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ON THE EXPONENTIAL FUZZY PROBABILITY

YoNG Sik YUN, JAE CHOONG SONG, AND SANG UK Ryvu

ABSTRACT. We study the exponential fuzzy probability for qua-
dratic fuzzy number and trigonometric fuzzy number defined by
quadratic function and trigonometric function, respectively. And
we calculate the exponential fuzzy probabilities for fuzzy numbers
driven by operations.

1. Introduction

Let (2,5, P) be a probability space, where 0 denotes the sample
space, § the o—algebra on , and P a probability measure. A fuzzy set
A on Q is called a fuzzy event. Let pa(-) be the membership function of
the fuzzy event A. Then the probability of the fuzzy event A is defined
by Zadeh([6]) as

B(a) = /Q pa(w) dPW),  ma(w):Q— [0,1].

The operations of two fuzzy numbers (A, u4) and (B, pp) are based
on the Zadeh’s extension principle([7], [8], [9]). We consider four oper-
ations addition A(+)B, subtraction A(—)B, multiplication A(-)B and
division A(/)B.

We defined the normal fuzzy probability using the normal distribu-
tion and calculated the normal fuzzy probability for quadratic fuzzy
number([3]). And then we had the explicit formula for the normal fuzzy
probability for trigonometric fuzzy number. Furthermore we calculated
the normal fuzzy probability for trigonometric fuzzy numbers driven by
the above four operations([4]).
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In this paper, we define the exponential fuzzy probability using the
exponential distribution and calculate the exponential fuzzy probabili-
ties for quadratic fuzzy number and trigonometric fuzzy number. And
then we calculate the exponential fuzzy probabilities for fuzzy numbers
driven by the above four operations.

2. Preliminaries

Let (9,38, P) be a probability space, and X be a random variable
defined on it. Let g be a real-valued Borel-measurable function on R.
Then g(X) is also a random variable.

DEFINITION 2.1. We say that the mathematical expectation of g(X)
exists if '

Elg(X)] = / §(X () dP(w) = / 9(X) dP

Q
is finite.

ExXAMPLE 2.2. Let the random variable X have the normal distribu-
tion given by the probability density function

1 —(z—m)?
f(z) = 6(207 , T€R,
2no

where 02 > 0 and m € R. Then E[|X|?] < oo for every v > 0, and we
have

E[X]=m and E[(X —m)?] =0o>
The induced measure Px is called the normal distribution.
ExaMPLE 2.3. Let the random variable X have the exponential dis-
tribution given by the probability density function
flz) = Ae™®

for x > 0 and XA > 0. Then we have
1 1 1
X =+ X - =) = —.
E[X] 3 and EJ[( )\)] 3

The induced measure Px is called the exponential distribution.

A fuzzy set A on § is called a fuzzy event. Let pa(-) be the mem-
bership function of the fuzzy event A. Then the probability of the fuzzy
event A is defined by Zadeh([5], [6]) as

Bra) = /Q (@) dPW), pa(w): @ — [0,1].
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DEFINITION 2.4. The normal fuzzy probability }3(A) of a fuzzy set
A on R is defined by

B(a) = /R ya() dPx,

where Py is the normal distribution.

DEFINITION 2.5. The exponential fuzzy probability ﬁ(A) of a fuzzy
set A on R is defined by

P(A) = /R pa(z) dPx,

where Px is the exponential distribution.

DEFINITION 2.6. A triangular fuzzy number is a fuzzy number A
having membership function

0, z <ay, a3 <7,
r—a
/JA(.’L') = 112"—(1117 ai S < asz,
az—x
T33_—a2, as <z < as.

The above triangular fuzzy number is denoted by A = (a1, az,a3).

DEFINITION 2.7. The addition, subtraction, multiplication, and di-
vision of two fuzzy numbers are defined as

1. Addition A(+)B :

pa+ys(z) = sup min{ua(z), p(y)} © € A,y € B.
z=z+Y

2. Subtraction A(—)B :

paoyp(z) = sup minfua(z),usv)}, z€ Ay e B.

