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Abstract

In this paper, we consider a renewal process in which both the 
inter-arrival times and rewards are fuzzy random variables. We prove the 
uniform levelwise  convergence of fuzzy renewal and fuzzy renewal 
rewards. These results improve the result of Popova and Wu[European J. 
Oper. Research 117(1999), 606-617] and  the main result of Hwang [Fuzzy 
Sets and Systems 116 (2000), 237-244].
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1. Introduction

The theory of fuzzy sets introduced by Zadeh(1965, 1975) has been extensively 

studied and applied in statistics and probability areas in recent years. Since  

Kwakernaak(1978, 1979) and Puri and Ralescu(1986). Kruse(1982) introduced the 

concept of fuzzy random variable, there has been increasing interests for fuzzy 

random variable. Among others, strong law of large numbers for independent 

fuzzy random variables have been studied by several researchers. But there are 

only few papers investigating the renewal process in fuzzy environments. Popova 

and Wu(1999) consider a renewal rewards process with random inter-arrival times 

and fuzzy random rewards. Hwang(2000) considered a renewal process having 

1) This work was supported by  Grant No. R05-2004-000-10304-0(2005) from the Korea    
   Science and Engineering Foundation.

2) First Author : Professor, Department of Mathematics, Myongji University, Yongin        
   449-728, Kyonggi, Korea.
   E-mail : dhhong7@naver.com

3) Researcher, Daegu-Kyungbuk WISE Center of Catholic University of Daegu, Kyungbuk,  
   712-702, Korea.

4) Division of Information and Computer Sciences, Dankook University, Seoul, 140-714,      
   Korea.



Dug Hun Hong ⋅ Hae Young Do ⋅ Jin Myeong Park196

inter-arrival times which are fuzzy random variables and proved a theorem for the 

rate of a renewal process having inter-arrival times which are fuzzy random 

variables. In this paper, we consider a renewal process in which both the 

inter-arrival times and rewards are fuzzy random variables. A uniform levelwise 

convergence of fuzzy renewal and a uniform levelwise convergence of fuzzy 

renewal rewards are provided using recent results of Molchanov(1999). These 

results improve both the result of Popova and Wu(1999) and the result of Hwang 

(2000). Section 2 is devoted to describe some basic concepts of fuzzy random 

variables. Main results are given in Section 3.

2. Preliminaries

We have the following definition by Zimmermann(2001).

Definition 2.1. A fuzzy number M̃  is a convex normalized fuzzy set M̃  of the 

real line R  such that 

(a) It exists exactly one x0 R  with the membership function M̃(x0 ) = 1  (x0  is 

called the mean value of M̃).

(b) The membership function M̃(x )  is piecewise continuous.

Definition 2.2. The crisp set of elements that belong to the fuzzy set Ã  at 

least to the degree α is called the α-level-set:

Aα = x  : Ã(x )≥α ,  0≤α≤1.

The α-level-set Aα  is a useful tool for the treatment of fuzzy numbers.

Definition 2.3. If the α-level-set Aα  is a closed and bounded set for all 

α (0, 1 ], then the fuzzy set Ã  is said to be a closed and bounded set.

A fuzzy number M̃  may be decomposed into its α-level-sets by

M̃ = supα (0,1]∩Q   α IMα

or

M̃(x ) = supα (0,1]∩Q  α IMα
(x ) ,
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where Q  is the set of the rational number and IMα  is the indicator function of the 

set Mα.

Let Ũ  and Ṽ  be two fuzzy numbers in R. By the extension principle, four 

operations on fuzzy numbers Ũ  and Ṽ  are defined as follows

( Ũ+ Ṽ)( t )= sup x+ y= t{ Ũ( x )∧ Ṽ( y )},

( Ũ- Ṽ)( t)= sup x- y= t{ Ũ( x )∧ Ṽ( y )},

( Ũ∗ Ṽ)( t )= sup x⋅y= t { Ũ( x )∧ Ṽ( y )},

( ŨṼ )( t)= sup x= t⋅y{ Ũ( x )∧ Ṽ( y )},
where ∧  is denoted by "min".

Theorem 2.1. Let Ũ  and Ṽ  be two closed and bounded fuzzy numbers, then 

(Ũ+ Ṽ)α = Uα̃+ Vα̃.  

Let X̃ = [x −, x + ] = x  |  x −≤x≤x +  and Ỹ = [y −, y + ] = y  |  y −≤y≤y +  for 

x −,  x +,  y −,  y +  R . 

Four operations (+,  −,   and  / )  on X̃  and Ỹ  are defined as follows:

X̃+ Ỹ = [x −, x + ] + [y−, y +] = [x − + y−, x + + y + ],

X̃− Ỹ = [x −, x + ]− [y−, y +] = [x −− y +, x + − y− ],

X̃ Ỹ = [x −, x + ] [y−, y +],

      = [min(x −y−, x +y +, x −y +, x +y− ),max (x −y−, x +y +, x −y +, x +y−)],

X̃

Ỹ
= [x −, x +]

1

y +
,

1

y−
,   0 [y−, y + ].

