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Estimation for Two—-Parameter Rayleigh Distribution
Based on Multiply Type-II Censored Sample

Jun-Tae HanD - Suk-Bok Kang?

Abstract

For multiply Type-II censored samples from two-parameter Rayleigh
distribution, the maximum likelihood method does not admit explicit
solutions. In this case, we propose some explicit estimators of the location
and scale parameters in the Rayleigh distribution by the approximate
maximum likelihood methods. We compare the proposed estimators in the
sense of the mean squared error for various censored samples.

Keywords : Approximate maximum likelihood estimator, Multiply
Type-II censored sample, Rayleigh distribution

1. Introduction

The random variable X has the Rayleigh distribution if it has a probability
density function (pdf) of the form

f(x;07a)—mKeeXp{— (x?)2}7 >0, 0>0, (1.1)

o? 207

where ¢ and ¢ are the location and the scale parameters, respectively.

It has been noted that in most cases, the maximum likelihood method does not
provide explicit estimators based on complete and censored samples. Especially,
when the sample is multiply censored, the maximum likelihood method does not
admit explicit solutions. Hence it is desirable to develop approximations to this
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maximum likelihood method which would provide us with estimators that are
explicit functions of order statistics.

For multiply Type-II censoring, Balasubramanian and Balakrishnan (1992) and
Upadhyay et al. (1996) considered some estimations for the exponential distribution
under multiply Type-II censoring. Kong and Fei (1996) discussed the limit
theorems for the maximum likelihood estimator under general multiply Type-II
censoring. Kang (2005) derived the approximate maximum likelihood estimators
(AMLESs) of the scale parameter and the location parameter in the extreme value
distribution based on multiply Type-II censored samples. Kang and Lee (2005)
derived the AMLEs of the scale and location parameters in the two-parameter
exponential distribution based on multiply Type-II censored samples. They also
obtained the moments of the proposed estimators. Recently, Han and Kang (2006)
derived some AMLEs of the scale parameter when the location parameter is
known and also derived an AMLE of the location parameter when the scale
parameter is known in the Rayleigh distribution under multiply Type-II censoring.

In this paper, we derive the AMLEs of the scale parameter g and the
location parameter @ in the two—-parameter Rayleigh distribution under multiply
Type-1I censoring by the approximate maximum likelihood estimation method
when two parameters are unknown. We also compare the proposed estimators
in the sense of the MSE for various censored samples.

2. Approximate Maximum Likelihood Estimators

We assume that p items are put on a life test, but only ayth,...,a,th failures
are observed, the rest are unobserved or missing, where ay,...,a, are
considered to be fixed. If this censoring arises, the scheme is known as
multiply Type-II censoring scheme.

Let

X, <X, ,<-<X., (2.1

a: ay:

be the multiply Type-II censored sample, where 1< a <a,<-<a,<n and
X.,. X, , are order statistics of Xj,..,X,.

Let a,=0, a,.,=n+1, F(xa“:n,)z(), F(Iamcn,):l, then the likelihood function
based on the multiply Type-II censored sample (2.1) is given by

: G n—a
b=t R, P R
—a;,_,—1)!
e ! (2.2)
< TL502,) (TR, ) =Rz, 08
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n= (X, —0) /0o, f(z):ze’lz/2 and F(z)=1—e¢*" are the pdf and the cdf
of the standard Rayleigh distribution, respectively.
From the equation (2.2), we obtain the likelihood equations as follows;

where Z

olnl 1 (Z,.,) , s
90 = — 28+(a]_1)F(Za|:n) Zal:"'_(n_avs)le‘&?l_j:ElZa,In,
S f(Zal:n)ZalZnif(Zal,l:n)Zal,lin
+j:22(ajiaj*171) F(Za];n)fF(Zurl;") } (23)
=0
and
olnl 1 1Z,.,) s e
80 __;[(al 1)F(Zal n)_(n_as)Za "+j=1 Za,:n_jglzaj n
= f(Za,:n)if(Za, 1:n) (24)
+j:22(aj*arl*1) F(ZHJ:H)F(ZQJI:,”)}

Since these likelihood equations are very complicated, the equations (2.3) and
(2.4) do not admit explicit solutions for ¢ and & So we need some
approximate likelihood equations which give explicit solutions.

