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FUZZY IDEALS OF K(G)-ALGEBRAS
YounGg BAE JUuN aND CHUL HwaN PARK®

Abstract. Further properties on a fuzzy ideal of a right K(G)-
algbera G are investigated. Using a family of ideals of a right
K(G)-algebra G with additional conditions, a fuzzy ideal of G is
established. Given a fuzzy set p in G, the least fuzzy ideal of G
containing u is described. Using a chain of ideals of G, a fuzzy ideal

of G is constructed, and their properties are investigated.

1. Introduction

"The notion of K-algebras on a group (G, ) was introduced by K. H.
Dar and M. Akram in [1, 2] as a non-associative and non-commutative
algebraic system. A right K-algebra was built on the group G(briefly,
right K(G)-algebra) by using the induced binary operation ® on (G, -)

U= 2¢71 for all z, y € G. The notion of fuzzy

aszrzQy =1y
set was introduced by Zadeh in his paper “L. A. Zadeh, Fuzzy sets,
Inform. Control 8 (1965), 338-353”. Since then there have been wide-
ranging applications of the fuzzy set theory. Many research workers have
fuzzified the various mathematical structures, such as topological spaces,
| functional analysis, loops, groups, rings, near rings, vector spaces, and
automation. In [1], M. Akram et al. introduced the notions of fuzzy
subalgebras and fuzzy (maximal) ideals of a right K(G)-algebra. In

this paper, we investigate further properties on fuzzy ideals of right
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K(G)-algebras. Using a family of ideals of a right K(G)-algebra G with
additional conditions, we establish a fuzzy ideal of G. Given a fuzzy set
win G, we describe the least fuzzy ideal of G containing p. Using a chain

of ideals of G, we make a fuzzy ideal of G and study their properties.

2. Preliminaries

Let (G, -, e) be a group with the identity e such that z? # e for some
z(# e) € G. A right algebra built on G (briefly, right K(G)-algebra) is a
structure G = (G, -, ©,e), where “©” is a binary operation on G which
is derived from the operation “.”, that satisfies the following:

(k1) (Va,2,y € G) (a0 2) 0 (a0y) = (a® (y ' ©z7)) Oa),
(k2) (Va,2€ G) (0@ (a0z)=(a@3z7") Oa),

(k3) (Va€G) (a®a=¢,aGe=a,eGa=at).

If G is abelian, then conditions (k1) and (k2) are written as follows:
(K1) (Va, 5,y € G) (6©2)© (a0 y) = y O ),

(k2) (Va,z € G) (a© (a ©z) =),

respectively (see [2]).

3. Fuzzy ideals

Definition 3.1. [1] A nonempty subset A of a right K(G)-algebra G
is called an ideal of G if it satisfies:
(i) e € A,
(i) (Vz,y e G) (z0yed yo(yox) e A= z€A).

Definition 3.2. [1] A fuzzy set u in a right K(G)-algebra G is called

a fuzzy ideal of G if it satisfies:

(i) (Vz € G) (ule) = plz)),
(il) (Vz,y € G) (u(x) = min{pu(z © y), p(y © (y © ))}).
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Example 3.3. [1] Consider the right K(S3)-algebra G = (S3,,®,¢€)
on the symmetric group S3 = {e, a,b, z,y, z} where e = (1), a = (123),
b= (132), x = (12), y = (13), z = (23), and © is given by the following
Cayley table:
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Let p be a fuzzy set in G defined by p(e) = 1, p(a) = u(b) = t9 and
p(z) = ply) = p(z) = t3, where t) >t > t3in [0,1]. It is easy to check
that u is a fuzzy ideal of G.

Lemma 3.4. [1] Let u be a fuzzy set in a right K (G)-algebra G. Then
p is a fuzzy ideal of G if and only if the set U(u;t) := {z € G | u(z) > t},
t € [0,1], is an ideal of G when it is nonempty.

We call U(p;t) the level ideal of p in G.

Theorem 3.5. Let A be an ideal of a right K(G)-algebra G and let
w: G — [0,1] be a fuzzy set defined by

to if z€A,
p(z) = .
t; otherwise.

for all x € G where tg,t1 € [0,1] with to > ¢1. Then p is a fuzzy ideal of
G and U(p;to) = A.

Proof. Since e € A, clearly u(e) > p(z) for all x € G. Let z,y € G. If
r@y ¢ A, then pu(z ®y) =t and so

p(z) 2 tr = min{u(z © y), u(y © (y © 2))}.



