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INTUITIONISTIC FUZZY CONGRUENCES
CONTAINED IN (x7,x#c) AND INTUITIONISTIC
FUZZY IDEMPOTENT SEPARATING CONGRUENCES

TAE cHON AHN, KuL HUR* AND JUENG JE YANG

Abstract. First, we obtain some results of intuitionistic fuzzy con-
gruences on a regular semigroups contained in (x#, XHe)- Secondly,
we introduce the concept of intuitionistic fuzzy idempotent separat-
ing congruences on a semigroup and investigate some of it’s prop-

crties

0.Introduction

The theory of fuzzy sets proposed by Zadeh[25] in 1965 has achieved
a greate success in vavious fields. After that time, some authors 1, 18-
20,22-24] applied this concept to congruences.

With the research of fuzzy sets, in 1986, Atanassov(2] introduced
the concept of intuitionistic fuzzy sets which are effective to deal with
vagueness. The notion of the intuitionistic fuzzy sets is a generalization
of one of the fuzzy sets. Recently, Coker and his colleagues [6,7,10],
and Lee and Lee [21] introduced the concept of intuitionistic fuzzy topo-
logical spaces using intuitionistic fuzzy sets and investigate some of it’s
properties. Some researchers [3,4,12-14] applied to algebra using in-

tuitionistic fuzzy sets. In 1966, Bustince and Burillo [5] introduced the
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concept of intuitionistic fuzzy relations and investigated some properties
of the composition of intuitionistic fuzzy relations. In 2003, Deschrijver
and Kerre [9] studied some properties of the composition of intuition-
istic fuzzy relations. In particular, Hur and his colleagues [16] investi-
gated various properties of intuitionistic fuzzy equivalences. Also Hur
and his colleagues [15,17] introduced the concept of intuitionistic fuzzy
congruences on a semigroup and a lattice and obtained many results,
respectively.

In this paper, first, we obtain some results of intuitionistic fuzzy con-
gruences on a regular semigroups contained in (x, X#). Secondly, we
introduce the concept of intuitionistic fuzzy idempotent separating con-

gruences on a semigroup and investigate some of it’s properties.

1. Preliminaries

In this section, we list some basic concepts and well-known results

which are needed in the later sections.

For sets X,Y and Z, f = (f1,f2) : X — Y x Z is called a complex
mapping if f1: X — Y and fo: X — Z are mappings.

Throughout this paper, we will denote the unit interval [0,1] as I.
For any ordinary relation R on a set X, we will denote the characteristic

function of R as xg.

Definition 1.1[2,6]. Let X be a nonempty set. A complex mapping
A= (pa, va): X — I x Iis called an intuitionistic fuzzy set (in short,
IFS) in X if pa(z) + va(z) < 1 for each € X, where the mapping
pa:X — Iand va: X — I denote the degree of membership (namely
pa(z)) and the degree of nonmembership (namely v4(z)) of each z € X
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to A, respectively. In particular, 0. and 1. denote the intuitionistic
fuzzy empty set and the intuitionistic fuzzy whole set in X defined by
0~(z) = (0,1) and 1.(z) = (1,0) for each z € X, respectively.

We will denote the set of all IFSs in X as IFS(X).

Definitions 1.2(2]. Let X be a nonempty set and let A = (p4,v4)
and B = (up,vp) be IFSs on X. Then

(1) AC Biff ug < pp and v4 > vp.

(2)A Bif Ac Band B C A.

(3) A = (va, pa).

(4) ANB = (paApp,vaVup).

(5) AUB = (pa V pp,va AvB).

(6) []A=(na,1—pa), <>A=(1—-va,va).

Definition 1.3 [6]. Let {A;};cs be an arbitrary family of IFSs in X,
where A; = (p4,,v4,) for each i € J. Then

(1) ﬂ A= (/\ KA;s \/ VAi)'

(2) UAl = (\/ HA; /\ l/Ai)'

Definition 1.4[5]. Let X be a set. Then a complex mapping R =
(bR, vR) : X x X — I x I is called an intuitionistic fuzzy relation (in
short, IFR) on X if pr(z,y) + vr(z,y) < 1 for each (z,y) € X x X, i.e.,
R e IFS (X x X).

We will denote the set of all IFRs on a set X as IFR(X).