Z2=T—=Y
3. Multiplication A(-)B :

a(yB(2) = sup min{pa(z),up(y)}, = € A,y € B.

Z2=IY
4. Division A(/)B :

pa)B(z) = SUI/) min{pa(z),us(¥)}, z € A,y € B.
z=x/y
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ExAMPLE 2.8. ([2]) For two triangular fuzzy numbers A = (1,2,4)
and B = (2,4,5), we have

1. Addition : A(+)B = (3,6,9).
2. Subtraction : A(—)B = (—4,-2,2).
3. Multiplication :

0, r<2, 20<z,
_2%@, 2<x <8,

=2t 8 < x < 20.

MA(-)B(ﬂC) =

Note that A(-)B is not a triangular fuzzy number.

4. Division :
0, T < %, 2 < x,
pagys(@) = B5h §<e<y,
;’f:gt‘z, % <z <2

Note that A(/)B is not a triangular fuzzy number.

Similar to triangular fuzzy number, the quadratic fuzzy number and
the trigonometric fuzzy number are defined by quadratic curve and
trigonometric curve, respectively.

DEFINITION 2.9. A quadratic fuzzy number is a fuzzy number A
having membership function

Oy r<a, /BS:L‘;
—a(z—a)(z—B)=—-alz—-k)?+1, a<z<pB,

pa(z) = {

where a > 0.
The above quadratic fuzzy number is denoted by A = [a, k, 8].

THEOREM 2.10. ([3]) For two quadratic fuzzy number A = [z, k, z2]
and B = [z3,m, x4], we have

1. A(+)B = [z1 + x5,k + m,x2 + x4].

2. A(-)B =[xy — x4,k — m,z3 — x3].

3. pacye(z) = 0 on the interval [z123,22x4]¢ and payp(z) =1 at
z = km. Note that A(-)B need not to be a quadratic fuzzy number.

4. pa(p(z) = 0 on the interval [, %, 22]¢ and pae(x) =1 at

z = £. Note that A(/)B need not to be a quadratic fuzzy number.
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EXAMPLE 2.11. ([3]) For two quadratic fuzzy numbers A = [1,2, 3]
and B = [2,5, 8], we have

1. Addition : pa4)B(z) = [3,7,11].
2. Subtraction : pa(-)p(z) = [-7,-3,1].
3. Multiplication :

() { 0, r<2, 24<z,
. xTr) =
HAGWB —l(6z+43—11yI% +1), 2<z <24

Note that A(-)B is not a quadratic fuzzy number.

4. Division :

0, T
page(@) =9 —(8z—-1)(2z-3) ,
(3z +1)2 T8

Note that A(/)B is not a quadratic fuzzy number.

DEFINITION 2.12. A trigonometric fuzzy number is a fuzzy number
A having membership function

O, T < 917 03 S w?
sin(z — 61), 61 <z <03,

pa(z) = {

where 65 — 6; = 7.

The above trigonometric fuzzy number is denoted by A = < 64,
02, 03 >, where 02=0:+%. For all trigonometric fuzzy number A =
< 01,602,605 >, we define sin~'(-) as an inverse of sin(-) : [0, 62 — 6;] —
[0,1].

THEOREM 2.13. ([4]) For two trigonometric fuzzy numbers A =<
¢1,c2,c3 > and B =< dy,ds, ds >, we have
1. A(+)B =< c1+dy, e +da,c3+ds >.
( )B =< 1 — d3,02 d2,03—d1 >.
3 The membership functions of A(- )B and A(/)B are expressed by
trigonometric function.
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ExAMPLE 2.14. For two trigonometric fuzzy numbers A = 7
M, 37” > and B =< 3, 5&’ , %’5 >, we calculate exactly the above four

operations using a-cuts. Note that

0, <37, %ﬂ‘ <z,
/'LA(:E) = . - - 3
sin(z — ), § <z<jm,
and 4
0, T < %7 37 < T,

) =
Hs(z) { sin(z - %), $<2z< %W-
Put A, = [aga)’ aga)] and B, = [b§">,b§“)]. Since o = sin(ag ) - 5) and

ol = 27r—a§a), we have A, = [a§°‘>,a§")] =[Z+sin"'a, dr—sin"" o]

