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MATRIX REALIZATION AND ITS APPLICATION
OF THE LIE ALGEBRA OF TYPE F;

SEUNGIL CHOI

Abstract. The Lie algebra of type Fy has the 26 dimensional rep-
resentation. Its matrix realization can be obtained via 26 by 26
matrices and has a direct useful application to degenerate principal

series for p-adic groups of type Fy.

1. Introduction

The problem of classifying the unitary dual of G, a connected reduc-
tive group over a field F', has been studied using normalized inductions.
Among normalized inductions from parabolic subgroups of G, we will
look into degenerate principal series. Degenerate principal series are rep-
resentations obtained by inducing a one-dimensional representation of a
maximal parabolic subgroup. Jantzen [2, 3, 4] determined reducibility
points of degenerate principal series for orthogonal groups and symplec-
tic groups using their matrix realizations. The Lie algebra of type Go
was shown to be the Lie algebra of derivations of the Cayley algebra
in [6] and [7]. This gives the seven dimensional representation of the
Lie algebra of type Gy and its matrix realization is explicitly shown in

[5]. In this paper, we derive a matrix realization of the Lie algebra of
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type Fy and apply this realization to degenerate principal series for p-
adic groups of type Fj. This matrix realization will be useful in other

research topics involving the Lie algebra of type Fj.

2. Preliminaries and Computation

The Lie algebra of type Fy over a field F is the derivation algebra ©
of the exceptional Jordan algebra J of dimension 27 over F in [1] and [8].
The matrix realization of type Fy via 26 by 26 matrices can be obtained

as follows.

Let € be the split Cayley algebra over F' of characteristic # 2. Let
e1 = (1,0,0),es = (0,1,0),e3 = (0,0,1) be the usual basis for the space

of triples of elements of F'.

Set
0 0 0 ¢
U; =  Ugyq = —2 1=1,2,3
% <€z‘ O) 441 (0 0 )( )

1 0 0 0
Uy = , ug = .
! 00 s 0 2

Then {uy,...,us} is a basis for €.

Let J be the 27 dimensional space over F' of all 3 by 3 matrices of
the form
Qi1 a2z Qi3
a=1] a2 «ap a3
a13 G333
= diag(a11, g2, a33) + a12(1, 2) + a13(1, 3) + az3(2,3),

where o;; € F' and a;; € €.

Let £ be the Lie algebra of all derivations of J. In [8], Seligman
showed that £ = €®E€® CP Dy where the Lie algebra Dy consists of all



Matrix Realization of the Lie algebra of type Fy 207

skew transformations of J. For ai2,a13,a23 € € and T € D4, we define

a linear transformation D of J by

(diag(B11, B22, B33) + b12(1,2) + b13(1,3) + ba3(2,3))D
= % [ diag(—~2(b12, a12) — 2(b13, a13), 2(b12, a12) — 2(bas, as3),
2(b13, a13) + 2(bes, a23))
+((B11 — Baz)a1z — b13G23 — a13bas + b12T)(1,2)
+((B11 — B33)a13 + bizagz — arzbaez + b13T¥)(1,3)

+((B22 — Ba3)ags + biza13 + Gizb1z + b23T%)(2,3) |

where the symmetric bilinear form (z,y) is defined by (z,y)l = (zg +
yz)/2 for z,y € € and T¥,T? are defined by the principal of triviality.
The principal of triviality says that if T is a linear transformation of €
which is skew w.r.t. (z,y), there are uniquely determined skew trans-
formations T%, T? such that (zy)T¥ = (zT)y + z(yT¢) V z,y € €.

If E;; are the unit matrices relative to the basis {uy, ..., ug} of €, then
H; = E; — Eiy4,44 (1 <1< 4) spans the Cartan subalgebra of Dy. Let
S be the subspace spanned by 2(0,0,0,H;) = h; (1<i<4). Forhe S
and 1 <1¢ <8,

[(uiv 07 Oa O)a h] = ﬁ(h)(u’u 0) Oa 0)
[(0,u5,0,0), ] = B(h){0,u,;,0,0)
[(O> Oa Ug,s 0)7 h] = ﬂ(h)(O, 09 U, 0)

where 3 is one of the 24 short roots of Fy.

For h € Sand T € {Ejj — Eja44 | 1 < 4,7 < 4} U{E; j1a —
Ejivas Bivaj — Ejrai |1 <d < j < 4},

[(0,0,0,7"), k] = B(h)(0,0,0,T)
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where (3 is one of the 24 long roots of Fy.

