof. We define two complex mappings P = (up,vp) :
LxL—IxTand@Q = (ug,vg): M xM —IxIas
follows : .

(l) P('Tlva) = R((‘rl’y)7 (mQ)y)) for any Iy, xz € L
and eachy € M,

(i) Q(y1,92) = R((z,31), (%,y2)) foreach z € L and
any y1,y2 € M.
Then clearly P € IFR(L) and Q € IFR(M). Moreover, by
Lemma 3.9, P and Q are well-defined. Let (A, u) € I x I
with A 4 ¢ < 1. Then

(z1,22) € Pun)

& ((z1,9), (x2,y)) € RN foreach ye M
and

(y1,92) € QM

& ((z,91), (z,y2)) € RO foreach z€ L.
By Proposition 3.5, P*#) and Q#) are congru-
ences on L and M, respectively. Moreover, by Re-
sult 3.B, RA# = P x Q1) By proposition 3.8,
PO x Q) = (PxQ) M. So R = PxQ. Moreover,
by Proposition 3.5, P € IFC(L) and @ € IFC(M). This
completes the proof.

INTUITIONISTIC FUZZY (f, s)~-CONGRUENCES

Proposition 3.11. Let R € IFR(L) be intuitionistic
fuzzy (t,s)-transitive such that pp(z A 2,y A z) >
pr(z,y), vr(zA2,yNz) < vr(,y) and pr(zV2,yVz) >
pr(z,y),vr(z vV z,yV 2) <vp(z,y) forany z,y,z € L.

Then R is intuitionistic fuzzy (¢, s)-compatible.

Proof. Let z1, 22, y1,y2 € L. Then

pr(z1 Aze,y1 Ay2)

>\ [pr(m1 A2, 2) t pr(z, 01 Ay))
z€L
(Since R is (¢, s)-transitive)
> pp(er Az2,y1 Ax2) t ur(yn AT, y1 AY2)
> pr(z1,y) tpr(ze,y2)  (By the hypotheses)
and
vr(z1 A 2,91 A y2)
< /\ Wr{@1 A2, 2) s vr(2, 41 A y2))
z€L
< (1 AT2, 11 Ax2) svR(Yr ATa,y1 AY2)
< wvr(z1,11) svr(x2,¥2).

Similarly,we have

pr(z1Vaa, y1 V) > pr(z,y1) t pr(z2, y2)

and

vr(z1 V&2, 11 VY2) < vr(21,y1) s vr(Z2,92).

Hence R is intuitionistic fuzzy (¢, s)-compatible.

The following is the immediate result of Proposition
3.11.
Corollary 3.11 Let R €IFR(L) be intuitionistic fuzzy
transitive such that pr(x A z,y A z) > pr(z,y),
vr(z A 2,y A 2) < vr(z,y) and pr(x V 2,y V 2) >
wr(z,y), vr(zV 2,y V 2) < vg(z,y) forany z,y,2 € L.
Then R is intuitionistic fuzzy compatible.

Proposition 3.12. If R € IFC(L), then R(z,y) =
R(z Ay,zVy)forany z,y € L.

Proof. Let x,y € L. Then

pr(T Ay, TV Y)
= ,uR(x/\y,a:Vy) /\/,LR(IE,ZI?)
(Since R is intuitionistic fuzzy reflexive)
pr((zAy) Az, (zVy) Az)
(Since R is intuitionistic fuzzy compatible)
< HR(J" A Y, ZE)
= pr(z,zAY)

(Since R is intuitionistic fuzzy symmetric)

IA
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and

vr{z ANy, zVy)

(

vr(zwedgey,z V y) V vg(x, )

vr((z Ay) Az, (zVy)Ax)
vr(®

Ay )—I/R("E,I/\y).

AVARY

Also

pr(z Ay, zVy)
= pr(EAy,zVY) Apr(y,y)
(Since R is intuitionistic fuzzy reflexive)
pr((z AY)Vy, (zVy) Vy)
(Since R is intuitionistic fuzzy compatible)
< pr(y,zVYy)
= pr(zVy,y)

(Since R is intuitionistic fuzzy symmetric)

IA

and

vr{z Ay,zVy)

VR(T Ay, zVY)V ey, y)

vr((z Ay) Vy, (zVy)Vy)
vr(y,z Vy) = vr(z Vy,y).

AVANAY

Thus

KR(Z,Y)
V kr(=, 2) A pr(z,y)]

z€L

(Since R is intuitionistic fuzzy transitive)
pr(z,z AY) Apr(E Ay, zVy) A pp(cVy,y)
= przAy,TVy)

%

v

and

VR(m’y)

A (@, 2) v va(z )]

zE€L
vr(z, e Ay Vvr(z Ay, zVy)Vvr(zVy,y)

vr(z Ay, TV y).

IA

On the other hand,

/J'R(wv y)

= pr(,y) A pr(y,9)
(Since R is intuitionistic fuzzy reflexive)

< pr(ZAY,yAY)
(Since R is intuitionistic fuzzy compatible)

= pr(zAYy,y)

and
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vr(z,y) = vr(z,y) Vvr(y,y) 2 ve(z Ay, y A y)
= I/R('?j A yay)
Similarly, we have
pr(z,y) < pr(zVy,y)
and
vr(z,y) > vr(z Vy,y).
Thus _
pr(z,y) < pr(z Ay, y) Aur(zVy,y)
= pr(@E Ay, y) Apr(Yy, 2 VY)
< MR<Z'/\Z/,.’L‘V:€/)

and
vr(z,y) 2 vr(z Ay, y) Vvr(z VY, y)
=vr(z Ay, y) VVR(y, T VY)
>vr(z Ay, zVy).
Hence R(z,y) = R(z Ay,z V y) forany z,y € L.