Definition 1.5([5]. Let R € IFR(X). Then the inverse of R, R™! is
defined as by R™(z,y) = R(y,z) for any z,y € X.
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Definition 1.6 [5,9]. Let X be a set and let R, @ € IFR(X). Then the
composition of R and @, Q o R, is defined as follows : for any z,y € X,
gor(z,y) = \/ [br(®,2) A ug(z,y)]

zeX

and
vgor(z:y) = \ [vr(z,2) V vo(z,y)).
ze€X

Definition 1.7 [5]. An Intuitionistic fuzzy relation R on a set X is
called an intustionsitic fuzzy equivalence relation (in short, IFER) on X
if it satisfies the following conditions :

(i) it is intuitionsitic fuzzy reflezive, i.e., R(z,z) = (1,0) for each
rze X.

(ii) it is intuitionsitic fuzzy symmetric, i.e., R™! = R.

(iil) it is intuitionsitic fuzzy transitive, i.e., Ro R C R.
We will denote the set of all IFERs on X as IFE(X).

Let R be an intuitionistic fuzzy equivalence relation on a set X and
let @ € X. We define a complex mapping Ra : X — I x I as follows :
for each z € X

Ra(z) = R(a, ).
Then clearly Ra € IFS(X). The intuitionistic fuzzy set Ra in X is called
an intuitionistic fuzzy equivalence class of R containing a € X. The set
{Ra : a € X} is called the intuitionistic fuzzy quotient set of X by R
and denoted by X/R. ‘

Result 1.A [16, Theorem 2.15]. Let R be an intuitionistic fuzzy equiv-
alence relation on a set X. Then the followings hold :

(1) Ra = Rb if and only if R(a,b) = (1,0) for any a,b € X.

(2) R(a,b) = (0,1) if and only if Ra N Rb = 0., for any a,b € X.
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(3) UaGX Ra =1..
(4) There exists the surjection p : X — X/R defined by p(z) = Rz

for each z € X.

Definition 1.8 [17]. An IFR R on a groupoid S is said to be:

(1) intuitionistic fuzzy left compatible if pr(z,y) < pr(zz,2y) and
vr(z,y) 2

vr(zz, zy), for any z,y,z € S.

(2) intuitionistic fuzzy right compatible if pr(z,y) < pr(zz,yz) and
vr(z,y) 2

vr(zz,yz), for any z,y,z € S.

(3) intuitionistic fuzzy compatible if pr(z,y) A pr(2,t) < pr(zz,yt)
and

vr(z,y) V vr(z,t) > vr(zz,yt), for any z,y,2,t € S.

Definition 1.9(17]. An IFER R on a groupoid § is called an:

(1) intuitionistic fuzzy left congruence (in short, IFLC) if it is intu-
itionistic fuzzy left compatible.

(2) intuitionistic fuzzy right congruence (in short, IFRC) if it is in-
tuitionistic fuzzy right compatible.

(3) intuitionistic fuzzy congruence (in short, IFC) if it is intuitionis-

tic fuzzy compatible.

We will denote the set of all IFCs [resp. IFLCs and IFRCs| on a
groupoid S as IFC(S) [resp. IFLC(S) and IFRC(S)].

Result 1.B[17, Theorem 2.8]. Let R be relation on a groupoid S.
Then R € C(S) if and only if (xgr, xre) € IFC(S).

Definition 1.10 [12]. Let (X,-) be a groupoid and let A, B € IFS(X).
Then the intuitionistic fuzzy product of A and B, A o B is defined as
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follows : for any z € X

(Vyzmaltra() A pB(2)]s Ny=elvaly) V va(2)])

(0,1) if = is not expressible as T = yz.

(Ao B)(z) =

Let R be an intuitionistic fuzzy congruence on a semigroup S and let
a € S. The intuitionistic fuzzy set Ra in S is called an intuitionistic
fuzzy congruence class of R containing a € S and we will denote the set

of all intuitionistic fuzzy congruence classes of R as S/R.

Result 1.C [17, Proposition 2.19]. Let G be a group and let e be the
identity element of G. If R, Q € IFC(G), then Reo Qe = Qe o Re.

Definition 1.11 [14]. Let G be a group, let A € IFG(G) and let z € G.

We define two complex mappings
Az = (NAxaVAx) :G—1Ix1

and

TA = (pra,vza) G-I %1

as follows respectively : for each g € G,
Az(g) = A(gz™") and zA(g) = A(z"'g).