Han and Kang (2006) obtained some approximations by Taylor series expansion
as follows;

f(Za]:n)
A e (2.5)
f(Zaln)Za nif(Za, 1 n)Za,,l n
Z V)—FZ ) = alj+ﬁ1jZal:n+'YljZal,1:n (2.6)
f(Za]:n)
AR 2.7
f(Za,:n)
FZ, -7, ot e 2.8)
f(Zaj,,:n)
F(Z B )_F(Z B ) = a3j+ﬁ3j Za]:n+'Y3j Za],,:n (29)
= 40,7, (2.10)
f(lel:")_f(lel 1:'71)
FZ,.)-FZ, ) Pt A (2.1D)

where
&= F'p) =[-2m(1—-p)]"
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pi_T—H’ g =1—p,
-& |, £2(,)
o= [, - »
£,
5, = pl [f(&a,)%u,f’({a,) . g,}
are)-a 1 )
o= K- Jp P j
b= o (1B 16, ) 16,16,
f)/lj: a pa, 71pu [(1_[()][(6&,71) + éa/*lf, (ga/*l)]
L GIe) g I, )
B P, D,
2,
0= oo |6, €, 7€)+ fal}
r2,)
/82_ pl f/(é-u,)i
(12]: pa _1pa7 [(1+K)f(£al)7£u,f/(£al)]
g , F2(,)
ﬂ?j_ Pajfpuj ] f (éuj) puj*pa] I
£ )fe, )
W Gy r,
Wi~ —1p [(1+K)f(§a, I8 e, 1)]
), )
3= T [pa,ipa,,l]z Ty
o 1 ’ f2(£”r!)
V3= Py | f (fa,,l)'f'—paj_puﬂ

_ _ 2 _
/ij—Q/fa/ 6]-——1/5&] Q= Qg Qi

54]‘ = 52]‘_531' , and Va5 = Vo5 T V34°

Now making use of the approximate expressions in (2.5), (2.6), (2.7), (2.10), and
(2.11), we may approximate the likelihood equations of (2.3) and (2.4) as follows;
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% — i[Qer (= Vlay+ 5, Z,.,)— (n—a) 22—~ 3 22, (2.12)

j=1

+ Z(aj_aj—l_ 1)(a1j+ﬁlj Za‘11n+71j ZaJ ]:n)}

j=2
=0
and
alnL 1 >
w0 8,20~ 0m0)2,0 B 5.2, (2.13)
_EZajzn,"‘z(aj_ajﬂ_1)(a4j+ﬂ4jzuj:n+’74jzuj ,:'n)}
j=1 j=2
=0.

Upon solving the equations (2.12) and (2.13) for ¢ and @ we derive the
AMLEs of g and o as follows;

~ =B +B—44,C (2.14)

a1 24,

and
0, = Mo, + M, (2.15)
where

S S
A= (a *1)a2+znj+2(aj*aj,] *1)a4j
j=1" j=2

s s
B= (a’l 71)ﬂ2)(al:n,7(nias)Xa‘s:n+26j&1:n72 )(a,:n,
j=1 j=1

+E(ajiaj*1 71)(ﬁ4_/ ‘X:zjtn+’}/4j‘X:zj,, :n)
j=2

Cc= (al_1)52_(”_‘15)+25j_3+2(aj_aj71_1)(ﬁ4j +'Y4j)
j=1 j=2

A B

c’ c

A= 25+ (a,—1)(a,— B, M) —(n—a,+s) M,*

+ 22(%7%—1 71)(0‘1]751]‘% 7')’1]'&/1)
i=

M,= M,=

Bl = (a‘l 71)6] (X1,:7ziﬂf2)+2(nias )]Lfl (‘X:z~n7‘/112)+2‘/[11 Z(Xa :717]L[2)
=t

+E(a’j_a’j*1_1) [/Blj ()((Lji'n_%)—’—rylj ()(aj ,:'n_%)]
j=2
q: _(n_as)(Xh:'n_% )Q_Z(ijtn_%)Z‘

a,
Jj=1

Second, making use of the approximate expressions in (2.6), (2.7), (2.10), and
(2.11), we may approximate the likelihood equation of (2.3) as follows;
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InZ 1 s
— = 28+(a171)(02+ﬁ2Za:n)Za:n7(nia’9)Zz:'niEZﬁ:n
oo o i 1n : s =
Y (2.16)
+Z(aj_aj71_1)(a1j+ﬂlquj:'n+71quj ,:'n)
j=2
=0.

Upon solving the equations (2.16) and (2.13) for ¢ and g we derive the
AMLEs of g and 6 as follows;

~ =B, +y/Bj—44,C, 2.17)

%2 24,

and
0, = Mo, + M, (2.18)
where
Ay = 25 —(ay = 1) M (e, — B, M) *(”*%JFS)MZJFZ(%*%A -1) [aufﬁ'UM —m;M ]
=

j=

B2:(al_l)(a2_2ﬁ2ﬂ/[1)(x;,:n_j”2)"‘2(”_‘15)%(X — M)

ag:n

+2A[12(Xuj:n_j”2)"‘E(aj_aj—l_l) [ﬁu ()(a]:n_‘/l/é)—’_,)llj (‘X:z],, i~ My )]
i= i=?

