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MEAN CURVATURE OF NON-DEGENERATE SECOND
FUNDAMENTAL FORM OF RULED SURFACES

NaM GiL KIM AND DAE WON YOON*

Abstract. In this paper, we classify non-developable ruled surfaces
in a Euclidean 3-spaces satisfying some algebraic equations in terms
of the second mean curvature, the mean curvature and the Gaussian

curvature.

1. Introduction

The inner geometry of the second fundamental form has been a pop-
ular research topic for ages. It is readily seen that the second funda-
mental form of a surface is non-degenerate if and only if a surface is
non-developable. On a non-developable surface M, we can regard the
second fundamental form I7 of a surface M as a new Riemannian metric
or pseudo-Riemannian metric on the Riemannian or pseudo-Riemannian
manifold (M, IT). In this case, we can define the Gaussian curvature and
mean curvature of non-degenerate second fundamental form, denoted by
Ky and Hjy respectively, these are nothing but the Gaussian curvature

and mean curvature of (M, II). By Briosch’s formula in a Euclidean
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3-space R3 (cf.[13]) we are able to compute K;; of M by replacing the
components of the first fundamental form F,F,G by the components
of the second fundamental form e, f, g, respectively (cf.[1],[2],[3],[5] etc).
The curvature Ky is called the second Gaussian curvature.

On the other hand, the mean curvature Hy of non-degenerate second
fundamental form is defined by ([4, pp.196-197])

1 _
(1.1) Hyp=H- EAH\AKL

where K and H are the Gaussian and mean curvatures respectively, and
Ajr denotes the Laplacian operator of second fundamental form, that

is,
1 & 8 — 0
o 9 ij 9
(1.2) A N ; 5 <\mz|h 8mj> :

where e = hiy, f = hig, g = hag, h = det(hy;), (h¥) = (hij)~* and {z;}
is rectangular coordinate system in R3. The curvature Hys is said to be
the second mean curvature.

For the study of the curvatures, D. Koutroufiotis([8]) has shown that
a closed ovaloid is a sphere if Kj; = cK for some constant ¢ or if
K;; = VK, where K is the Gaussian curvature. Th. Koufogiorgos and
T. Hasanis([7]) proved that the sphere is the only closed ovaloid satis-
fying Ky = H, where H is the mean curvature. Also, W. Kiihnel([9])
studied surfaces of revolution satisfying Ky = H. One of the natural
generalizations of surfaces of revolution is the helicoidal surfaces. In {1}
C. Baikoussis and Th. Koufogiorgos proved that the helicoidal surfaces
satisfying Ky = H are locally characterized by constancy of the ratio of
the principal curvatures. On the other hand, D. E. Blair and Th. Koufo-
giorgos ([2]) investigated a non-developable ruled surface in a Euclidean

3-space R? satisfying the condition

(1.3) aKir + bH = constant, 2a+b3# 0,
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along each ruling, and the second author ([14]) studied a non-developable

ruled surface in a Euclidean 3-space R? satisfying the conditions

(1.4) aH + bK = constant, a # 0,

(1.5) aKrr + bK = constant, a # 0,

along each ruling.
On the other hand, Y. H. Kim and the second author ([5]) extended
ones to the Lorentz version of (1.3), (1.4) and (1.5). In [11] W. Sodsiri
studied a non-developable ruled surface in L? with non-null rulings such
that the linear combination a K7 +bH + cK is constant along ruling. G.
Stamou([12]) classified non-developable ruled surface in a Euclidean 3-
space on which the linear combination a Kjj+bH +cHjy is constant along
each ruling, and F. Dillen and W. Sodsiri([3]) extended it to the Lorentz
version. Recently, Y. H. Kim and the second author([6]) classified non-
developable ruled surface in a Lorentz-Minkowski 3-space satisfying the
equations
aH? + bHK [ + CK%I =d,

() aK? + VKK r + cKj = d,
where a, b, ¢, d are real numbers.

In this article, we investigate non-developable ruled surfaces in a Eu-

clidean 3-space R® satisfying the equations

(1.7) aH?*+bHH + cH} + dH + eHyr = k,

(1.8) aK? + bKH;+ cH} +dK + eHpp = k,

along each ruling, where a,b,¢,d, e,k are real numbers. If a surface
satisfies the equations (1.7) and (1.8), then a surface is said to be H H ;-

quadrics and K Hj-quadrics, respectively.
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2. Main Results

In this section we study ruled HHjj-quadric surfaces and K Hyy-

quadric surfaces in a Euclidean 3-space R3.

Let M be a non-developable ruled surface in R®. Then the parametriza-

tion for M is given by
T =1x(s,t) = afs) + t5(s)

where (3,8) = 1,{(8',8") = 1 and (¢/, ') = 0. In this case « is the
striction curve of x, and the parameter is the arc-length on the spherical
curve 8. And we have the natural frame {zg, z:} given by z, = o/ + ¢
and z; = (. Then, the components of the first fundamental form are
given by

E={,d)Y+t* F={p), G=1.

We put D = vEG — F2. In terms of the orthonormal basis {3, 8/, Bx '}

we obtain

(2.1) o' = FB+ QB8 xf,
(2.2) g'=-8-J8xp,
(2.3) o x f=Qp,

where Q = (¢/, 3 x BY #£0, J={(8",0 x ). Thus, we get
(2.4) D=+Q?+12
from which the unit normal vector NV is written as
1 1
N ==(o x f+t8 x f) = (@8 —t8x ).

