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INTUITIONISTIC FUZZY SUBGROUPS

TAE-CHON AHN, KuL HUR, KYUNG-WON JANG AND SEOK-BEOM
RoH

Abstract. We discuss various types of sublattice of the lattice of
intuitionistic fuzzy subgroups of a given group. We prove that a
special class of intuitionitic fuzzy normal subgroups constitutes a

modular sublattice of the lattice of intuitionistic fuzzy subgroups.

0. Introduction

In 1965, Zadeh[21] introduced the concept of a fuzzy set. After that
time, it has been a tremendous interest in the subject due to its di-
verse application ranging from engineering and computer science to so-
cial behaviour studices. In particular, several researchers(1,8,19,20] have

applied the notion of fuzzy sets to group theory.

In 1986, Atanassov(2] introduced the concept of intuitionistic fuzzy
sets as the generalization of fuzzy sets. Since then, Coker and his col-
leagues|6,7,10], Lee and Lee[18], and Hur and his colleagues[13] applied
the notion of intuitionistic fuzzy sets to topology. In particular, Hur
and his colleagues[15] applied one to topological group. Moreover, many
reaserchers(3,4,11,12,14,16,17] applied the concept of intuitionistic fuzzy
sets to algebra.
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In this paper, we discuss some interesting sublattices of the lattice
of intuitionistic fuzzy subgroups of group. As a main result of our pa-
per, we prove the set of all intuitionistic fuzzy normal subgroups with
finite range and attaining the same value at the identity element of the
group forms a modular sublattice of the lattice of intuitionistic fuzzy
subgroups. In fact, it is an intuitionistic fuzzy version of a well-known
result of classical lattice theory. Finally, though a lattice diagram we
exhibit the interrelationship of the sublattices of the lattice of intuition-

istic fuzzy subgroups discussed here.

1. Preliminaries

We will list some concepts and some results needed in the later sec-

tions.

Forsets X, Y and Z, f = (f1,f2) : X = Y x Z is called a complex
mapping if fi : X — Y and fo : X — Z are mappings.

Throughout this paper, we will denote the unit interval [0,1] as I.
And for an ordinary subset A of a set X, we will denote the character-

istic function of A as x4.

Definition 1.1[2,6]. Let X be a nonempty set. A complex mapping
A= (pa,va) : X — I x 1 is called an intuitionistic fuzey set(in short,
IFS) in X if pa(z) + va(z) < 1 for each € X, where the mapping
pa:X — Iand vy : X — I denote the degree of membership (namely
pa(z)) and the degree of non-membership(namely v4(z)) of each z € X
to A, respectively. In particular, 0~ and 1. denote the intuitionistic
fuzzy empty set and the intuitionistic fuzzy whole set in a set X defined
by O~(z) = (0,1) and 1.(z) = (1,0) for each x € X, respectively.
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We will denote the set of all IFSs in X as IFS(X).

Definition 1.2[2]. Let X be a nonempty sets and let A = (u4,v4) and
B = (up,vp) be an IFSs in X. Then

(1) Ac Bifand only if p4 < pup and vg > vp.
(2)A Bifand only if AC B and B C A.
(3) A® = (va, pa)

(4) ANB = (pua App,va V).

(5) AUB = (uaV pp,va AVB).

(6) [ A] = (k4,1 — pa), <> A= (1-vg,va)

Definition 1.3[6]. Let {A;};c; be an arbitrary family of IFSs in X,
where A; = (ua,,v4,) for each i € J. Then

(1) M A = (Apa,, Vra,).

(2) UA; = (Vpa,, Ava,).

Definition 1.4[11]. Let (X, -) be a groupoid and let A € IFS(X). Then
A is called an intuitionistic fuzzy subgroupoid(in short, IFGP) of X if
for any z,y € X, pa(zy) 2 palz) A paly) and va(zy) < va(z) vV va(y).

Definition 1.5[12]. Let G be a group and let A € IFS(G). Then A is
called an intuitionistic fuzzy subgroup(in short, IFG) of G if it satisfies

the following conditions:
(i) A is an IFGP of G.
(ii) pa(z™1) > pa(z) and va(z~!) > va(z) for each z € G.
We will denote the set of all IFGs of G as IFGG.

Result 1.A[12, Proposition 2.3]. Let G be a group and let { Ay }aer C

IFG(G). Then N cr Aa € IFG(G).
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Result 1.B[12, Proposition 2.6]. Let G be a group and let A,B €
IFG(G). Then A(z™!) = A(z), pa(z) < pale) and va(z) > va(e) for

each z € G, where e is the identity element of G.

Result 1.C[12, Proposition 2.2]. Let G be a group and let A C G.
Then A is a subgroup of G if and only if (x4, x4¢) € IFG(G).