Then Az [resp.zA] is called the intuitionistic fuzzy right [resp.left] coset
of G determined by z and A.

2. Intuitionistic fuzzy congruences contained in (X%, x#e)

If a is an element of a semigroup S, the smallest left [resp. right)
ideal containing a is SaU{a} [resp. aSU {a} ], (called the principal left
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[resp. right] ideal generated by a) and denoted by S'q [resp. aS!], where

S is the monoid defined as follows :

gl S if S has the identity
SuU{1l} otherwise.
Definition 2.1 [11]. The equivalence relations £,R,H and D on a

semigroup S are defined as follows, respectively :

(1) £ ={(a,b) € S x S : S'a = S'b}.
(2) R = {(a,b) € S x S : aS* = bS'}.
BYH=LNR.
4)D=LVR.

It is clear that (xw, xne) € IFE(S).

Result 2.A [11, Corollary I1.2.6]. If e ia an idempotent in a semigroup
S, then He is a subgroup of S. Hence any H— class contains at most

one idempotent.

Definition 2.2. Let R be an intuitionistic fuzzy relation on a semigroup
S. We define a complex mapping R° = (upe,Vre) : S XS = I X I as
follows : for any =,y € S,

Ro(zay) = ( /\ NR(Szt’Syt)v \/ VR(Smta Syt))'
s,teS!t s,tesS!

It is clear that R° € IFR(S).

Proposition 2.3. Let S be a semigroup and let R,P,Q € IFR(S).
Then

(1) R°C R.

(2) (R)™' = (R7Y)".
3)IfPC Q, then P° C Q°.
(4) (R°)° =
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(5) (PNQ)°=P°NnQ°.
(6) R = R° if and only if R is intuitionistic fuzzy left and right com-
patible.

proof. The proofs of (1), (2) and (3) are clear.
(4) By (1) and (3), it is clear that (R°)° C R°. Let z,y € S. Then

trey (2, y) = /\ WRo (sxt, syt) = /\ /\ pur(a(sxt)b, a(syt)b)
s,teS!t s,t€ST a,beSt

= A A sal(@s)a(®), (@s)y()

s,teS1 a,be St

> A wr((as)z(th), (as)y(th)) = pre(z,y)
as,tbeS1
and
Ypey(T,y) = \/ Vo (szt, syt) = \/ \/ vr(a(sxt)b, a(syt)d)
s,teS1 5,teS1 qbeS?

=V val(@s)a(®), (as)y(e)

s,teS1 q,be St

\/  va((as)z(th), (as)y(th)) = vro(a,y).

as,the Sl

IA

Thus R° C (R°)°. Hence (R°)° = R°.
(5) By (3), (PNQ)° C P°and (PNQ)° C Q° Thus (PNQ)° C
P°NQ°. Now let z,y € S. Then

pponge(T,y) = ppe(,y) A pge(z,y)
= /\ pp(st, syt) A /\ po(s'zt', s'yt')

s,tes! 8, t'eS1
< /\ [up(azh, ayb) A pglazd, ayb)]
a,beSt

= N\ wprnolazb, ayb) = ppag) (2, y)
a,beS!



Intuitionistic fuzzy congruences 9
and

vponge(z,y) = vpo(x,y) V vge(z,y)

= v vp(szt, syt) V \/ vo(s'zt', s'yt’)
s,teS? s’ test

\/ [vp(azb, ayb) V vg(azh, ayb))
a,beSt

v

= \/ I/PnQ(a.'L'b, ayb) = V(PnQ)° (.’E, y)
a,beS!

Thus P°NQ° C (PNQ)°. Hence (PNQ)° =P°NQ°.
(6) (=) : Suppose R = R° and let z,y,2z € S. Then
pr(z,y) = pro(z,y) = [\ prst,syt) < ur(zz, zy)
s,teS?
and
vr(z,y) = vre(z,y) = \/ vr(szt,syt) > vr(zz, zy).
s,test

Similarly, we have

pr(z,y) < pr(zz,yz) and vr(z,y) > vr(zz,y2).

