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Estimation for the Rayleigh Distribution with Known
Parameter under Multiply Type-II Censoring

Jun-Tae HanD - Suk-Bok Kang?

Abstract

For multiply Type-II censored samples from two-parameter Rayleigh
distribution, we derive some approximate maximum likelihood estimators
of parameter in the Rayleigh distribution when the other parameter is
known. We also compare the proposed estimators in the sense of the
mean squared error for various censored samples.
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1. Introduction

The random variable X has the Rayleigh distribution if it has a probability
density function (pdf) of the form

_ (x-6)?
202

x-6

A(x:0,0)="7 exp{ } x=0,0>0 (1.D
o

and the cumulative distribution function (cdf) of the form

_ (x-6)?

=0 <=6, 00, (1.2)

F(X§9,0)=1—exp{
where © and o are the location and the scale parameters, respectively.
The Rayleigh distribution is very useful in communication engineering and the
Rayleigh model would be especially suitable for life testing experiments of
components which age with time.
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Balakrishnan (1989) purposed the approximate maximum likelihood estimator
(AMLE) of the scale parameter of the Rayleigh distribution with censoring. Cohen
(1991) obtained the maximum likelihood estimators (MLEs) of the scale parameter
in singly right censored and truncated samples from the Rayleigh distribution.

Multiply Type-II censoring is a generalization of Type-II censoring. Kong and
Fei (1996) discussed the limit theorems for the maximum likelihood estimate under
general multiply Type-II censoring. Upadhyay et al. (1996) considered the
estimation for the exponential distribution under multiply Type-II censoring.

Recently, Kang (2005) derived the approximate maximum likelihood estimators of
the scale parameter and location parameter of the extreme value distribution based
on multiply Type-II censored samples. Kang and Lee (2005) derived the AMLEs
of the scale and location parameters of the two-parameter exponential distribution
based on multiply Type-II censored samples. They also obtained the moments of
the proposed estimators. Kang and Park (2005) derived the approximate maximum
likelihood estimators for the location and scale parameters that are explicit function
of order statistics in the exponentiated exponential distribution. They also
compared the proposed estimators in the sense of the mean squared error (MSE)
for various censored samples.

In this paper, we derive some AMLEs of the scale parameter o in the two-
parameter Rayleigh distribution when the location parameter © is known and
also derive an AMLE of the location parameter © when the scale parameter
o is known under multiply Type-II censoring by the approximate maximum
likelihood estimation method. We also compare the proposed estimators in the
sense of the MSE for various censored samples.

2. Approximate Maximum Likelihood Estimators

Let us assume that the following multiply Type-II censored sample from a
sample of size p is

X, <X, < <X, 2.1

a,n a,in

where 1<a <a,<- <a,.<n.
Let 4,=0. a.,=n+1. Flx,,
based on the multiply Type-II censored sample (2.1) is given by

S s+l [F‘(Xaln)_HXa,lfn)]5/_3/ l_l
L=n!jglf(xg,n) 1 Gima -1 : (2.2)

By putting 7, =(X,,-6)/0, the likelihood function can be rewritten as

1-n

)=0, F(x, .)=1, then the likelihood function
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Lz% st 1 a! [F(Z"an)]gl_l[l_F(Za\:n)]n_g\
Jl:_ll (a,~a, ;= 1! 05
< ljlf(ZE’:H) |: ﬁZ [F(ng:”)_F(Za/,lzn)] a;-a;, -1

where Az)=ze /% and F(z)=1-e “'? are the pdf and the cdf of the
standard Rayleigh distribution, respectively.

2.1 AMLEs of the Scale Parameter When the Location Parameter is Known

We can derive the AMLEs of the scale parameter o when the location
parameter © is known.

From the equation (2.3), A2)=z[1-F(2)], and f(z)=1-F(2)-2zf(z), we
obtain the likelihood equations as follows;

AZ,.) s
al;rgi R P (a0~ D) gy y 2o (n=a) 7% - 2122“
a;:n s /= J
+ S ( 1) f(Za/In)Za/;n_f(Za/ IZIZ)Za/ in (2‘1.1)
JZZZ da;=da; .y F(Zajﬂ)_F(Za/l:n)
=0.

Since the likelihood equation is very complicated, the equation (2.1.1) does not
admit an explicit solution for o. So we need some approximate likelihood
equations which give explicit solutions.