Definition 1.6[11]. Let A be an IFS in a set X and let (A, p) € I x [
with A + ¢ < 1. Then the set AM) = {z € X : pa(z) > X and
va(z) < p} is called a (A, p)-level subset of A.

2. Lattices of intuitionistic fuzzy subgroups.

In this section, we study the lattice structure of the set of intuition-
istic fuzzy subgroups of a given group. From Definitions 1.1, 1.2 and
1.3, we can see that for a set X, IFS(S) forms a complete lattice under
the usual ordering of intuitionistic fuzzy inclusion C, where the inf and
the sup are the intersection and the union of intuitionistic fuzzy sets, re-
spectively. To construct the lattice of intuitionistic fuzzy subgroups, we
define the inf of a family A, of intuitionistic fuzzy subgroups to be the
intersection NA,. However, the sup is defined as the intuitionistic fuzzy
subgroup generated by the union UA, and denoted by (UAy). Thus we

have the following result.

Proposition 2.1. Let G be a group. Then IFG(G) forms a complete

lattice under the usual ordering of intuitionistic fuzzy set inclusion C.

Proof. Let {As}aer be any subset of IFG(G). Then, by Result 1.A,
Nacr € IFG(G). Moreover, it is clear that MNaer A is the largest

intuitionistic fuzzy subgroup contained in A, for each a € T'. So
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Aaer Aa = Nuer Aa- On the other hand, by Result 1.7, (Uaer Aa)
is the least intuitionistic fuzzy subgroup containing A, for each a € T'.
S0 Vger Aa = (Uaer Aa)- Hence IFG(G) is a complete lattice. U

Next we contruct certain sublattice of the lattice IFG(G). In fact,
these sublattices reflect certain peculiarities of the intuitionistic fuzzy
setting. For a group G, let IFG¢(G) = {A € IFG(G) : Im A is finite
} and let IFG(;1(G) = {A € IFG(G) : A(e) = (s,t)}, where e is the
identity of G. Then it is clear that IFG(G)[resp. IFG(,4(G)] is a sub-
lattice of IFG(G). Moreover, IFG¢(G)N IFG,4)(G) is also a sublattice
of IFG(G).

Now to obtain our main results, we start with following lemma.

Lemma 2.2. Let G be a group and let A, B € IFG(G). Then for each
(\p) € I x I with A+ p <1, AO# . BOW ¢ (40 BYAW,

Proof. Let z € AM# . B Then there exist zg,yg € G such that
z = zoyo. Thus pa(ze) > A, va(zo) < pand pa(ye) > A, valy) < p.
So

pa08(2) = V gy la(@) A pB(Y)) 2 LalZ0) A B (Y0) 2 A
and

VaoB(2) = N\ =zylva(@) V vB(y)] < va(zo) V vB(Y0) < bi-
Thus z € (Ao BY*#), Hence AOH . BOM ¢ (Ao B)MH. O

The following is the converse of Lemma 2.2.

Lemma 2.3. Let G be a group and let A, B € IFG(G). If Im A and
Im B are finite, then for each (A, p) € I x I with A4+ p <1,

(Ao BYAm) ¢ AGw) . BAm),
Proof. Let z € (A- BY™*). Then

140B(2) =V yugyl1a(x) A up(y)] = A
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and

VAOB(Z) = /\z:z;y[VA(m) \4 UB(y)] S /J’
Since Im A and Im B are finite, there exist zg,yo € G with z = zgyg
such that

Vimayla(@) A us )] = palzo) A pp(yo) > A
and

Noezylva(z) vV vp(y)] = va(zo) V ve(yo) < A.
Thus pa(zo) > A, va(zo) < p and pup(yo) > A, ve(yw) < p. So
zo € AN and yo € BAH e z = Toyo € AN . B Hence
(Ao B)(’\’“) c AG# . B This completes the proof.

The following is the immediate result of Lemmas 2.2 and 2.3.

Proposition 2.4. Let G be a group and let A, B € IFG(G). If Im A
and Im B are finite, then for each (A\,pu) € I x I with A+ p <1,
(Ao B)Mm) = o) . B,

Definition 2.5[12]. Let G be a group and let A € IFG(G). Then A is
called an wntuitionistic fuzzy normal subgroup (in short, IFNG) of G if
A(zy) = A(yz) for any z,y € G.

We will denote the set of all IFNGs of G as IFNG(G). It is clear that
if G is abelian, then every IFG of G is an IFNG of G.

Result 2.A[16, Proposition 2.13]. Let G be a group, let A €
IFNG(G) and let (A\,u) € I x I with A+ p < 1. Then AM® 4 G,
where AM#) < G means that AM#) is a normal subgroup of G.

Result 2.B[16, Proposition 2.18]. Let G be a group and let A €
IFG(G). If AP# QG for each (A, 1) € Im A, Then A € IFNG(G).
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The following is the immediate result of Results 2.A and 2.B.