Hence R is intuitionistic fuzzy left and right compatible.
(<) : Suppose R is intuitionistic fuzzy left and right compatible and
let z,y € S. Then
pro(z,y) = N\ pr(sst, syt) > pr(e,y)
s,teS1
and
vre(z,y) = \/ va(sat,syt) < vr(z,y).
s,teSt
Thus R C R°. Hence, by (1), R=R°. O

Theorem 2.4. Let S be a semigroup and let R € IFE(S). Then R° is

the largest intuitionistic fuzzy congruence on S contained in R.
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proof. Let z € S . Then

R°(z,z) = ( /\ ur(szt, sxt), \/ vr(szt, sxt)) = (1,0).
s,teSt s,teS1

Thus R° is intuitionistic fuzzy reflexive. Since R is intuitionistic fuzzy
symmetric, by Proposition 2.2 (2), (R°)~! = (R71)° = R°. Thus R° is

intuitionistic fuzzy symmetric. Now let z,y € S. Then

fRooRe(T,Y) = \/ (tre (T, 2) A pre(2,y))

z€S

= \/[( /\ pr(szt, s2t)) A ( /\ pr(s'zt' s'zt'))]
2€S  s,teS! s/ t'eSt

< \/( /\ [ur(szt, szt) A ug(szt, syt)])
2ES s,teS!

< /\ (\/ [ur(sTt, szt) A pg(szt, syt)])
s,teSl zeS$S

< A (Vliga(szt,a) Aprla,sy)) =\ pror(szt, syt)
steS! a€S s,tes!

< /\ wr(sxt, syt) (Since Ro R C R)
s,teS!

= pgre(z,y)
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and

VReoRo(T,Y) = /\ [VR° (:L',Z) V VRe (z’y)]
z€8S

= /\[( \/ vr(szt, szt)) V ( \/ vr(s'zt', s'2t))]

2€8  s,teS! s’ t'eS?

/\( \/ [vr(szt, szt) V vR(szt, syt)])

z€S s,teS!

\/ (/\ [vr(szt, s2t) V vr(szt, syt)))

s,teS1 z€8

\/ (/\ [vr(szt,a) V pr(a, syt)])

3,teS! a€S

= \/ VRor(szt, syt) > \/ vr(szt, syt) = vpe(z,y).
s,test s,tes!t

v

v

v

Thus R° is intuitionistic fuzzy transitive. So R° € IFE(S). On the
other hand, by Proposition 2.2(4) and (6), R° is intuitionistic fuzzy left
and right compatible. So R° € IFC(S). Now let @ € IFC(S) such that
Q C R. Then clearly Q@ = Q° C R°. Hence R is the largest intuitionis-

tic fuzzy congruence on S contained in R. [J

It is clear that if S is a semigroup and a’ is an inverse of a € S, then

aa’ and d’a are idempotent.

Lemma 2.5. Let b be a regular element of a semigroup S, let &’ be any
inverse of b and let e = bb’. If P € Y (X7, X#e), then for each a € Hb,

P(a,b) = Pe(al'), where S (x#, xne) = {T € IFC(S) : T C (XH> XHe)}-
Proof. Let a € Hb. Then

pp(a,b) < pp(ab/,bb’) = pp(ab,e) = pp(e, ab’) = ppe(ab’)
and

vp(a,b) > vp(ab,bb') = vp(ab',e) = vp(e,ab’) = vpe(ab').
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Let f = b'b. Then clearly aHb and bLf. Since H = LNR, aLf. Since f
is an idempotent, by Lemma 2.14 in[8], a = af. Moreover, eb = bb'b = b.
Thus

ppe(ab’) = up(e,ab’) < up(eb,ab’d) = up(eb,af) = up(b,a) = up(a,b)
and
vpe(ab') = vp(e,ab’) > vp(eb,ab’'b) = vp(eb,af) = vp(b,a) = vp(a,b).

Hence P(a,b) = Pe(ab’). O

An element a of a semigroup S is said to be regular [11] if a € aSa,
i.e., there exists an ¢ € § such that a = aza. The semigroup S is said
to be regular if for each a € S, a is a regular element. Corresponding to
a regular element a, there exists at lest one @’ € S such that a = ad’a

and o’ = d’aa’. Such an element &’ is called an inverse of a.

Theorem 2.6. Let S be a regular semigroup. If P,Q € 3 (x#, X#e),
then Po@Q = Qo P.