Similarly, B, = [b§°‘), b§,°‘)] =[Z +sin ' q, 47 —sin"" o,

1. Addition : By the above facts, Aq(+)Ba = [a\* + 5%, al® +
b(a)] = [57r + 2sin" !, ¥7 — 2sin ' a]. Thus payp(z) = 0 on the

¥ %
interval [3, ¥7]° and pa(4)s(z) = 1 at © = Yx. Therefore

0, x<7r,—z<

6
m =
,U«A(+)B( ) { sin%(l‘—"”)a 67r§:1)< *6—

ie, A(+)B =< Im, &m, Ur>.

2. Subtraction : Since Ag(—)Ba = [a{® — b, a{® — b{) =
[2sin™!'a— 27, Zn — 2sin"" a, we have p4(_yp(z) = 0 on the interval
[—37, In]® and pa(—yp(z) =1 at & = . Therefore

0, <—% %wﬁx
sint(z+ 37), —Sr<a<in,

pa—)B(T) = {

ie, A(-)B =< —3m, gm, Ew >.
3. Multiplication : Since

Aa()Bg = [d} CY) b(a) ( b(a)]
7T2

[F + gwsin_l a+ (sin™!@)?,

1
2m? — —6z7r sin~! a4+ (sin™! )?],
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we have pa)p(z) = 0 on the interval [%2,2#2]C and payp = 1 at
x = %7‘(’2. Therefore

0, r< ™, or? <u,

pays(T) =
© sin(—-f—zﬁ—i-\/ﬁ%—l-m), %QSCL'<27T2.

4. Division : Since

Aa(/)Ba =

)

al® o] [2sin"'a 437 9r—6sinla
b 5@ | |87 —6sin~ o’ 6sin T+ 2n

we have pa(/yp(z) = 0 on the interval [2,2]° and payp(z) = 1 at
T = %. Therefore

0, T <
S8nx—3m 3
2(1+3z)? 8 <

pa(ys(z) = {

sin

3. Main results

THEOREM 3.1. The exponential fuzzy probability IS(A) of a trian-
gular fuzzy number A = (ay,a2,a3) is

~ Aao a2 a2
PA =—————[e‘)‘“2 —aia3 + —2) —e M (=2 ]
() = 22 [ cmn+ P - =)
Aag [—)\a a3 .Y a3
——— |7 (=) —e " (azar — =)|.
pr—— (5) (azaz — )
PROOF. Since
0, r<a, a3l
pa(z) =4 o2, o<z <ag,
f___fz'a a2<x<a3,

we have

=/mmmﬂmm+/%wmﬂmw,

az
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where g1(z) = 222 gy(z) = 22=Z and f(z) = Ae **(z > 0). Thus

ag—ay’ asz-—az

5 A “ e A @ Az
P(A) = (x — a1)e™dx + (ag — x)e”"Tdz
a2 — Qa1 Ja, az — a2 Jq,
_Aa2 [ e, a3 ey, 9 ]
—ag—al[e (o102 + 5) =7 (=5)

2 2
[e—M“"(%) — e % (g3a; — % ]

) )\(13
az — a
t

EXAMPLE 3.2. Let A = (1,4,6) be a triangular fuzzy number. Then
the exponential fuzzy probability with respect to A =2 is

~ 4.1 66 _
P(A) = / z 3 - 2e~%%dy +/ 6 5 T 9e 24y
1 4

= 0.0225.

We derive the explicit formula of the exponential fuzzy probability
for quadratic fuzzy number and trigonometric fuzzy number.