Theorem 2.6. Let G be a group and let A € IFG(G). Then A €
IFNG(G) if and only if for each (X, u) € Im 4, ADH G

Result 2.C[12, Proposition 3.3]. Let G be a group and let A €
IFNG(G). If B € IFG(G), then Bo A € IFG(G).

The following is the immediate result of Result 1.A and Definition 2.5.

Proposition 2.7. Let G be a group and let A,B € IFNG(G). Then
AN B e IFNG(G).

It is well-known that the set of all normal subgroups of a group forms
a sublattice of the lattice of its subgroups. As an intuitionistic fuzzy

analog of this classical result we obtain the following result.

Theorem 2.8. Let G be a group and let IFN(, ,)(G) = {4 € IFNG(G) :
Im A is finite and A(e) = (s,)}. Then IFN(G) is a sublattice of
IFG ;(G)N IFG 4,4 (G). Hence IFN(, 1)(G) is a sublattice of IFG(G).
Proof. Let A, B € IFNj(, 4(G). Then, by Result 2.C, Ao B € IFG(G).
Let z € G. Then

pa0B(2) =\ gy l1a(@) A B ()] = 1a(2) A pple)

= pa(z) Apale) (Since A(e) = (s,t) = B(e))

=pa(z) (By Result 1.B)
and

VaoB(2) = N,—gylva(z) VvB(y)] < va(z) Vvp(e)

=va(z) Vva(e) = va(2).
Thus A C Ao B. Similarly, we have B C Ao B. Let C € IFG(G) such
that A C C and B C C. Let z € G. Then

HAOB(Z) = Vz:zy[ll’A(x) A “B(y)]
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< Viegylte(@) Apc(y)] (Since AC C and B C C)
< uc(zy) (Since C € IFG(G))

= pc(2)

and
VaoB(2) = N —gylva(@) V()] 2 A,y lvo(2) V ve(v)]
> veo(zy) = vo(z).

Thus Ao BCc C.So AoB=AVB.

Now let (A, u) € I x I with A+ p < 1. Since A, B € IGNG(G),
AP 4G and BA 9@G. Then AXW o BM 4G, By Proposition 2.4,
(Ao B)AW g G. Thus, by Theorem 2.6, Ao B € IFNG(G). So AV B €
IFN(s4)(G). From Proposition 2.6, it is clear that A A B € IFNG(G).
Thus AAB € IFN(, 1(G). Hence IFN ¢, 1(G) is a sublattice of IFG ;N
IFG,,)(G), and therefore of IFG(G). This complete the proof. O

The relationship of different sublattice of the lattice of intuitionistic

fuzzy subgroup discussed herein can be visualized by the lattice diagram

in Figure 1.
IFG(G)
IFG (s 4(G o< >OIFGf
° TIFGf(G)N TF Gy, y
° IFGy;(G)
Figure 1.

It is also well-known([5, Theorem 1.11] that the sublattice of normal
subgroups of a group is modular. As an intuitionistic fuzzy version to

the classical theoretic result, we prove that IFN(, ,1(G) forms a modular
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lattice.

Result 2.D[17, Lemma 2.2]. Let G be a group and let A € IFG(G).
If for any z,y € G, pa(z) < pa(y) and va(z) > va(y), then A(zy) =
A(z) = A(yz).

Definition 2.9[5,9]. A lattice (L, A, V) is said to be modular if for any
z,y,z € L with < 2[resp. = > z|, 2V (yAz) = (zVy) A z[resp.
zA(yVz)=(zAy)Vzl.

In any lattice L, it is well-known[9, Lemma 1.4.9] that for any z,y, 2 €
Lifz < z[resp. x > 2], thenzV (yA2) < (xVy) Azresp. zA(yVz) >
(z Ay) V z]. The inequality is called the modular inequality.

Theorem 2.10. The lattice IFNf(,;)(G) is modular.

Proof. Let A, B,C € IFNy(G) such that A > C. Then, by the
modular inequality, (AAB)VC C AA(BVC). Assume that AAN(BVC) ¢
(AA B)VC, ie., there exists z € G such that

panBve)(2) > wanpve(z) and vaave)(2) < vansyve(z)-

Since Im B and Im C are finite, there exist zo,y0 € G with 2 = zoyo
such that

(B V C)(z) = (B o C)(z) (By the process of the proof of Theorem
2.7)

= (VzayltB () A uc®)], As=zylve(2) V ve(y)])

= (uB(20) A tc (o), vB(z0) V Ve (¥0))-
Thus [A A (B V O))(2) = (1a(2) A (uB(20) A po(yo)), va(z) V (vB(2o) V
ve(yo)))-(%)
On the other hand,

H(A/\B)v(z) = Vz=zy[NA/\B(fL') A pe(y)]