Let
= F Ypp=[-2m1-p)]"7
_ 1 =1
where p,= Pl Sl o
First, we can approximate the functions by Taylor series expansion as follows;
AZ,.)
ﬁzal:lz:a1+ BlZalm (2.1.2)
and
f(Za :n)Za in_f(Za 1:n)Za in
JF(Zg/:n)_F(Z/g 117) / - alj+ [31]'2‘7/:”*— XUZ('?/—NH’ (213)
where

T, ? £2(%,)
alz—ipl f’(ééh)— :

a, a,
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£4(%,)
Bi= o | AE, )L, £, ),
V(s )-8, PrCE, )
ay,= K*- gd! g‘; _%DJH %(?H
Bim o (-5, )+ 5,005, ]
¥ _ﬁ (-, D+ 3%, (5, )]

éa/f(éa/)—éa/ lf(éa/ )
Pa~Pa,, ’

By substituting the equations (2.1.2) and (2.1.3) into the equation (2.1.1), we can

approximate the likelihood equation for o as follows;

oln L
00

~ _?1) [25+ (2,-D(a,+B,7,.)-(n-a)Z?% - 2122
an” 2
+ i(a],— a; |- l)(qu+ Blj‘Za/:n+ YMZ(?F“H):I (214)
2
=0.

Upon solving the equation (2.1.4) for o, we can derive an estimator of o
as follows;

~ _ “B+VB},-4A,Cy
0107 21410 s (215)

where

Apg=2s+ (a;-Da, + iz(aj_aj—l_l)alj
£

Blo :(31_1)B1X311n+ Zz(aj_ajfl_l)(ﬁlea1H+ YUXQ :”)
J: J J-1

- (31_1)51"' z'z(aj-—aj,l—l)(ﬁlj*ylj) )

=

Cro= - (n-a)(X, ,-0)= 3 (X, ,-0)".

£ J

Second, we can approximate the likelihood equation (2.1.1) by the equations
(2.1.3) and

f(Za 111)
7, .y et Bl (2.1.6)

where
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a,= %[f(%al)—églf’(églﬂ

a,

705, ) ]
7'§51

52: pl[f/(gal)_

a;

(¢, ]

Then we can obtain another approximate likelihood equation for o as

follows;
dlnL 1 _ o 2 _ S o2
AL~ L oer (a0t 8,2,.,07,,-(nma)Z? 577
S 2.1.7
+jzz(aj-—a/-,1—1)(alj+ B2t YUZH”;”)] ( )

=0.

Upon solving the equation (2.1.7) for o, we can derive another estimator of
o as follows;

3 g0 = = Byt V By~ 4 As Cag ’ (2.1.8)
2450

where
Ayg=2s+ ]Zz(af‘am‘l)“u

By =(a;=Da, X, .+ i(af a; = DB X+ v, X )
~ J

_[(31_1)(12"' i(aj_ajfl_l)(ﬁljﬁ_ Ylf):le
Coo = (a,-1IB, (X, ., ~0)2~(n-a)(X, ., ~6)%- :ﬁl(XW—e)Z.

Third, we can also approximate the likelihood equation (2.1.1) by the equations
(2.1.2),

AZ,.)
FZ, - F(Z, o e BeZan® ¥oiZa (2.1.9)
and
iz, .
7 )—/F(Z, —~ = ast By 2t X524 (2.1.10)
where
1

o o NS EAI)

1
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B 1 ) ~ fz(éa/)
132]‘_ pa/_pa/ 1 ! (gé?j) pa/_p‘j/ 1
AR )AE, )
¥ei lp,-p, 17
_ 1 _ :
ay,= ET [+ KOAE, V-3, (5, )]
v [p,-p. 1° =
2
B 1 , /g, ) ]
¥9iT p-p, 3, ) pP.~pP, 17

We can obtain the other approximate likelihood equation for o as follows;

oL 1] _ ~(n-a)z? -3 7?
50 ~ o 2S+(31 1)((11"'512(71:,1) (n 35)2(7,&” ];ZZ/:”

o ama Dyt ByZ 0t ¥ 20 ) Z (2.1.11)
_((13/+ BSJ'Za/in-’_ YSjZa/ lin)Za/ 1in} ]

=0.
Upon solving the equation (2.1.11) for o, we can derive the other estimator

of o as follows;

. =Byt VBL -4 A, Cy (2.1.12)