Proposition 3.13. Let R € IFR(L) be intuitionistic fuzzy
reflexive and compatible such that R(b, c) = R(bAc¢,bVc)
for any b,¢ € [a,d] C L. Then pgr(b,c) > pr(a,d) and
vr(b,c) < vg(a,d).

Proof. Let b,c € [a,d] C L. Then

prbAc,d)
= wrl(aV(bAc),dV(bAc)

(Since bAc>a and bAc<d)
> prla,d)Apr(bAc,bAc)

(Since R is intuitionistic fuzzy compatible )
= pr(a,d)

(Since R is intuitionistic fuzzy reflexive )

and
vr(bAc,d) =vr(aV (bAc),dV (bAc))
<vgla,d)Vvr(bAc,bAc)
= vg(a,d).
Thus

nr (b, c)
= pur{bAc,bVe) (By the hypothesis )
pr((bAc)A(bVe),dA(bVc))
(Since bAc<bVe , and bVce<d)
ur(bAc,d) Aur(bVe,bVe)
(Since R is intuitionistic fuzzy compatible )
= ugr(bAcd)
(Since R is intuitionistic fuzzy reflexive )
pnr(a,d)

A%

\%



and

c)

vr(bAc,bVc)

I/R(
(

vr((bACc)A(BVe),dA (bVc))
(
(

IA

verbAc,d)Vg(bVebVe)
= vp(bAc,d) <vg(a,d).

This completes the proof.

Question. Can we find an analogue of Result 3.B by
intuitionistic fuzzy setting? That is, let R be an intiution-
istic fuzzy reflexive and symmetric relation on a lattice L.
Then, under certain conditions, R € IFC(L) [resp. R &€
IFC(1,5)(L)1?

It is clear that ITC(L) is closed with respect to N from
Proposition 3.4. So PAQ = PNQ forany P,Q € ITC(L).

Definition 3.14. Let P,Q < ITC(L). The supremum
of P and ) is defined to be the IFS PV @ = N{R €
ITC(L): PUQ C R}.

It is clear that PV @ € ITC(L). So ITC(L), C, A, V)
is a lattice.

Proposition 3.i5.

Q)(%u) =

Proof. Let R € IFR(L) such that InR = Im(P V Q) and
let RO = PO v Q1) for each (A, 1) € ImR. Then
R™#) is a congruence on L for each (), 1) € ImR. By
Proposition 3.5, R € IFC(L). Moreover, by Proposition
23, PUQ@Q C R. Let D € IFC(L) with PUQ C D.
Then (P U Q)®D = P y Q) < DY for each
(s,t) € I x I withs+t < 1. Thus RV < DGt
for each (s,t) € I x Iwiths+t < 1. So R C D, ie,
R =PV Q. Hence (PV Q)M#) = P v QUm) for
each (A, u) € Im{P Vv Q).

Let P, € IFC(L). Then (P Vv
PO v Q) for each (A, i) € Im(P vV Q).

From Proposition 2.3, Proposition 3.15 and Result 3.C,
we obtain the following result

Proposition 3.16. Let P, ) € IFC(L) and let (s,t) € I x [
with s +¢ < 1. Then ppyg(z,y) > sand vpyg(x,y) <t
for any z,y € L if and only if there is a sequence
c ANy = z1 < z V y in L such that
taun(zi,ziv1) = s and vayp(2i,2i41) < t for each
1e{l,2,--- ,n—1}.

Proposition 3.17. The lattice IFC(L) is distributive.

Proof. Let P,Q,R € IFC(L). For any z,y € L, let
P(z,y) = (s1,t1) and (Q V R)(z,y) = (s2,t2). Then,
by Proposition 3.16, there is a sequence z Ay = 2z <

INTUITIONISTIC FUZZY (f, s)-CONGRUENCES

- < zp = z Vyin L such that upyuc(z, zit1) > $2
and vpuc (2, 2i41) < tg foreachi € {1,2,--- ,n — 1}.
Since (z,y) € P(1:*) and P(s1:%1) js a congruence on L,
by Result 3.B, (z Ay,z Vy) € PGui), By Result 3.C,
(2, zi41) € PG4 foreach i € {1,2,--- ,n — 1}. Let
i€{1,2,---,n—1}. Then

BPA@vR) (T, Y)
= pp(z,y) A povr(z,y)
81 A\ 89
1P (2, zie1) N ({2 2iv1) V pR(2%, 2i41))
wPaQ(2iy Ziv1) V par(Zis Zig1)

= M(P/\Q)U(P/\R)(ziazi-i-l)

AN

I

and

veAQvR){(T,Y)

vp(z,y) Vvgur(z,y) =t1 Via

vp(2is ziv1) V (vQ(2i, ziv1) A Vr(2i, Ziy1))
vPAQ(2i, 2iv1) N UPAR(Z, Zig1)

Il

A%

Y(PAQU(PAR)(Zis Zit1)-

Thus

KPAQV(PAR) (T, Y) > ipa(QvR)(T,Y)

and

vPrQv(PAR) (T, Y) < VpaQur)(T,Y)-
SoPA(QVR) C(PAQ)V(PAR). Similarly, we have
(PANQ)V(PAR)CPA(QVR).
Hence PA(QV R) = (PAQ)V (P A R). This completes
the proof.
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