> panB(x0) A pc (o) = pa(@o) A pup(wo) A pc(yo)  (xx)
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and

V(A/\B)v(z) = /\z:zy [VA/\B(w) \ VC’(Z/)]

< van(zo) V ve(yo) = va(zo) V ve(zo) Vvc(yo) (*+)
By (%), (xx) and ('),

pa(z) A pp(zo) A pe(yo) > palzo) A us(zo) A e (yo)
and

va(z) Vvg(zo) Vve(yo) < val(zo) Vve(zo) V ve(yo)-
Then

1a(2), uB(z0), po(yo) > pa(Zo) A up(Zo) A pe (o)
and

va(2),ve(xo), vo(yo) < va(zo) V ve(zo) V vc(vo)-
Thus pa(zo) Aus(To) Apc(yo) = pa(zo) and va(zo) Vve(zo) Vrc(yo) =
va(zo). So pa(z) > pa(zo), va(z) < va(zo) and pclyo) > palzo),
vo(yo) < va(zo). By Result 1.B, pa(zy?) = pa(zo) < palzoyo) and
va(zgl) = va(zo) > valzoyo). By Result 2.D, A(xg) = Ay, z,z5") =
A(yo).- Thus pc(ye) > palyo) and ve(yo) < va(ye). This contra-
dicts the fact that A > C. So AAN(BVC) C (AANB)VC. Hence
AN(BVC) = (AAB)VC. Therefore IFNy()(G) is modular. This
completes the proof. O

We discuss some interesting facts concerning a special class of in-
tuitionistic fuzzy subgroups that attain the value (1,0) at the identity

element of G.

Lemma 2.11. Let A be a subset of a group G. Then

(x4, xa42)) = (X<a>, X<a>e),

where < A > is the subgroup generated by A.
Proof. Let B = {B € IFG(G) : (xa,x4ac) C B}, let B € B and let
z € A. Then
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xa(r) =1 < up(z) and xac(z) =0 > vp(x).

Thus ug(z) = 1 and vg(z) = 0. Since B € IFG(G), B = 1. for any com-
posite of elements of A. So (X<A>, X<a>c) C B. Hence (X<a>,X<ac>) C
NB. By Result 1.C, (x<a>, X<a>¢) € IFG(G). Moreover, (x<A>,X<A>c) €

B. Therefore (x<a>, X<A>e) = NB = ((x4,X4¢))- O
The following can be easily seen.

Lemma 2.12. Let A and B subgroups of a group G. Then
(1) A« G if and only if (x4, xac) € IFNG(G).
(2) (xa,xa¢) o (xB>xB) = (XA-B> X(A-B)e)-

Proposition 2.13. Let S(G) be the set of all subgroup of a group G

and let IFG(S(G)) = {(xa,x4ac) : A € S(G)}. Then IFG(S(G)) forms

a sublattice of IFG ¢(G)N IFG(;,0)(G) and hence of IFG(G).

Proof. Let A, B € S(G). Then it is clear that (x4, xac) N (xB, XBc)

(xanB: X(anB)e) € IFG(S(G)). By Lemma 2.12, ((x 4, X ac)U(XB, XBe))
)

)
((x4uB, X(4uB)e)) = (X<AUB>» X<auB><)- Thus (x4, X4¢)V(xB, XBe) =
(x4, x4c)U(xB, xB<)) € IFG(S(G)). Moreover, IFG(S(G)) C IFG¢(G)N
IFG(1,0)(G). Hence IFG(S(G)) is a sublattice of IFG4(G)N IFG(1 0)(G). U

Proposition 2.13 allows us to consider the lattice of subgroups S(G)
of G a group G as a sublattice of the lattice of all intuitionistic fuzzy
subgroups IFG(G) of G.

Now, in view of Theorems 2.8 and 2.10, for each fixed (s,t) € I x I
with s +¢ < 1, IFN(;1(G) forms a modular sublattice of IFG¢(G)N
IFG s 4)(G). Therefore, for (s,t) = (1,0), the sublattice IFN(; 0)(G) is
also modular. It is clear that IFNsq g)(G)N IFG(S(G)) = IFN(N(G)),
where N(G) denotes the set of all normal subgroups of G and IFN(N(G)) =
{(xn,xne) : N € N(G)}. Moreover, IFG(N(G)) is also modular.
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The lattice structure of these sublattices can be visualized by the di-

agram in Figure 2,

IFG(G)

IFG4(G) o o IFG(o,1)(G)

N/

© IFGf(O 1) (G)

IFN(0.1)(G) o o IFG(S(G))

/NN
\/t

° “IFN(N(G))

Figure 2.

By using Lemmas 2.11 and 2.12, we obtain a well-known classical

result.

Corollary 2.13. Let G be a group. Then N(G) forms a modular
sublattice of S(G).
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