=1

= (a—=1) (X, ., — M= (n—a,)(X, ., — 1= D)X, .~ M ).
j=1

Third, making use of the approximate expressions in (2.5), (2.7), (2.8), (2.9),
(2.10), and (2.11), we may approximate the likelihood equation of (2.3) as follows;

olnL
oo

1 o
:7; 2S+(a171)(041+ﬁ1Za,:n)7(nias)ZZ:nizz(zz:n
s = j

+E(aj_aj—1 _1){(0%""52]‘ Zuj:n"‘%j Zuj ,:n)Za]:n (2.19)
j=2

_(a3j+/83quj:'n+’y3quj ,:'n)Zuj ,:n} ]

Upon solving the equations (2.19) and (2.13) for ¢ and g we derive the
AMLEs of 5 and o as follows;

~ =Byt B —44,C (9.20)

78~ 24,
and

0, = Moy + M, (2.21)
where

Ay =2s+(a,—1)(a;— 3 ]L[])*(n*aers)]L[]?JrZ(aj*aj,] -1) [(ﬁ4j+'y4j)]bfl2*a4j]kf]]
j=2
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5

By=(a,=1)B, (X, ., — My) +2(n—a )M (X, , — M) +2M, Y 5(X, ., — M)

ag:n

j=1

+Z(aj*aj—1 -1) [(0‘2]'*2@]'jm*%j%jLﬁ:sjA[l)(Xz,:n*jwz)
j=2

*(0‘3]'*53]'MJF’Yz]'M*Q’Y:sJM)(XaI oM )]

Cg = 7(717(15)()(:1 niﬂ[2 )272(){(1 :ni% )2
s 1 7

j:

+E(aj_aj*1 _1) [ﬁZJ ()(a]:'n_‘/l/IZ )2+(,YQJ_63_/)(AXGJH_%) (ij,,:n_%)
j=2

773]'(X ,:71,7‘/112)2]'

a;—

Fourth, making use of the approximate expressions in (2.7), (2.8), (2.9), (2.10),
and (2.11), we may approximate the likelihood equation of (2.3) as follows;

olnL N,l
dgoc o

[284’(&1 71)(a2+ﬁ2Za]:n)Zal:n *(TL*CLS)ZZ :niz Z;Zz n
s = j
+ 250, a, = Do+ By 2yt 2y i) Zie (2.22)
j=2

*(C!;;J-Jrﬁgj Za,:7z+’V3szz
=0.

) Z,

o) |

—1in

Upon solving the equations (2.22) and (2.13) for ¢ and g we derive the
AMLEs of g and o as follows;

~  —B,++B}—44,C,

o= o (2.23)

and
0, = Mo, + M, (2.24)
where
A,=2s—(a,—1) M, (a2*52]l/[1)*(n*as+s)]kf]2

S
+Z(aj*aj,1 —1) [(ﬂ4j+74j)]‘4]27a4]]‘41]
j=2
By = (a, = 1)(0,—20,04)(X, ., — M) +2(n—a,) M; (X, ., — M1,
s S
+2M, Z(Xa,:n_Mz)-i-Z(aj_ajﬂ = 1) [(ag;=28y; My —yy; My + By M)
j=1 Jj=2

< (X

a;:n

My ) — (cvg;— By My + oy My — 2735 M) (X, —Mz)]

aj_1:n
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5

M) =) (X,

a;:n
J
=1

C,= (al_l)ﬂQ(X

a;in

— M, )*—(n—a,)(X,

ag:mn

M, )?

S

+Z(ajiaj71 71) [/82J (‘X;l:ni‘/l/é )2+(72J763])(‘X211n7ﬂ/[2) ()((1/,1:717]‘/[2)

j=2
2
7’73]' ()(a, lzni%) ] .

It is difficult to find the moments of all proposed estimators. So, we simulate
the MSEs of all proposed estimators through Monte Carlo simulation method. The
simulation procedure is repeated 10,000 times for the sample size p=20,40
and various choices of censoring (m=n—s is the number of unobserved or
missing data) under multiply Type-II censored samples. These values are
given in Tables 1 and 2.

