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THE STABILITY OF A DERIVATION ON A BANACH
ALGEBRA

Eun Hwi LEE, ICK-SOON CHANG AND YONG-S00 JUNG

Abstract. In this article, we show that for an approximate deriva-
tion on a Banach x-algebra, there exist a unique derivation near the
an approximate derivation and for an approximate derivation on a
C*-algebra, there exist a unique derivation near the approximate

derivation.

1. Introduction

In 1940, S. M. Ulam [23] posed the following problem concerning the
stability of homomorphism. We are given a group G'1 and a metric group
(Ga,d). Given € > 0, does there exist a § > 0 such that if a mapping
f : G1 — G satisfies d(f(zy), f(z)f(y)) < 6 for all z, y € Gy, then a
homomorphism g : G; — G2 exists with d(f(z),g(z)) < eforallz € Gy

As an answer to the problem of Ulam, D. H. Hyers (8] in 1941 has
proved the stability of linear functional equation. A generalized version

of the theorem of Hyers for approximately linear mappings was given by
Th. M. Rassias [17]:

Let f : X — Y be a mapping with X,Y Banach spaces, such that
f(tz) is continuous int € R for all fired x € X. Suppose that there exist
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constant > 0 and p € [0,1) such that

I1f(z +y) — fz) = fF@)I < 6(ll=l” + lyliP)

forall z,y € X, then there exists a unique R -linear mappingT : X — Y
such that

If(z) = T(z)l| <

< == el

foradlz,ye X.

Since then, the stability problems of several functional equation have
been extensively investigated by a number of authors (for instance, (1,
2,4,5,6,7,9,12, 11, 15, 18, 19, 20, 21, 22| ). In Particular, P. Givruta

[7] in 1994 generalized the result of Rassias as the following:

Let G, X be an abelian group and a Banach spaces, respectively.

Denote by ¢ : G x G — [0,00) a mapping such that
oo
B(z,y) = Y 27Fp(2kz, 2%y)
k=0
orall x, y € X. Suppose that f : G — X such that

If(z +y) — f(@) = FWI < plz,y)

for all z, y € G. Then there exists a unique additive mapping T : G —
Y such that

1£(2) - T@I < 57(@.9)
forallz € G.

In 1988, B. E. Johnson [10] investigated almost algebra x-homomorphisms
between Banach x-algebras. Recently, C. Park [16] also proved the gen-
eralized Hyers-Ulam-Rassias stability of algebra homomorphisms on Ba-

nach x-algebras and automorphisms on C*-algebra.
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Now we deal with a derivation d in algebra A, i.e., a linear mapping
of A into A such that

d(zy) = zd(y) + d(z)y-

for all z,y € A.

The main purpose of this paper is to prove that for an approximate
derivation on a Banach x-algebra, there exist a unigue derivation near
the approximate derivation and for an approximate derivation on a C*-
algebra, there exist a unigue derivation near the an approximate deriva-

tion.

2. Stability of derivations on a Banach *-algebra

In this section, let A be a Banach x-algebra and A, the set of self-

adjoint elements in A. We also denote by
S:={AeC||A =1}

As a matter of convenience, for given mapping f : A — A, we use the

following abbreviation:

Duf(z,y) := f(uz + py) — pf(z) — nf(y)
for all 4 € C and for all z,y € A.
Let ¢ : A x A — [0,00) be a function satisfying

00
(21) (,‘5(.’1,‘,:1]) = Z2“j¢(2jm,2-jy) < 00
j=0

for all z,y € A.

Theorem 2.1. Let ¢ : Ax A — [0,00) be a mapping satisfying (2.1).
Suppose that f: A — A is a function such that

(2.2) |1Dpf(z, y)|l < plz, ),

(2.3) [1f(zw) = zf(w) — f(2)wl| < ¢(z,w)
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for all z,y € A, for all 4 = 1,1, and for all z,w € As,. If f(tx) is
continuous in t € R for all fixed x € A, then there exists a unique
derivation d : A — A such that

(2.4 1£(2) - (@)l < 35(z,y)
for all z € A.

Proof. Let 4 =1 in (2.2). Then, by Gavruta’s theorem, there exists
a unique additive mapping d : A — A satisfying the inequality (2.4),
where
) 1
d(z) = lim 2—nf(2”:z)

n—00
for all z € A.