488 Young Bae Jun and Chul Hwan Park™

Assume that Oy € A. If z € A then y © (y®x) may or may not belong

to A. In any case,

pu(z) = to 2 min{u(z ©y), uly © (y © z))}.

Ifz ¢ Athen y© (y©x) ¢ A because A is an ideal. Hence

p(z) = t1 =min{pu(z O y), uly © (y © z))}.

Therefore p is a fuzzy ideal of G. It is clear that U(p;tp) = A. O

Corollary 3.6. Any ideal of a right K(G)-algebra G can be realized

as a level ideal of some fuzzy ideal of G.

Proof. Straightforward. O

The following theorem shows that the concept of a fuzzy ideal in a
right K(G)-algebra G is a generalization of an ideal. Using Theorem 3.5,

the proof is straightforward.

Theorem 3.7. Let A be a non-empty subset of a right K(G)-algebra
G and let u be a fuzzy set in G such that p is into {0,1}, so that p is
the characteristic function of A. Then p is a fuzzy ideal of G if and only
if A is an ideal of G.

The following lemma is obvious and we omit the proof.

Lemma 3.8. Let A be a totally ordered set and let {A: |t € A} be
a family of ideals of a right K(G)-algebra G such that for all s,t € A,

s>t if and only if A; C A;. Then |) Ay and [ A; are ideals of G.
teA teA

Let A be a non-empty subset of [0, 1].

Theorem 3.9. Let {A; | t € A} be a family of ideals of a right

K(G)-algebra G such that G = ] A; and for all s,t € A, s >t if and
teA
only if A; C Ay Define a fuzzy set pin G by pu(z) =\ {t € Az € A}

for all x € G. Then u is a fuzzy ideal of G.
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Proof. Following Lemma 3.4, it is sufficient to show that U(u;s) is
an ideal of G for every s € [0, 1]. To do this, we divide into the following

two cases:
(i)s=V{teA|t<s}and (i) s# V{te At <s}
Case (i) implies that

zeU(u;s) & x € A forallt<s@x€ﬂAt,

t<s
so that U(u;s) = [) A¢, which is an ideal of G by Lemma 3.8. For the
t<s
case (i), we claim that U(u;s) = (J A¢. If x € |J Ay, then z € A for

t>s t>s
some t > s. It follows that u(x) >t > s so that z € U(u;s). This proves

that |J 4; C U(p;s). Now assume that z ¢ |J A;. Then z ¢ A, for

t>s t>s
all t > s. Since s # \/{t € A | ¢ < s}, there exists &€ > 0 such that

(s —e,s)NA = 0. Hence z ¢ A, for all ¢t > s — &, which means that
if z € Ay thent < s —¢. Thus u(z) < s—e < s, and so z ¢ U(u;s).

Therefore U(p;s) € |J As. Using Lemma 3.8, U(y;s) = |J 4; is an
t>s t>s
ideal of G. Consequently, we conclude that u is a fuzzy ideal of G. O

Theorem 3.10. Let pu be a fuzzy set in a right K(G)-algebra G. Then
a fuzzy set pu* in G defined by

piz)=\/{te[0,1] e Ut)}, Yz e G
is the least fuzzy ideal of G that contains p, where (U(p;t)) means the
least ideal of G containing U (u;t).
Proof. For any s € Im(p*), let s, = s — % for any n € N. Let z €
U(u*;s). Then p*(x) > s, which implies that
\/{te 0,1 jzeUmt)}>s>s—2 =5, VneN.
Hence there exists t* € {t € [0,1] | z € (U(y;t))} such that t* > s,.

Thus U(p;t*) C U sn) and so z € (U(ut*)) C (U(u;sn)) for all

n € N. Consequently, z € (] (U(p;8r)). On the other hand, if z €
neN
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N (U(;50)), then s, € {t € [0,1] | & € (U(p;t))} for any n € N.
neN
Therefore

s—Ll=s,<\/{te[0,1] e Umn)) = u'(x), ¥ne N,

n
Since n is arbitrary, it follows that s < p*(z) so that =z € U(u*; s). Hence
U(p*;s) = [ (U(p; ), which is an ideal of §. Using Lemma 3.4, we
conclude thgegNu* is a fuzzy ideal of G. We now prove that u* contains p.
Forany z € G,let s€ {t € [0,1] | x € U(p;t)}. Then = € U(y; s) and so
z € (U(p;8)). Thus s € {t € [0,1] | z € (U(u;t))}, which implies that

{tel0,1]|zelU(ut) C{tel0,1] |z e (U(y;t))}
It follows that
pr) = V{teb1]lzeU(mt)}
< V{te 1]z e Uwt)} = pu(a),

which shows that p* contains u. Finally let v be a fuzzy ideal of G

containing u. Let « € G. If p*(z) = 0, then clearly p*(z) < v(z).