Proof. Let a,c € S. Then
NQOP(G’C) = \/[“P(a’b) N “’Q(b’ C)] (*)
besS
and
vgor(a,c) = \[vp(a,b) vV vg(b,c)] ()
besS
Suppose there exists a b € S such that up(a,b) A pg(b,c) > 0 and
vp(a,b)Vg(b,c) < 1. Then pp(a,b) >0, pg(b,c) > 0 and vp(a,b) < 1,
vo(b,c) < 1. Since P C (xn,xne) and Q C (X, Xne), pp(a,b) <
xn(a,b),vp(a,b) > xne(a,b) and pg(a, b) < x2(b, c), vg(b,c) = xne(b,c).
Thus x3(a,b) = xn(b,¢) = 1 and xpue(a,b) = xpe(b,c) = 0 ie., aHb
and bHc. So a,b and c lie in the same H— class of S. Since S is
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regular, by Theorem 2.11 in (8], there exist idempotents e and f in
Ra and La, respectively. Since aRe and aLf, by Lemma 2.14 in (8],
ea = af = a, By Lemma 2.13 in [8], there exist z,y € S such that
e = az and f = ya. Moreover, by the process of the proof of Theorem
3.6 in [24], @/, b/, ¢’ € Ry N L. and ac’ = (ab’)(bc’), where o',V and ¢’ are
inverses of a,b and c, respectively. Thus

ppeoQe(ac) = \/ [1pe(s) A pQe(r)] (r,s € 5)

ac'=sr

> ppe(ab’) A pge(be’) (Since ac’ = (ab’)(bc'))
= up(a,b) A pg(b,c) (by Lemma 2.5)

and

Vpeer(aCI) = /\ [vpe(s) V vge(r)] < vpe(ab') v I/Qe(bc')

ac'=sr

= vp(a,b) Vyg(bc).
By (%) and (x)', for any a,c € S,
ﬂQoP(aa C) < NPeer(ac,) and VQoP(a; C) 2> VPeer(acl)-

Since e is an idempotent in S, by Result 2.A, He is a subgroup of S. Let

P® = PN (XHexHes X(HexHeye) and let Q° = Q N (XHexHe, X(Hex He)e)-
Then it is easy to see that P¢ and Q¢ are intuitionistic fuzzy congruences

on the group He. Since P,Q C (X, xne), P°e = Pe and Q% = Qe. By
Result 1.C, Peo Qe = Qe o Pe. Thus

figop(a,€) < ppecge(ac’) = pQeope(ac)

- \/ [NQE(S) N ﬂPe(T)] (S,T’ € S) (**)

ac'=sr

and

vgor(a,c) > Vpeoge(ac) = vgeore(ac’)

= /\ [VQe(s) V vpe(r)]. (%)’

ac’=sr
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Suppose there exist 5,7 € S such that pge(s) A ppe(r) > 0 and vge(s) Vv
vpe(r) < 1. Then pge(s) > 0, ppe(r) > 0 and vge(s) < 1, vpe(r) < 1.
Thus pg(e,s) > 0, up(e,r) > 0 and vgle,s) < 1, vp(e,7) < 1. By the
process of the proof of Theorem 3.6 in [24], there exists a d € S such
that Qe(s) = Qe(ad’) = Q(a,d) and Pe(r) = Pe(dc’) = P(d, c), where

d' and ¢’ are the inverses of d and c, respectively. Thus

HQe(s) A ppe(r) = uola,d) A up(d,)

and
vQe(s) V vpe(r) = vg(a,d) V vp(d, c).

So, by (%) and (*x)',

poor(a,¢) < \/ luge(s) Aupe()] < \/ lugla,d) A up(d, o)) = krog(a, )
ac'=sr des

and

vgor(a,¢) = [\ [Qe(s) Vvpe(r)] = A lvgla,d) V vp(d,c) = vpog(a,c).
ac'=sr des

So Qo P C Po(@. By the similar arguments, we see that PoQ C Qo P.

Hence Po @ = Qo P. This completes the proof. O

3. Intuitionistic fuzzy idempotent separating congruences

Proposition 3.1. Let S be a regular semigroup. Let FEg be the set
of idempotents of §. Then the following are equivalent: for each R €
IFC(S) and each a € S,

(1) Ra € Egyp,

(2) Ra = Re for some e € Eg such that Se C Sa and eS C aS,

(3) Ra = Re for some e € Eg.
Proof. (1)=>(2) : Suppose Ra € Eg/g. Then Ra = Ra * Ra = Ra?.