We define the metric d ∞ on the set of closed and bounded fuzzy numbers by
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          d∞(Ũ, Ṽ) = sup0≤α≤1max (|Uα̃ 
* −Vα̃ 

*|,|Uα̃ 
** −Vα̃ 

**| )            (1)

where Ũ α = [Ũ α*, Ũ α* * ]  and Vα̃ = [Vα̃ 
*,Vα̃ 

** ].  

We have the following definition by Kruse(1982),

Definition 2.4. Let (Ω,Γ, P )  be a probability space. A fuzzy random variable 

X̃ : Ω→F (R ) , where F (R )  is the set of fuzzy numbers in R  (i.e. for w Ω ,

X̃ (w ) F (R )) , that satisfies the following properties: 

For α (0, 1 ]  and w Ω , both X *
α  and  X **

α  defined by

X *
α (w ) = inf  Xα̃(w ),

X **
α (w ) = sup  Xα̃(w )

are finite real valued random variables on (Ω,Γ, P )  such that the mathematical 

expectations EX *
α  and EX **

α  exist. 

For α (0, 1 ]  and w Ω , X *
α (w ) Xα̃(w )  and X **

α (w ) Xα̃(w ) . In this 

case, the expectation of X̃

is the fuzzy number EX̃  defined by

(EX̃)α = [EX *
α , EX **

α ],   0≤α≤1.

Let (Ω,Γ, P )  be a probability space and a fuzzy random variable 

Xt̃  : Ω→F (R ) , where t T  be an index set and F (R )  be the set of fuzzy 

numbers in R  (i.e. for, w Ω , Xt̃(w ) F (R )). We called Xt̃ t T  as a fuzzy 

stochastic process.

Let Xĩ, i = 1, 2,  be a sequence of fuzzy random variables on (Ω,Γ, P ) .

For α (0, 1 ], w Ω , X *
i,α,  and X

**
i,α  defined by

X *
i,α(w ) = inf  X̃ i,α(w ),

X **
i,α (w ) = sup  X̃ i,α(w )

are sequences of independent and identically distributed crisp random variables. 

Then the X̃ i, i = 1,2,   is called a sequence of independent and identically 

distributed fuzzy random variables. 
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For a probability space (Ω,Γ, P )  let the time between the (n− 1 )th and the n

th event of a process in fuzzy sense be a fuzzy random variable X̃ n  such that 

X̃ n : Ω→F (R +) , where F (R + )  is the set of fuzzy numbers in R +  (i.e. for 

w Ω, X̃ n (w ) F (R + )  and R + = (0,∞ ))  and n≥1 .

For each α (0, 1 ], both X *
i,α  and X

**
i,α  defined by

X *
i,α(w ) = inf  t  |X̃ i (w )(t )≥α ,

X **
i,α (w ) = sup  t  |X̃ i (w )(t )≥α,   for  i = 1, 2,

are sequences of independent and identically distributed random variables. 

We have the α-level-set X̃ i,α(w ) = [X *
i,α(w ), X **

i,α (w )], i = 1, 2, .

By the strong law of large numbers in the crisp sense, we have

lim
→∞

1
n Σ

i = 1

n

X *
i,α = EX *

1,α ,

lim
→∞

1
n Σ

i = 1

n

X **
i,α = EX **

1,α  .

For a sequence of independent and identically distributed fuzzy random variables 

X̃ 1, X̃ 2, , let S̃ n = Σ
i = 1

n

X̃ i. That is Sñ  represents the occurred time of nth 

renewal in the fuzzy sense. 

For each α (0, 1 ], w Ω , n N , S *
n,α(w ) , and S **

n,α(w )  are defined by

S *
n,α(w ) = inf  t  |S̃ n (w )(t )≥α ,

S **
n,α(w ) = sup  t  |S̃ n (w )(t )≥α .

Hence, the α-level-set (S̃ n (w ))α = [S *
n,α(w ), S **

n,α(w )].

We also let

N *
α (t ) = sup  n  |S *

n,α (w )≤t .                        (2)

N **
α (t ) = sup  n  |S **

n,α(w )≤t .                       (3)

It is clear that N *
α (t )≥N **

α (t ) .
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Definition 2.5 [2].  Let the time between the (n− 1 )th and the nth event of a 

process in fuzzy sense be a fuzzy random variable, X̃ n,  n≥1 . If X̃ 1, X̃ 2,  is a 

sequence of independent and identically distributed fuzzy random variables, then 

the fuzzy stochastic process Ñ(t ),  t≥0  is said to be a fuzzy renewal process, 

where Ñ(t )  is defined by

Ñ(t) = supα (0,1]∩Q  α I[N**
α (t),N*

α(t)]
,

Q  is the set of the rational number.

3. Main result

Recently, Molchanov(1999) and Hong(2003) proved the following result.

Theorem 3.1. Let X̃ n  be a sequence of independent and identically distributed 

fuzzy random variables.

Then we have

d∞






1
n Σi = 1

n

X̃ i, EX̃ 1  →  0   a.s.

Using this result, we prove the following theorem which is a generalized result 

of Theorem 3.1 of Hwang(2000).