Assume that p*(z) = s # 0. Then z € U(p*;5) = () (U(y;sn)), and so
neN

z € (U(w;s,)) for all n € N, It follows that v(z) > p(z) > s, = s —

n
for all n € N so that v(z) > s = p*{(x) since n is arbitrary. This shows

that ©* C v, and the proof is complete. O

Theorem 3.11. Let u be a fuzzy set in a right K(G)-algebra G and
let Tm(p) = {tx | k = 0,1,2,--- ,n}, where tg > t1 > -+ > t,. If
Ay C Ay C -+ C Ap = G are ideals of G such that u(Ag \ Ap—1) = t
for k=0,1,2,- - ,n, where A_1 = {}, then p is a fuzzy ideal of G.

Proof. Since Ag is an ideal of G, e € Ay and p(e) = u(Ag\ A-1) = to,
which gives u(e) > u(z) for all z € G. To prove that y satisfies the
condition (ii) of Definition 3.2, we consider the following four cases:

1. 2Oy €A\ A1, YO (YO z) € Ap\ Ay,

2. 20y € A\ Apo1, yOWOT) € A\ A,
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3. 1‘®y¢Ak\Ak_1, y@(y@z)GAk\Ak-l,
4. 20y ¢ A\ Ao, yO(yOz) ¢ Ap\ A1

In the first case, we have x € A, because Ay is an ideal. Thus

plae) 2ty =pzOy) = ply o (y© ) =min{u(z O y), ly © (y 0 z))}.
In the second case, y© (y©Oz) € Ar_1 C Ar or y®O(yOz) € A\ Am—1 C
Am \ Ag for some m > k. This together with z © y € A \ Ax_1 implies
x € A or x € Ay, \ Ax. Hence

p(z) >t = p(z O y) = min{u(z O y), u(y © (y © 2))}

for x € Ay and y © (y © x) € Ag_1. Similarly,

w(x) >ty = p(y © (y© 7)) = min{p(z O y), uly © (y © )}

forz € Ay \Ap and y© (y© ) € A \ Am—1. In the last two cases the

process of verification is analogous. O

Corollary 3.12. Let p be a fuzzy set in a right K(G)-algebra G
and let Im(pu) = {tx | k = 0,1,2,--- ,n}, where tg > t1 > -+ > .
If Ag C Ay C --- C A, = G are ideals of G such that u(Ay) > t for
k=0,1,2,--- ,n, then u is a fuzzy ideal of G.

Corollary 3.13. IfIm(p) = {ty | ¥ = 0,1,2,--- ,n}, where ty >
t1 > -+ > ty, is the image of a fuzzy ideal u of a right K(G)-algebra G,
then U(u;ty) are ideals of G such that (U (p;to)) = to and p(U(;ts) \
Ulpyte—1)) =ty fork=12.--- n.

Proof. Note that U(u;tx) are ideals of G by Lemma 3.4, and ob-
viously p(U(p;to)) = to. Since p(U(p;t1)) > t1, we have u{z) = to
for x € U(usto) and p(z) = t; for @ € U(u;ty) \ U(u;to). Repeat-
ing this procedure, we conclude that p(U(p;tg) \ U(p;te—1)) = &y for
k=1,2,--,n. O

Proposition 3.14. Let i be a fuzzy ideal of a right K(G)-algebra
G with the image Im(p) = {t; | i € A} where A is any index set. If
Q:={U(ut) |t € Im(n)}, then
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(i) there exists a unique to € Im(u) such that to > ¢ for all t € Im(p),

(ii) G is the set-theoretic union of all U(p;t) € €,

(iii) the members of (1 form a chain,

(iv) Q contains all level ideals of p if and only if ;4 attains its infimum
on all ideals of G.

Proof. (i) Follows from the fact that to = u(e) > u(z) for all z € G.

(ii) If z € G, then p(z) := ¢(z) € Im(p). This implies z € U(y; t(z)) C
UU(y;t) C G where t € Im(p), which proves (ii).

(iii) Since U(p;t;) C U(usty) < t; > t; for 4,5 € A. Thus the set €
is totally ordered by inclusion.