0507 2A30
where
Agp=2s+ (a;-1)a,

BSO :(31_1)B1X512n+ iz(a/_aj*l_l)(QZJ'Xa117_0'3/X5 :”)
J= ! o
- (31_1)Bl+ Jzz(af_a/-l_1)((12/_&3/)]6
Coo = ~(n=a (X, .,=0)% =3 (X,,~0)%+ 3 (a-a,,~1)[By(X,,~0)°
s Jj= J=

+ ZYZJ-(XH/:H—G)(XZ/1:0—6)—553}-(/&’&/ 110_6)2]'

Lastly, we can approximate the likelihood equation (2.1.1) by the equations
(2.1.6), (2.1.9), and (2.1.10). Then we can obtain other approximate likelihood

equation for o as follows;
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oln L

__1 _ o 2 S o2
Il L gsr (a,- 10yt B,2,.,07,,,-(n-a) 2%, 570

* J;(af_ aj*l_ 1){(0'21'+ BZ/'Za/:n-'_ YZJ'ZH/ lin)Za/In (2 1 13)

_((13/+ BSjZa/Zn-'_ YSjZa/ lin)Za/ 1In} ]
=0.

Upon solving the equation (2.1.13) for o, we can derive other estimator of
o as follows;

~ _B40+ \/ Bfo_ 8 SC,1O (2114)

0 40 4s

where

)

By =(a;=1a, X, .+ Ji(aj—aj_l—1)((12/X311H—anggH:H
—[(al—l)a2+ ]Z:(aj—a/-,l—1)((12/—(13/-)]9

Cop =(a,- 1B, (X, ,=0) = (n-a (X, .,~0)%~ 31 (X, ~8)
+ 3 (a2, = DBy (X,,=0)% 2y,(X, ,~0) (X, ,~6)

_ng‘(X _9)2].

a; ‘n

2.2 AMLE of the Location Parameter When the Scale Parameter is Known

In this section, we consider the two—-parameter Rayleigh distribution with the
density function (1.1) when the scale parameter is known.
From the equation (2.3), the likelihood equation for © is obtained as

i L[ ) L
ae - 0 (al l) F(szln) (n aS)Z(?SZH*_ JZI Z(’i/:n J:ZIZH’:H
. T (an 1 [z, )-(Z, .) (2.2.1)
P N N

=0.

The equation (2.2.1) does not admit an explicit solution for 6. So we need
an approximate likelihood equation that give explicit solution. We can obtain
some approximations by Taylor series expansion as follows;

1

a;-n

7 = K/+ 6/'Za/in (222)
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AZ
F(Zz

)

apqin

-AZ, .,
V-7

a;-n

) = a’1/+ [3’1/Zajln+ X/IJ’Za/:nv (223)

a;n
where
— — 2 — — —
K ;= 2/§ a; 6 I 1/§ a, A= Qg7 Qgy, 13/1/— [32]’_ BS]” and ¥u4,;7¥2,7 X35

By substituting the equations (2.1.6), (2.2.2) and (2.2.3) into the equation (2.2.1),
we obtain an approximate likelihood equation for 6 as follows;

DL =L@ DGt B2, ) - (a7 B (0 6,7,

—]Zslea/:[ﬁ Ji(aj— a; = Dlay+ By 2, ,t¥4,2, 1;,Z)] @29

=0.

Upon solving the equation (2.2.4) for ©, we can derive an estimator of ©
as follows;

a- A B
O =-Fo+ . (2.2.5)

where
A=C(a-Day+ JZSIIKJ* Ji(a/-—aj-,l—l)a4j-
B=(a,-1)B,X, ., ,~(n-a)X, + JZISX—JZI X,
F S a DB X Y, )
C=(a,-1B,~(n-a)+ 8,75+ Y (aa,,- DB+ v,

It's difficult to find the moments of all proposed estimators. So we simulate the
MSEs of the proposed estimators through the Monte Carlo simulation method. The
simulation procedure is repeated 10,000 times for the sample size
n=20(10)50 and various choices of censoring (m=mn—s is the number of
unobserved or missing data). These values are given in Table 1.