Let z be an inverse of a® in §. Then a? = a?za? and z = zaz. Let
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2 2

e = aza. Then e? = azaaza = ara’za = axa = e. Thus e € Eg. So, we

have :

Re = Raza= Ra* Rz +* Ra= Ra®x Rz * Ra®

= Ra’za® = Ra® = Ra.

Let y € Se. Then there exists b € S such that y = be. Since e =
aza,y = b(aza) = (baz)a and baz € S. Thus y € Sa. So Se C Sa.
Similarly, we have eS C aS. The proofs of (2)=>(3) and (3)=(1) are
quite similar as the proofs. This completes the proof. U

Let S be a semigroup and let Eg be the set of idempotents of S.
Then a congruence R on § is said to be idempotent separating [11] if
RN (Es x Eg) = 1g, ie, if (e, f) € R implies e = f, for any e, f € S.

Definition 3.2. Let S be a regular semigroup and let R € IFC(S).
Then R is called an intuitionistic fuzzy idempotent separating congru-
ence (in short, IFISC) if Re # Rf whenever e # f, i.e., Re = Rf
implies e = f for any e, f € Eg.

We will denote the set of all IFISCs on S by IFISC(S).

Example 3.3. Let S = {0,e, f,a,b} be a set, where

0:[0 0],62[1 0],}*:{0 0]’a=[0 1]’1):[0 0
00 00 01 0 0 10

|
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Let - be the matrix multiplication on S. Then it is clear that (S, ) is

a regular semigroup with the following table :

0 e f a b
0/{0 00 0O
el0 e 0 a O
f10 0 f 0O b
al0 a 0 0 e
b|0 0 b f O

Moreover, Es = {0,¢, f}. Let R = (ur,vr) : S x § — I x I be the

complex mapping defined as following matrix :

0 e f a b
(1,0) (0.6,0.3) (0.8,0.1) (0.6,0.3) (0.8,0.1)
(0.6,0.3) (1,0) (0.6,0.3) (0.7,0.3) (0.6,0.3)
(0.8,0.1) (0.6,0.3) (1,00 (0.6,0.3) (0.9,0.1)
( ( )
(

0.6,0.3) (0.7,03) (0.60.3) (1,00 (0.6,0.3
0.8,0.1) (0.6,0.3) (0.9,0.1) (0.6,0.3) (1,0)

o 0 S 0 Ol

Then we can see that R € IFC(S). Moreover, Rs # R; for any
s #t € Eg. Hence R € IFISC(S). O

Result 3.A[13, Theorem V.3.2]. If S is an inverse semigroup with

semilattice of idempotents Eg, then the relation
K={(a,b)eSxS:atea= b~leb for each e € Es}
is the greatest idempotent separating congruence on .

The following is the immediate result of Result 3.A and Result 1.B.
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Proposition 3.4. Let S be an inverse semigroup. Then (xk,XKe) is

an intuitionistic fuzzy idempotent separating congruence on S.

Theorem 3.5. Let R be a intuitionistic fuzzy congruence on an inverse
semigroup S. Then R € IFISC(S) if and only if R71((1,0)) C K.

Proof .(=) : Suppose R € IFISC(S) and let (a,b) € R71((1,0)). Then,
by Result 1.A(1), R(a,b) = (1,0). Let e € Es. Since R is an intuition-
istic fuzzy congruence on S,

uR(a—lea, bleb) > \/ [,uR(a’lea, z) A ur(z, b~leb)]
z€S

pr(a~'ea, b ea) A ur(b~tea, b~leb)

:U'R(a_l7 b—l) N “R(a’ b) = :U’R(a'v b) N ,U,R(a, b) =1

Vv

v

and

vr(atea,b”teb) < /\ [vr(a"tea, ) V vr(z, b~ leb))
z€S

vr(a tea,b"tea) v vr(b~tea,b™leb)

IA

< wr(a”t, b1 Vug(a,b) = vr(a,b) V vr(a,b) = 0.

Thus R(a"lea,b~leb) = (1,0). By Result 1.A(1), Ra~lea = Rb~leb.
It is clear that a~lea,b~leb € Egs. Since R is idempotent separating,
a~lea = b~leb. So (a,b) € K. Hence R7'((1,0)) C K.