(iv) Suppose that ) contains all level ideals of u. Let A be an ideal
of G. If u is constant on A, then we are done. Assume that p is not
constant on A. We consider two cases: A =G and AC G. For A=G
let s = VIm(p). Then s < ¢ € Im(u), ie., U(p;t) C U(u;s) for all
t € Im(p). But U(y;0) = G € Q because {1 contains all level ideals
of u. Hence there exists r € Im(p) such that U(y;7) = G. It follows
that G = U(u;r) C U(y;s) so that U(y;s) = U(p;r) = G because
every level ideal of 1 is an ideal of G. Now it is sufficient to show that
s = r. If s < r then there exists [ € Im(u) such that s < 1 < r.
This implies G = U(u;7r) C U(p;!) which is a contradiction. Therefore
s =7 € Im(p). In the case A C G we consider the fuzzy set pa defined

by
m if z € A,
pa(z) =

0 otherwise.
Then py is a fuzzy ideal of G (see Theorem 3.5). Let Q4 = {U(pa;ts) |
i € J}, where J := {i € A | p(y) = t; for some y € A}. Noticing that
(14 contains all level ideals of pa, then there exists z € A such that
pa(z) = \V{pa(z) | € A}, which implies that u(z) = V{u(z) | z € 4}.
This proves that p attains its infimum on all ideals of G. Conversely,
assume that 4 attains its infimum on all ideals of G. Let U(u;t) be a
level ideal of p. If t = t; for some i € A, then clearly U(y;t) € Q.
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Assume that ¢t # t; for all i € A. Then there does not exist x € G such
that pu(z) = t. Let A = {z € G | u(xz) > t}. Obviously, e € A. Let
T,y € Gsatisfy zOye Aand y© (y©z) € A. Then u(z ©y) >t and
w(y © (y ©z)) > t. It follows from Definition 3.2(ii) that

wz) 2 min{u(zOy),uy© (y© )} >t

so that = € A. This shows that A is an ideal of G. By hypothesis, there
exists y € A such that p(y) = V{w(z) | z € A}. But u(y) € Im(u)
implies u(y) = t; for some i € A. Hence \/{u(z) | z € A} =t; > t. Note
that there does not exist z € G such that ¢t < p(z) < t;. It follows that
U(p;t) = Ulu;ty) € 2. Therefore 2 contains all level ideals of p. 0O

Since Im(p) is a bounded subset of [0,1], we can consider Im(y) as a

sequence which is either increasing or decreasing.

Theorem 3.15. Let G be a right K(G)-algebra in which every de-
scending chain A1 D Ag D --- of ideals of G terminates at finite step.
If u is a fuzzy ideal of G such that a sequence of elements of Tm(u) is

strictly increasing, then p has finite number of values.

Proof. Assume that Im(yu) is not finite. Let 0 <#; <ty <--- <1 be
a strictly increasing sequence of elements of Im(p). Then every U(u;t;)
is an ideal of G. For z € U(u;t;) we have pu(z) > t; > t;_1, which
implies that z € U(u;ti—1). Thus U(p;t;) € U(psti—1). But for ¢ €
Im(p) there exists x;_1 € G such that p(z;_1) = ;1. This gives z;_; €
U(p;ti-1) and zi1 ¢ U(pst;). Hence U(u;t;) € U(psti—1), and so we
obtain a strictly descending chain U(u;t1) 2 U(p;te) 2 U(p;ts) 2 -+

of ideals of G which is not terminating. This contradiction completes
the proof. O

Now we consider the converse of Theorem 3.15.

Theorem 3.16. Let u be a fuzzy ideal of a right K(G)-algebra G
that has the finite image. Then every descending chain of ideals of G

terminates at finite step.
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Proof. Assume that a strictly descending chain Ao 2 A1 D Ag D ---
of ideals of G which does not terminate at finite step. Let u be a fuzzy
set in G defined by

() = s forze A\ Apr;n=0,1,2,---,
1 forze VA, n=01,2,--,
where Ay = G. Then p has an infinite number of different values.

Obviously, u(e) > p(z) for all z € G. Let z,y € G. Assume that
QY € Ap\Ant1 and y© (y©x) € Ap\ Apyq for some k and n. Without
loss of generality, we may assume that n < k. Then y © (y © z) € A,,
and in the consequence, z € A, because A, is an ideal. Hence u(x) >
i = min{u(z0y),uy O (yo )} Kz 0y,y0 (y©x) € () Ay, then
z € () An. Thus

p(z) =1=min{u(z O y), u(y © (y © ))}.

fzoy ¢ NA,and yO (y©Ox) € () Ap, then 2Oy € Ay \ Ay for some

k. Hence z € Ay, and so p(x) > ﬁ_—l = min{u(z © y), uly © (y © 2))}.