From Table 1, the estimator g, is more efficient than the other estimators
of the scale parameter ¢ in the sense of the MSE, and g, is generally more
efficient than the estimators ¢ and o,

From Table 2, the estimator & that use the estimator g, is more efficient
than the other estimators of the location parameter @ in the sense of the
MSE, and & that use the estimator ¢, is generally more efficient than the
estimators & and & So we can recommend the proposed estimators g, and &
of the scale and location parameters in the two—-parameter Rayleigh
distribution.

As expected, the MSE of all estimators decreases as sample size g
increases. For fixed sample size, the MSE increases generally as ; increases.
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<Table 1> The relative MSEs for the estimators of the scale parameter ¢

n

a;

—

0y

—

0y

—

03

—

Oy

0.028502

1~20 0.028502| 0.028502 0.028502
1~18 0.032998| 0.032998| 0.032998| 0.032998

3~20 0.030774| 0.030442| 0.030774| 0.030442

2~19 0.030818| 0.030302| 0.030818| 0.030302

2~17 0.036191| 0.035532| 0.036191| 0.035532

4~19 0.036932| 0.036638| 0.036932| 0.036638

20 3~18 0.036259| 0.035852| 0.036259| 0.035852
2~4 7T~14 16~20 | 0.028474| 0.028018| 0.027184| 0.026956

3~17 0.039857| 0.039386| 0.039857| 0.039386

4~18 0.040200| 0.039875| 0.040200| 0.039875

2~6 10~19 0.030863| 0.030346| 0.029875| 0.029514

4~17 0.044489] 0.044115| 0.044489] 0.044115

126~9 12~15 17~20| 0.028333| 0.028333| 0.024955| 0.024955
1~40 0.012746] 0.012746| 0.012746| 0.012746

1~38 0.013717| 0.013717| 0.013717| 0.013717

3~40 0.013202| 0.013096| 0.013202| 0.013096

2~39 0.013047| 0.012890| 0.013047| 0.012890

2~37 0.013964| 0.013792| 0.013964| 0.013792

4~39 0.014505| 0.014425| 0.014505| 0.014425

40 3~38 0.014248| 0.014133| 0.014248| 0.014133
2~4 7~14 16~40 | 0.012566| 0.012416| 0.012211| 0.012123

3~37 0.014717| 0.014598| 0.014717| 0.014598

4~38 0.015108| 0.015026| 0.015108| 0.015026

2~6 10~19 21~40 | 0.012573| 0.012422| 0.012200| 0.012107

~ 0.015625| 0.015540| 0.015625| 0.015540

126~9 12~15 17~40| 0.012629| 0.012629| 0.011458| 0.011458

<Table 2> The relative MSEs for the estimators of the location parameter o

—~

—~

o~

o~

n 3/ 61 62 6.3 64
1~20 0.042813| 0.042813| 0.042813| 0.042813
1~18 0.044991| 0.044991| 0.044991| 0.044991
3~20 0.048540| 0.047970| 0.048540| 0.047970
2~19 0.043407| 0.042632| 0.043407| 0.042632
2~17 0.046007| 0.045115| 0.046007| 0.045115
4~19 0.059168| 0.058652| 0.059168| 0.058652
20 3~18 0.052017| 0.051373| 0.052017| 0.051373
2~4 7~14 16~20 | 0.042145| 0.041428| 0.039136| 0.038663
3~17 0.053998| 0.053301| 0.053998| 0.053301
4~18 0.061601| 0.061052| 0.061601| 0.061052
2~6 10~19 0.043465| 0.042694| 0.041409| 0.040798
4~17 0.064405| 0.063810| 0.064405| 0.063810
126~912~1517~20] 0.042021] 0.042021| 0.035126] 0.035126
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<Table 2> (continued)
n m 3/ él\ éz\ é; é‘:
0 1~40 0.017474| 0.017474| 0.017474| 0.017474
1~38 0.017915| 0.017915| 0.017915| 0.017915
2 3~40 0.018181| 0.018018| 0.018181| 0.018018
2~39 0.016897| 0.016682| 0.016897| 0.016682
2~37 0.017281| 0.017055| 0.017281| 0.017055
4 4~39 0.020317| 0.020183| 0.020317| 0.020183
40 3~38 0.018716| 0.018546| 0.018716| 0.018546
2~4 7~14 16~40 0.016657| 0.016451| 0.015763| 0.015612
3~37 0.018917| 0.018744| 0.018917| 0.018744
5 4~38 0.020668| 0.020531| 0.020668| 0.020531
2~6 10~19 21~40 | 0.016653| 0.016446| 0.015780| 0.015624
6 4~37 0.020917| 0.020778| 0.020917| 0.020778
126~9 12~15 17~40| 0.017167| 0.017167| 0.015025| 0.015025
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