(<) : Suppose R~1((1,0)) C K. Let Re=Rf forany e, f € E. Then
R(e, f) = (1,0). Thus (e, f) € R™1((1,0)). Since R7}((1,0)) C K,
(e,f) € K. Since K is idempotent - separating, e = f. Hence R €
IFISC(S). This completes the proof. U

Lemma 3.6. Let S be a regular semigroup, let T € IFC(S) and let
a € S. If there exists an idempotent f in S such that pr(a,f) > 0
and vr(a, f) < 1, then there exists an idempotent e in S such that

pr(a,e) > pr(a, f) and vr(a,e) < vr(a, f). Moreover, e can be chosen
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so that Re C Ra and Le C La, where Ra and La denote the L-and
R-classes of S containing a € S, respectively.

Proof. Let a € S. Then

pr(a®, f) = pr(a®, f2) > pr(a, f) A pr(a, f) = prla, f)

and
vr(a?, f) = vr(a®, %) < vr(a, f) Avr(a, f) = vr(a, f).
Thus :
pr(a®,a) > pror(a®a) = b\/ lur(a®,b) A pr (b, a)]
> pr(a®, ) A /LT(C;‘S,G) = pr(a, ) (* **)
and

vr(a?,a) < vror(a?,a) = /\ [vr(a?,b) V vr(b, a)]
beS

vr(a®, f) vV vr(f,a) = vr(a, f) (% *)’

IN

Since S is a regular semigroup, there exists an inverse z of a® such that

a? = a2za? and z = za®z. Let e = aza. Then clearly, e is an idempotent

in S. Thus

pr(e,a®) = pr(aza,a’za®)
> pr(a,a®) A pr(z,z) A pr(a, o)
= pr(a,a®) > pr(a, f) (By (+* %))
and
vr(e,d®) = vr(aza,a’za?)
< vrla,a®) Vur(z,z) Vvr(ae,a?)

vr(a,a®) < vr(a, f). (By (x % x)")
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So

ur(a,e) > pror(a,e) > pr(e,a®) A pr(a®,a) 2 pr(a, f)
and

vr(a,e) < vror(a,e) < VT(e,az) \ VT(az,a) <vr(a, f).

Hence pr(a,e) > pr(a, f) and vr(a,e) < vr(a, f). It is clear that idem-
potent e = aza has the property that Re C Ra and Le C La. This

completes proof. U

Theorem 3.7. Let S be a regular semigroup and let T € IFC(S). Then
T € IFISC(S) if and only if T € Y (X2, XHe)-

Proof. (=): Suppose T' € IFISC(S) and let a,b € S. Suppose
pr(a,b) > 0 and vr(a,b) < 1. Then

pr(ad’,ba’) > pr(a,b) > 0,vr(ad’,ba’) < vr(a,b) <1
and

pr(a'a,a’b) > pr(a,b) > 0,vr(d'a,a’d), < vr(a,b) <1,

where d’ is an inverse of a. Since a’a and aa’ are idempotents, by Lemma

3.6, there exist idempotents e and f in S, respectively, such that
pr(ba’,e) > pr(ba’,aa’), vr(ba’,e) < vr(bd',aa’), Re C Rbad'
and
ur(a'y, f) > pr(a’b,d'a),vr(a’d, f) < vr(a'dd'a), Lf C La'b.
Thus

urlad'se) > prarlad’se) = \/ lar(ad’,c) A pr(e, o)
cES

> pr(ad,ba’) A pr(ba’,e) = pr(aa’,ba’) >0
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and

vr(ad,e) < vror(ad,e) = /\[VT(aa',c) V pr(e, €)]
ceS

< vr(ad,ba’) vV vr(bd,e) = vr(ad’,ba’) < 1.

By similar arguments, we have that ur(a’a, f) > 0 and vr(d'a, f) < 1.
Since T' € IFISC(S), aa’ = e and d’a = f. Thus Ra = Rad' = Re C
Rba' C Rb and La C Lad’ = Ly C LbY C Lb. Similarly, we see that
Rb C Ra and Lb C La. So Ra = Rb and La = Lb, i.e., aRb and aLlb,
i.e., aHb. Hence ur(a,b) < xn(a,b) = 1 and vr(a,b) > xne(a,b) =0,
i.e., T C (x#,xne). Therefore T € (xH, XHe)-

(«): Suppose T € Y (x#, xne) and let e, f € Eg such that up(e, f) >
0 and vr(e, f) < 1. Then xx(e, f) =1 and xne(e, f) = 0. Thus eH;.
It follows that e = f from Result 1.A. Hence T' € IFISC(S). This com-
pletes the proof. ]
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