HroyeNA4pnand y© (yOz) ¢ (An, then y O (y O ) € A\ Arp
i
)

y), w{y® (y©x))}. This proves that u is a fuzzy ideal of G. The obtained

for some ¢, which implies z € A;. Therefore p(x) > = min{p(z ©

contradiction completes our proof. O

Theorem 3.17. Every ascending chain of ideals of a right K(G)-
algebra G terminates at finite step if and only if for every fuzzy ideal

of G, the image Im(u) of p is a well ordered subset of [0, 1].

Proof. Assume that Im(u) is not well ordered. Then there exists a
strictly decreasing sequence {t,} such that t, = p(z,) for some z, € G.
But in this case ideals B, = {z € G | pu(z) > t,} form a strictly
ascending chain, which is a contradiction. Conversely, suppose that
there exists a strictly ascending chain A; C Ay € Az C -+ of ideals of

G. Then A= J A, is an ideal of G. Let p be a fuzzy set in G defined
neN
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for x ¢ A,
where k = min{n e N|z € 4,}.

=

&

Il
PN
Xp= O

Since e € A, for all n € N, it follows that pu(e) = 1 > p(z) for all
r € G. Let 2,y € G. If 2 ©y and y ©® (y ® z) are not in A, then
obviously p(z) > 0 = min{u(z © y),u(y © (y © z))}. Now let z © y,
yO(yor)e A lfz0y, yO (yOx) € Ay, \ Ap_1 for some n € N,
then z € Ap. Hence p(z) > 1 = min{u(z ©@ y),uly © (y © 2))}. If
2Oy € A\ An_y and yOYOT) ¢ Ar\A_r, then yO(YO) € Anos G Ay
or y O (y©x) € A \ A1 for some m > n. In the first case, v € 4,
and u(z) > & = p(z ©y) > min{u(z © y), u(y © (y © ))}. The second
case implies z € A, and pz ©y) = 1 > L = ju(y © (y © 7)), which
gives u(z) > £ = min{u(z © y), u(y © (y © 2))}. In a similar way we
obtain p(z) > min{u(z 0 y),u(y© (yo z))} for z Oy ¢ A, \ Ap—y and
yO (y©xz) € Ay \ Ap_1. This proves that p is a fuzzy ideal of G. Since
the chain of ideals 4y ¢ Ay C Az C --- is not terminating, p has a

strictly descending sequence of values. This contradicts that the value

set of any fuzzy ideal is well ordered. The proof is complete. O

We note that a set is well ordered if and only if it does not contain

any infinite descending sequence.

Theorem 3.18. Let G be a right K(G)-algebra and let S = {t; | i =
1,2,3,--- } U {0} where {t,} is a strictly decreasing sequence in (0,1).
Then the following assertions are equivalent.

(i) For every ascending sequence Ay C Ag C -+ of ideals of G there

exists a natural number n such that A; = A, for all i > n.

(ii) For each fuzzy ideal p of G, Im(u) C S implies that there exists a
natural number ng such that Im(p) C {t; |1 =1,2,--- ,ng} U{0}.

Proof. If (i) is valid, then we know from Theorem 3.17 that Im(y) is a

well ordered subset of [0, 1] and so (ii) is valid. Assume that (ii) is true.
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If the condition (i) is not valid, then there exists a strictly ascending
chain of ideals Ay C Ay C A3 C -+ . Define a fuzzy set 1 in G by

tp ifx € A,
,U,(;L‘) s tn lffL’EAn \;3,”,1771,:2,3’45... ,
0 itzeC\ U An
n=1

Since e € Ay, we have ple) = t; > p(z) for all z € G. Let z,y € G. If

o0

either z ® y or y © (y ® x) belongs to G\ |J A,, then either u(z © y)
n=1

or u(y © (y © z)) is equal to 0. Hence

p(z) > min{u(z O y), w(y © (v © 2))}-

fzoy, y©(yoOz) € Ay, then € 4 and so

u(z) = t1 = min{p(z O y), uly © (y © z))}.
Fzoy y® (yOz) € Ap \ Ap—1, then z € Ay,. Thus

pu(z) >ty = min{p(z © y), u(y © (y © 2))}.
Assume that 2Oy € Ay and y O (yOz) € 4, \ Ap—y forn=2,3,4, -
Then = € A,, and hence

(@) > to = min{ty, i, } = min{pu(z © y), uly © (y © 2))}-

Similarly for x Oy € A, \ Ap—1 and yO (yO ) € Ay forn=2,3,4,---,
we obtain

p(z) > t, = min{u(z O y), Wy © (y © )}

Hence p is a fuzzy ideal of §. This contradicts our assumption. .
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