THEOREM 3.3. The exponential fuzzy probability IB(A) for quadratic
fuzzy number A = (o, k, ] is
~ 20+ bA +cA?  2a+ b
— _p—AB
P(A) =—e¢ ( 32 + X
2a +bA+cA?  2a+ bA
-Aa
+e ( 3z + 3
where the membership function of A is —d(z — a)(a— ) = az?+ bz +c.

B+ af?)

a+aa2),

PROOF. Since
pa(r) = {

we have

0, r<a (<,
ar’ +br+c=—dlz—k)?+1, a<z<pf,

B
P(A) = / (az? 4 bz 4 c)re N dx

B

2a +b\+cA?  2a+ b
N P ¥
= [~ 2 T
20 +b\+cA?  2a+bA
— _o—AB 2
e ( 5 += ﬂ+aﬁ)
2a + b\ +c)A?  2a+ b
Ao
e YD)

z+ axz)]

[8

a+aa2).
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ExXAMPLE 3.4. Let A = [1,2,3] be a quadratic number. Then the
exponential fuzzy probability of A with respect to A = 2 is

3
P(A) = / (—2? + 42— 3)2- e *®dx
1
= 0.0714.

THEOREM 3.5. The exponential fuzzy probability ﬁ(A) of a trigono-
metric fuzzy number A =< 01,02,03 > is

ﬁ(A) = __)\2>-\|- - (e—)\93 cos(f3 — 61) + N3 sin(fs — 1) — e—,\el)_

ProoF.

03
P(A) = /0 sin(z — 6,) A e”*dx

_ [e_)"” cos(z —61)  Ae ™ sin(z — 6;) ] 03
B A2 41 A2+ 1 61
= —/\2L+1(e“)‘93 cos(f3 — 01) + Ae % sin(63 — 0;) — e~ ).

O

EXAMPLE 3.6. Let A =< 0, 7,7 > be a trigonometric fuzzy number.
Then the exponential fuzzy probability of A with respect to A = 2 is

P(A) = / sinz 2 e **dz
0

2
= —5(6_2" cosm+2 e ?"sinm — e°)

= 0.4007.

It is well known that the results of addition and subtraction of two
triangular fuzzy numbers are triangular fuzzy numbers. Thus we can
calculate the exponential fuzzy probability using Theorem 3.1. The
other cases can be calculated by definition.
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EXAMPLE 3.7. The exponential fuzzy probabilities for the fuzzy nu-
mbers in Example 2.8 with respect to A = 2 are

1. Multiplication

8 20
~ -2+ V2 7~/ 2
P= / st v, 2e 2% —i—/ _ﬁ_ﬁ <27 dy
2 2 8 2
= 0.0021.
2. Division

1 2
~ 2 5r—1 —x+ 2
P= -2e7%%d -2e7%%d

1 z+1 ¢ a:+/% z+1 ¢ v

= 0.3604.

Similarly, we can calculate the exponential fuzzy probabilities for the
results of multiplication and division of two quadratic fuzzy numbers by
definition.

ExaMPLE 3.8. The exponential fuzzy probabilities for the fuzzy
numbers in Example 2.11 with respect to A = 2 are

1. Multiplication

e Pdx

5_ /24 — (6 +43) + 1112z + 1 0
Js 18
— 0.0906.

2. Division

~ (% _(8z—1)(2z—3)

P —2x
Bz + 1) 2e “*dx

1
8

0.5062.

I

Similarly, we can calculate the exponential fuzzy probabilities for the
results of multiplication and division of two trigonometric fuzzy numbers
by definition.
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ExAMPLE 3.9. The exponential fuzzy probabilities of the fuzzy num-

bers in Example 2.14 with respect to A = 2 are

(1
(2]
(3]
(4]
[5]
[6)
[7)
(8]

[9]

(10]

1. Multiplication

- 27 5 2
P= / sin(———ﬂ' 44— 4z ) 2 e~2%dx = 9.5105 x 10710,

% 12 144
2. Division
9
- 3 —_
P= / sin(m) 2 e~ 2%dg = 0.3184.
3 2(1+ 3z)
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