If we use the same argument as in the proof of [17, Theorem], then
we see that d is R-linear mapping. By replacing y by 2" !z in (2.2),
then we find that

I£(2"uz) - 2pf (2" "2)]| < (272, 2" a)

for p = 1,7 and for all z € A.

Then, from this, we can show that
lnf(2"z) — 2uf(@* " 2)|| = [|/(2"2) - 2f (2" '2)|| < (2" 12, 2" ')

for u=1,i and for all z € A.
Thus we obtain that

1£ (2" ux) — 2uf (2" '2)| < | £(2"pa) — 2uf (2" a)]
+Hlnf (2 z) - 2uf (2" a))|
S (p(2n_1$, 2n—-1m) + (P(2n—1m, 2n—1x)
for p = 1,7 and for all z € A.
By dividing both sides by 2" in preceding inequality, we have

f(2 ux f(er—lg 1 nel e
‘ ( 2n ) _ IJ/ (2n_1 ) < l(p(z lm, 2 1$)
for all z € A.

S Gnn
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Hence it follows that

1) _ o D

d(pz) = lim

for u = 1,7 and for all z € A.
For all element A € C, A = s + it, where s,t € R. So we note that

d(Az) = d(sz+itz) = sd(z)+td(iz) = sd(z)+itd(z) = (s+it)d(z) = Ad(x)

for all A € C and for all z € A.

Therefore we conclude that

d(¢z +ny) = ¢d(z) + nd(y)

for all {,n € C and for all z,y € A, i.e., d is C-linear mapping.
If we substitute z := 2"z in(2.3) and multiply 1/2", then we deduce
that

1252 s - 280 < Lotarsiu
for all z,w € A, and thence we get
d(zw) = 71151;0 f(2":w) = nli’ngo [zf(w) + f(;:z) w] = zf(w) + d(2)w

for all z,w € A,,.
Replace w by 2"w in the above relation and divide both sides by 2™,
then we have by additivity of d

f(2"w)
on

d(zw) = 2z + d(z)w,

for all z,w € Ag,.

Taking the limit, we arrive at
d(2w) = zd(w) + d(2)w,

for all z,w € Ag,.
For elements z,y € A, Tt = % +z% and y = yi2y_ +iy:2§/l, where

*

Ty = B 39 = 25X and y; = }/izL, y2 1= X are selfadjoint.
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Since d is C-linear mapping,

d(zy) = d(z1y1 — T2y2 + iT1y2 + iT2Y1)
= (@1 + iz2)(d(y1) + id(y2)) + (d(z1) +id(z2))(y1 + iy2)
= zd(y) + d(z)y

for all z,y € A, which the proof is now complete. d

Theorem 2.2. Let ¢ : Ax A — [0, 00) be a mapping satisfying (2.1).
Suppose that f : A — A is a function such that the inequalities (2.2)
and (2.3) for all p € S, for all x,y € A, and for all z,w € Ase. Then
there exists a unique derivation d : A — A such that the inequality (2.4)
for all ¢ € A.

Proof. Set n =1 € S in (2.2). As in the proof of Theorem 2.1, there
exists a unique additive mapping d : A — A satisfying the inequality
(2.4), where

d(z) = lim — f(2"
(@) = Jim 5 f(2"2)
for all z € A.
Using the same method as in the proof of Theorem 2.1, we find that

d(puz) = lim f_(2_":1_a:_)_ = pd(x)

N—00 2

) 2%z
- tm T3
for p € S and for all z € A.

Here and now, let A € C be nonzero and M an integer greater than
4|A]. Then |%| <i<1l- 2. According to the theorem in [13], we see
that there exist elements ui, p2, u3 € S such that 3% = 1 + po + p3.
Observe that d(z) = d(3 - %z) = 3d(%z) for all z € A. Then we have

d(3z) = 1d(z) for all z € A.
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Thus it follows that for all x € A,

M _A 1 A M A

M M
= g dlmz + poz + uaz) = —(d(pz) + d(p2z) + d(psz))

= Mt o+ s)d(@) = T 32d(#) = M)