From Table 1, the estimator 0,, is more efficient than the other estimators
and 0,, is generally more efficient than the estimators 0,, ando,, in the
sense of MSE when location parameter © is known.
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<Table 1> The relative MSEs of the proposed estimators

o is known © is known
n 3/' N ,\ ,\ N ~
3] 010 0 40 0 50 0 40

1~20 0.018751 10.012306(0.012306]0.012306]0.012306
1~18 0.018822 |0.013586(0.013586]0.013586]0.013586
3~20 0.019408 10.012310(0.012398]0.012310(0.012398
2~19 0.018275 10.012967|0.013035]0.012967]0.013035
2~17 0.018399 10.014464|0.014545]0.014464]0.014545
4~19 0.020783 10.012976|0.013089]0.012976]0.013089
20 3~18 0.019491 |0.013588|0.013696]0.013588]0.013696
2~4 7~14 16~20 0.018238 10.012314|0.012364]0.012781]0.012922
3~17 0.019594 10.014467|0.014586]0.014467]0.014586
4~18 0.020827 10.013594|0.013716]0.013594]0.013716
2~6 10~19 0.018298 10.012981(0.013044]0.013286]0.013410
4~17 0.020945 10.014473|0.014604]0.014473]0.014604
126~9 12~15 17~20] 0.018519 |0.012334|0.012334|0.013349/0.013349
1~30 0.011831 |0.008344|0.008344]0.008344]0.008344
1~28 0.011845 |0.008610(0.008610]0.008610(0.008610
3~30 0.011847 10.008342(0.008388]0.008342]0.008388
2~29 0.011410 |0.008610(0.008644]0.008610(0.008644
2~27 0.011870 10.009196|0.009196]0.009196]0.009196
4~29 0.011435 10.009196(0.009236]0.009196]0.009236
30 3~28 0.012546 |0.008610(0.008672]0.008610]0.008672
2~4 7~14 16~30 0.011896 |0.008947|0.009001]0.008947({0.009001
3~27 0.011366 |0.008339(0.008369]0.008607]0.008680
4~28 0.011893 |0.009193|0.009251]0.009193(0.009251
2~6 10~19 21~30 0.012576 |0.008949(0.009017]0.008949]0.009017
4~27 0.011395 |0.008341|0.008371]0.008641{0.008713
126~9 12~15 17~30] 0.012573 |0.009195|0.009266|0.009195|0.009266
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<Table 1> (continued)
o is known © is known
n a‘j _ = = = =
6] 010 040 050 040

1~40 0.008352 |0.006032(0.006032]0.006032|0.006032
1~38 0.008358 |0.006331(0.006331]0.006331{0.006331
3~40 0.008306 |0.006032(0.006059]0.006032|0.006059
2~39 0.008010 10.006181(0.006198]0.006181{0.006198
2~37 0.008026 |0.006481(0.006501]0.006481]0.006501
4~39 0.008653 |0.006180(0.006211]0.006180{0.006211
40 3~38 0.008316 |0.006331(0.006363]0.006331{0.006363
2~4 7~14 16~40 0.008001 |0.006031(0.006047]0.006217{0.006257
3~37 0.008330 |0.006481(0.006515]0.006481{0.006515
4~38 0.008657 10.006330(0.006365]0.006330{0.006365
2~6 10~19 21~40 0.007992 10.006029(0.006046]0.006205|0.006245
4~37 0.008672 |0.006480(0.006516]0.006480{0.006516
126~9 12~15 17~40] 0.008270 ]0.006034|0.006034|0.006360|0.006360
1~50 0.006593 |0.004936(0.004936]0.004936|0.004936
1~48 0.006597 10.005134|0.005134]0.005134|0.005134
3~50 0.006592 10.004936|0.004952]0.004936|0.004952
2~49 0.006340 10.005031{0.005042]0.005031{0.005042
2~47 0.006348 10.005232(0.005244]0.005232|0.005244
4~49 0.006824 10.005031(0.005046]0.005031{0.005046
50 3~48 0.006599 10.005134|0.005152]0.005134|0.005152
2~4 7~14 16~50 0.006334 10.004936(0.004946]0.005028|0.005054
3~47 0.006604 10.005232(0.005249]0.005232|0.005249
4~48 0.006830 |0.005134(0.005150]0.005134|0.005150
2~6 10~19 21~50 0.006338 |0.004936(0.004946]0.005064|0.005090
4~47 0.006836 10.005232(0.005248]0.005232|0.005248
126~9 12~15 17~50] 0.006505 |0.004936|0.004936/0.005125|0.005125
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