Let J’ be the space of matrices of trace zero. Set (1 <14 < 8)
v1 = diag(l,—1,0) +0(1,2) + 0(1,3) + 0(2, 3)
ve = diag(0,1,—-1) +0(1,2) + 0(1,3) + 0(2, 3)
vito = diag(0,0,0) + u;(1,2) + 0(1, 3) + 0(2, 3)
vi+10 = diag(0,0,0) + 0(1, 2) + w;(1,3) + 0(2, 3)
viy1s = diag(0,0,0) + 0(1,2) + 0(1,3) + u;(2, 3).

Then {v; | 1 <1 < 26} is a basis for J'. By computing the matrix for
{h; | 1 <1i < 4} and each element of £ corresponding to 24 short roots
and 24 long roots w.r.t. the basis {v; | 1 < ¢ < 26}, we obtain the matrix

realization via 26 by 26 matrices.

3. Matrix Realization

Let g be the Lie algebra of G, a split group of type Fy. In the follow-
ing realization, the set a of diagonal matrices in g is a Cartan subalgebra

corresponding to a maximal split torus A of G.

Denote by E;; the 26x26 matrix whose r, s entry is 6,;ds; and ab-
breviate E;; to E;. The Cartan subalgebra a is spanned by the four

vectors
Eyy = Ey — Egys + (Ea + E3 + E4 + E5 + Eg + Es + Ep + En2)/2
—(E15 + Evr + Erg + Eo1 + Eoo + Eoz + Eoq + Eos)/2,
Eyy = E7; — Ex+ (Ex+ E3 + Eq + Eg + E15 + E17 + Erg + En2)/2
—(Es + Es + E1o + E12 + Ea1 + Ea3 + Enq + E5)/2,
Eys = Eg — E1g+ (Ea + E3 + Es + Eg 4+ Ey5 + E17 + Ea1 + Eg3)/2
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—(Es+ Eg + E1o + E12 + Eig + FEoy + E24 + En5)/2,
Eyq = En — Eve + (B2 + By + Es + E1g + E15 + Etg + Ea1 + Eo4)/2
—(E3 + Eg + Eg + Fyg + F17 + Eg9 + Eos + E25)/2.

Define linear functionals «,3,7,6 on a by
a(pEy1 + qEys +rEy3+ sEys) = (p—q—1 —5)/2,
B(pEy1+ qEyqy 4+ rEys + sEy,) = s,

Y(pEy1+ qEyq + rEys3 + sEy4) =1 -5,
(pEy1+ qEys +rEy3 + sEyy) = g —r.

We set as follows for 24 positive roots and use lowercase letters for
24 negative roots,

Ey = E,, Ep=Es, Ep=E, Ep=E;
Ep = Eatp, Ec = Epiy, Ex =Engiy, EQ=Eyys,
Er = Eaypiy, Ep=Egiyis, EM = Bagiopry, Ew = Espiyis,
Eg = Eayopiyy Ej = Eaypivrs: En = Eratagirtsr
By = Eagray+s, EF = Eot2p14+6, Fo = Eaaragioyis,
EG = Eatagt2y+er Ev = Baataprayts, Ex = Eatapioyss,

Er = Eyat4p+3v+s6 Ea = Eagyaproyis, Es= Eaavapisy+2s

Then the collection @ of forty eight linear functionals forms a root

system of type Fy and the Lie algebra of type Fj is generated by {E, |
we b}

In this way, we have the following matrix realization
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rYL H L I J E 4M F 4N 2G 40 2K 4A 0 0 32U 0 32T © 25 ©0 0 0 O O 0 7
h Y2 D C B X 4E W -4F2V 4G 0 0 -4K4A4 0 4U © -8T O 8 ©0 0 0 0 0O
I d Y8 R Q C 4 B -4J 0 0 2V 4G 4G -40 2K 4A © O 0O 0 -8T85 0 0 0O
i ¢ r Y4 P -D-4L 0 0 2B 4J -2W-4F-4F-4N 0 0 -2K-84 0 0 8U 0 -85 0 0
j b q p Y5 0 0 -D 4L -2C -4 2X 4E 4E -4M 0 O 0 0 -2K BA 0 —BUST O 0
e z ¢ -d 0 Y6-4H P 0 -2Q 0 2B 0 4] 0 -2F -4N -2G-80 0 0 —-8A 0 0 -85 ©
m/4 e/s i/4 —1/4 O —-h/dY?T O -P 0 -Q 0O B 0 -J W/2 -F V/22G 0 0 2K 0 0 0 -2§
f w b 0 -d p O Y8 4H 2R 0 -2C 0 -4 0 2E —-4M 0 O -2G 80 0 8A 0 8T 0
n/d—f/4~j/4 O /4 O -p h/4 YD O -R O C © -I X/2 —-E 0 0 -V/22G 0 2K 0 0 -2T
g/2 v/2 O b/2 -c/2-¢/2 0 r/2 0 YW-2H D 0 2L O O O -2E4M F 4N 0 0 —-4A-2U 0
o/4 g/4 O j/4 ~ifa 0 —g¢ O -r-h/2Y1l 0 D 0 -L © 0 -X/2 E -W/22F 0 0 2K & ~U
k/2 0 v/2-w/2z/2 b/2 0 -c/2 0 d 0 Y2-2H-2H 0 L O I 0 J D0 4M 4N 40 —4A 0O
a/2 k/A g/4 —f/4 /4 —j/4 b i/a 3¢ —1/2 2d ~h/2 0 0 H -D L ~C -2 -B 2J -2E 2F -2G-2K 44