Hence, by additivity of d, we obtain that

d(¢zx + ny) = ¢d(z) + nd(y)

for all z € A and for all {,n € C with { # 0, 1 # 0. In particular, set
¢ =1,7 = —1, and y = z in the above relation. Then d(0) = d(z —z) =
d(z) — d(z) = 0. So d(0z) = 0 = 0d(z) for all x € A. Therefore d is a
C-linear mapping. The rest of the proof goes through by the same way
as that of Theorem 2.1. The proof of Theorem is complete. g

Corollary 2.3. Let ¢ : AX A — [0,00) be a mapping. Suppose that
there exists > 0 and p € [0,1) such that

| Dwf (z, )l < 6(lll? + [[9lP),

1f(zw) — 2f(w) — f(2)wl < O(llz|I" + [[w]|”)

for all p € S, for all z,y € A, and for all z,w € Asq. Then there exists

a unique derivation d : A — A such that

1f(2) - d(@)]| < 2

< s ol

for all z € A.

Proof. In Theorem 2.2, defining ¢(z,y) = 8(||z||” + ||y||?), we obtain
the desired result. O
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3. Stability of derivations on a unital C*-algebra

From now on, let A be a unital C*-algebra and U(A) the set of unitary

elements in A. Futhermore, e is the identity element of A.

Theorem 3.1. Let ¢ : Ax A — [0,00) be a mapping satisfying (2.1).
Suppose that f : A — A is a function such that (2.2) and

3.1 1f(uy) — uf(y) — FWyll < o(u,y)
for all p = 1,4, for all w € U(A), and for all z,y € A. If f(tz) is

continuous in t € R, then there exists a unique derivation d : A — A
such that the inequality (2.4) for all z € A.

Proof. If we utilize the same way as in the proof of Theorem 2.1, then

there exists a unique C-linear mapping d : A — A such that

1£() - d@) < 55(2,2)

for all z € A, where

d(z) = tim 12)

n—ooo 2"

for all z € A.
Replace 2™y instead of y in (3.1) and divide both sides by 2", then

we have

“ fQruy) | f2MY)
2n

sn - — J(wy

1
’ < z—nw(uﬂ"y)

for all u € U(A) and for all z € A.
Now taking the limit, we get

1)y [ L2

d(uy) = lim o

n—00 an n—00

; f(u)y] — ud(y) + f(uy

for all u € U(A) and for all y € A.
In the above relation, setting y = e yields d(u) = ud(e) + f(u) for all
u € U(A). Considering u = e in this relation, we obtain f(e) = 0. In
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particular, we note that

2"d(e) = d(2"e) = lim 1P 20 _ i £O)

n—oo an n—oo 2N

0.

Hence we conculde that d(e) = 0. So that d(u) = f(u) for all u € U(A).
Since d is C-linear mapping and all z € A is a finite combination of

unitary elements, i.e., T = Z;nzl Ajvj
m m m
d(zy) = d(Y_Ajuzy) = Y Musd(y) + ) if(ug)y = 2d(y) + d(z)y
j=1 Jj=1 Jj=1
for all z,y € A. This completes the proof of Theorem. a
Theorem 3.2. Let ¢ : Ax A — [0,00) be a mapping satisfying (2.1).
Suppose that f : A — A is a function such that (2.2) and (3.1) for all

w € S, for all u € U(A), and for all z,y € A. Then there exists a unique
derivation d : A — A such that the inequality (2.4) for all x € A.

Proof. By the same reasoning as in the proof of Theorem 2.2, there

exists a unique C-linear mapping d : A — A such that

1£(2) - d(z)] < 55(z,)

for all z € A. The rest of proof is same to the proof of Theorem 3.1. O

Corollary 3.3. Let ¢ : Ax A — [0,00) be a mapping. Suppose that
there exists § > 0 and p € [0,1) such that

1D f(z, y)ll < 6(lllIP + llyhP),

[1f (wy) — uf(y) — f(wyll < 6([[ull” + llyl|”)
for all u € S, for all z,y € A, and for all u € U(A). Then there exists a
unique derivation d : A — A such that

1(2) - d@)] < =22

2-2p

[P

for all ¢ € A.
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Proof. Considering ¢(z,y) = 0(||z]|P + ||y]|’) in the theorem 3.2, we

arrive at the conclusion of the corollary. U
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