This leads to the components e, f and g of the second fundamental form

Q

=240, g=0.
D# , g

6:2%09@1+QJ)—Q%4nN5,f
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If we make use of (1.2) together with the functions D,@Q and J, the
Laplacian Ajs of the second fundamental form I can be expressed as
follows :

(2.5)

2D 92 D D 52
Ap=-—

2 ’ 2
-@—-8—8‘5—*—@2( Q)———}-——(Jt -Qt+QF+Q J)-ép

Therefore, using the data described above, the mean curvature H, the
CGaussian curvature K and the second mean curvature Hjy; are given

respectively by
1Eg—-2Ff+Ge 1

(26) H=o—"F6_ 77 ~aps’
eg — f* @
2. K=< _
( 7 EG - F2 Dt
and
1
2. Hij = ——B
(2.8) 1= 302D
where

A=J? - Qt+Q(QJ - F),

2.9
(29) B = 2Jt% + (5Q%J — 2QF)t* + 3Q°Q't + Q*F + 3Q"J.

Suppose that a non-developable ruled surface is HHpj-quadric. Then
by (1.7), (2.6) and (2.7) we have

(2.10) (aQ*A2+bQ?AB+cB? - 4kQ*DP)? = (—2dQ*A—2¢Q*B)*D

From (2.4) and (2.9) the equation (2.10) becomes the polynomial with
the variable ¢ whose coefficients are functions of variable s. Then, by

the coefficient of the highest order ¢1°, we have

162J* =0,
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from which J = 0 because of ¢ # 0. Therefore, we can rewrite (2.9) in

the form
A=-Q't-QF,

(2.11) 2 2/ 3
B=-2QFt* +3Q°Qt+ Q°F.

By (2.11) and the coefficient of t1? of (2.10), we have
16k2Q8% = 0,

from which k = 0. From (2.11) and the coefficient of #*° of (2.10) we

have
16eQ%F? = 0,

which implies F' = 0 because e # 0. In this case, we can also obtain the

following:
4(d - 3e)2Q%Q"* = 0.

If d~3e#0, Q =0. Thus, from (2.6) a surface M is minimal, that
is, a helicoid.

If d—3e = 0, ¢ is arbitrary function and from (2.6) and (2.8)
Hyp = —3H. In this case, without loss of generality, we may assume

1

B(0) = (1,0,0). Then, by (2.2) § = —f implies
B(s) = (dy sin s, dg sin s, cos s + dz sin s)

for some constants dy, dg, d3 satisfying d +d3+d3 = 1. Since (3,8) =1,

we have d% + d% =1 and d3 = 0. From this we can obtain

B(s) = (disins, :*:\/1 — d?sin s, cos s),
where ~1 < d; < 1. On the other hand, by (2.1) we have
a(s) = <:F 1- d%,dl,()) f(S) + C,

where f(s) = [* Q(u)du and C = (c1, ¢g, ¢3) is a constant vector. Thus,

the surface M has the parametrization of the form
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(2.12)
z(s,t) = (q: 1 —d?f(s) + tdysins + c1,

dif(s) Fty/1 -—d%sins+02,tcoss+ce,),

where —1 < d; <1, f(s) = [*Q(u)du and C = (c1, ¢z, ¢3) is a constant

vector in R3.
Thus, we have

Theorem 2.1. Let M be a non-developable ruled surface in a Euclidean
8-space, and a,b,c,d, e,k be constants such that c® + e # 0. Suppose
that M satisfies aH? +bH Hyr +CH121 +dH +eHr; = k along each ruling
of M. Then M satisfies the following properties:

1. If d — 3e # 0, then M is a helicoid.

2. Ifd~3e =0, then M is given by (2.12).

Furthermore, the surface M satisfies the equation Hyp = —3H.

Remark 1. 1. For specific function f(s) and appropriate intervals of s

and ¢ in (2.12), we have the graph shown in Figure 1.

2. If dy = 0 or dy = #£1, then the surface M is a right conoid.
Therefore, a right conoid satisfies the equation H;r = —3H.

Remark 2. On a non-developable ruled surface in a Euclidean 3-space,
1. Hir=01ifand only if H =0,
2. Hy=H ifand only if Hyy = H = 0.

Theorem 2.2. Let M be a non-developable ruled surface in a Euclidean
3-space, and a,b,c,d, e,k be constants such that c® + e # 0. Suppose
that M satisfies a K2 +bK Hyp+ CH%I +dK +eHr = k along each ruling
of M. Then M is a helicoid.
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FIGURE 1. @Q(s) =1, d1 =4, -1<t<1,1<s<5

7
<

Proof. Let M be a non-developable ruled surface in R®. Then the

parametrization for M is given by
r = z(s,t) = afs) + tG(s)

where (8,8) = 1,(¢, ') = 1 and {(d/, §) = 0.
Suppose that a non-developable ruled surface is K Hrr-quadric. Then,
by using (2.7) and (2.8) the equation (1.8) implies

(2.13) (4aQ®+cB2D?—4dQ° D* —4kQ* D¥)? = 4Q"B*(bQ*—eD")? D,

From (2.4) and the second equation of (2.9) the equation (2.13) becomes

the polynomial with the variable ¢ whose coefficients are functions of
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t20

variable s. Then, by the coefficient of the highest order t<°, we have

16¢2J% = 0,

from which J = 0 because ¢ # 0. In this case we can also obtain k& = 0.

t14

Furthermore, by the coeflicient of t'* of the equation (2.13), we have

16e*Q%F? = 0,

from which £ = 0 because of ¢ # 0. From J = F = 0, we have
B = 3Q?Q't. By the coefficient of ¢1? of the equation (2.13) we have
36e2(08Q'? = 0. Thus the function ' = 0, which implies B = 0. Thus,
by (2.13) d = 0, a = 0. Thus, from (2.6) M is minimal, that is, a
helicoid. U
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