Theorem 3.2 (Fuzzy renewal theorem).  With probability one,

d∞








Ñ (t )
t

,
1

EX̃ 1
 →  0   as  t  →  ∞.

Proof. By (3), we have

S **
N* *

α (t),α(w )≤t≤S **
N* *

α (t) + 1,α(w )

and

S **
N* *

α (t),α(w )

N **
α (t )

≤ t

N **
α (t )

≤ S **
N* *

α (t) + 1,α(w )

N **
α (t )

.
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Since

S **
N* *

α (t),α

N **
α (t )

=
Σ
i = 1

N* *
α (t)

X **
i,α

N **
α (t )

is the average of independent and identically distributed random variables, X **
i,α, , 

i = 1, ,  N **
α (t ) , it follows by Theorem 3.1 that

sup0≤α≤1

S **
N* *

α (t), α(w )

N **
α (t )

− EX ** 
1,α   →  0   a.s.

and

sup0≤α≤1

S **
N* *

α (t) + 1,α(w )

N **
α (t )

− EX **
1,α  →     0   a.s.   as  t  →∞.

Hence

sup0≤α≤1
t

N **
α (t )

− EX **
1,α  →    0   a.s.   as  t→∞.

Since EX ** 
1,α≥  EX *

1,0  > 0 , we have that

sup0≤α≤1

N **
α (t )

t
− 1

EX **
1,α

 →    0   a.s.   as  t  →  ∞.

Similarly we have

sup0≤α≤1

N *
α (t )

t
− 1

EX *
1,α

 →  ∞   a.s.   as  t  →  ∞,

and hence,

d∞ 





Ñ
(t )
t,

1
E

X̃ 1 = sup0≤α≤1max








N **
α (t )

t
−

1

EX **
1,α

,  
N *

α (t )

t
−

1

EX *
1,α

→0

a.s. as t   →  ∞,  which completes the proof.

We denote by R̃ n  the fuzzy rewards earned at the time of the n-th renewal, 

where R̃ n  is a fuzzy random variable. We shall assume that the R̃ n  for n≥1  are 

independent and identically distributed. Let R̃ (t )  denote the total fuzzy reward 
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earned by time t. And we define

R̃ (t ) = Σ
i = 1

Ñ(t)

R̃i  

where Ñ(t )  is a fuzzy renewal process and the α−level set

   R̃ α(t )(w ) = [ ]R *
α (t )(w ), R **

α (t )(w ) = Σ
i = 1

N* *
α (t)

R *
i ,α (w ), Σ

i = 1

N*
α(t)

R **
i ,α (w ) .     (4)

Theorem 3.3 (Fuzzy renewal reward theorem). With probability one,

d∞  








R̃ (t )
t

,
ER̃ 1
EX̃ 1

 →  0   as  t     →  ∞.

Proof. We first note that from (1) and (4),

d∞








R̃ (t )
t

,
ER̃ 1
EX̃ 1

= “sup0≤α≤1max









   
Σ
i = 1

N* *
α (t)

R *
i,α

t
−

ER *
1,α

EX **
1,α

,
Σ
i = 1

N*
α(t)

R **
i,α

t
−

ER **
1,α

EX *
1,α

.

Since

    
Σ
i = 1

N* *
α (t)

R *
i,α

t
−

ER *
1,α

EX **
1,α

     ≤             
Σ
i = 1

N* *
α (t)

Ri,α*

N **
α (t )

N **
α (t )

t
−

N **
α (t )

t
ER *

1 ,α      +

                                                                                           
N **

α (t )

t
   ER *

1,α−
ER *

1,α

EX **
1,α

   

≤    
N **

α (t )

t
        

Σ
i = 1

N* *
α (t)

R *
i,α

N **
α (t )

− ER *
1,α      +

                                                                               ER *
1,α         

N **
α (t )

t
−

1

EX **
1,α

       ,

by Theorem 3.2, for large n  depending on w  with probability 1,
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sup0≤α≤1

Σ
i = 1

N* *
α (t)

R *
i,α

t
−

ER *
1,α

EX **
1,α

≤ 2

EX *
1,0

d∞






1
nΣi = 1

n

R̃ i,ER̃ 1

+ ( )ER *
1,0+ ER **

1,0  d∞








Ñ(t )
t

,
1

EX̃ 1
.

Similarly, we have

sup0≤α≤1

Σ
i = 1

N*
α(t)

R **
i,α

t
−

ER **
1,α

EX *
1,α

≤ 2

EX *
1,0

 d∞  






1
nΣi = 1

n

R̃ i, ER̃ 1

+ ( )ER *
1,0+ ER **

1,0  d∞  









Ñ(t )
t

,
1

EX̃ 1
,

and hence we have

d∞  






R̃ (t )
t

,
ER̃ 1
E

X̃ 1    ≤   
2

EX *
1,0

 d∞  






1
nΣi = 1

n

R̃ i,ER̃ 1

   +    ( ) ER *
1,0 +  ER **

1,0  d∞  









Ñ(t )
t

,
1

EX̃ 1
.

Now, letting t  → 0  and n  →  0 , then the result follows from Theorem 3.1 and 3.2.
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