—afd-k/2 g/4 —f/4 e/4 /2 ~b —i/2 —c | -d—h/2 0 0 H Dj2 -2L C/2 4l B/2 -4J-2E IF ~2G 4K 24
0 o/t ~ofd-nfd-m/d 0 -j O ~i 0 -l 0 h h -Y12 0 -D 0 2C 0 -2B-2X2W -2V 0 -2K
w/2 6 -k/2 0 0 —f/2%2w /2 22 6 © I -2d 0 0 -YI12H R 0 Q O 4 —4J 0 -4G-40
0 ufda/4 0 O -n/d—f-m/4-e 0 © O 0 =~ -d R/2-YW0 0 -2R 0 2Q 2C -2B 0 -2V-2G
2 0 0 —k/2 O -g/22v 0 0 e -2z i -2 0 0 r 0 -YP-4H P 0 -4L 0 4J 4F —4N
0 -t/8 0 —a/8 O —o/8g/z 0 O m/é—e/2 O O /2 ¢/2 0 -r/2-h/4-Y8 O -P D 0 -B-W —F
/2 0 0 O —k/2 0 0 -g/2-2v f —2w j -2 0 0 ¢ O p O -YT4H O 4L -4I -4E-4M
0 8 0 O a/8 O O of8 g/2mn/a £/2 O O -j/2-b/2 0 ¢q/2 O -p h/4 -Y6 0 D -C -X -E
0 0 —t/Su/8 D —a/8k/2 O 0 0 O m/d-e/2—e/2-z/2 i/4 ¢/2 —1/4 d O 0 -Yi-P -Q -B -J
0 O sB8 0 -u/8 0 O a/8 k/2 © O n/4 §/2 f/2 w/2 —j/4-b/2 0 0 I/a d -p-Y4-R -C -I
0 0 0 -s/8¢8 0 0 O 0 -—afdk/2 o/4 —g/2-g/2-v/2 6 O j/4 -b -if4 —¢ —-q -vr -Y3-D -L

@ © 0 0 ©0 -s80 t/8 0 —u/4 0 —a/4 0 k/2 0 —g/4-v/2 /4 —w —e/4 ~x ~b —c —d -Y2-H

o o 0 0 o© 0 -2 0 —t/2 0 -u/2 0 —a/2 0 —k/2-0/4—g/2-n/d ~f —-m/d —e —j —i —l —~h -Y1 ],

4. Application

To determine reducibility points of degenerate principal series in reg-
ular cases, we will use a criterion developed by Jantzen in [2]. And we

will use matrix realization derived in the previous section.

For a root w € ®, we will write z,(t) for exp(tX,). Set w,(t) =
Lo (1) Z—w(—t ™Dz, (t) and hy,(t) = w, (H)w, (1)1
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The group A, generated by {h,(t) | w € ®,t € F*}, is equal to the

set of 2626 matrices of the form
diag(p,q,7,8) = pE1 + qEy + rE3 + sE4 + pq/rsEs + vs/qEes + r5/pE7r

+p/sEg + q/SEg +p/rEp + q/rEq1 + p/qE12 + Fy3+ Fl14 + q/pE15
+7/qEyg + 1/pErr + 8/qE18 + s/pE1g + p/rsEg + q/rsExn + 15/pqEa
+1/8Ea3 + 1/rEas + 1/qE2s + 1/pEag, p,q,1,8 € F*.

The w,(t)’s and A generate the group N. The Weyl group W = N/A

is generated by the reflections
sy = wg(l), s2=wp(l) s3 =wg(l) s4 = wp(l).

Let B = AU, be the minimal parabolic and set N; = (B,s;) (i =
1,2,3,4), which is the Levi factor of a larger parabolic subgroup. To use
Jantzen’s criterion, we need to understand the structure of N; and the

Weyl group actions on A.

Using matrix realization, we can identify the structure of N; which
are isomorphic to GL(1, F) x GL(1, F) x GL(2, F'). And we can compute
the Weyl group action on A with the help of a computational software
such as Maple and Matlab.
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