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Simulation Input Modeling : Sample Size Determination for
Parameter Estimation of Probability Distributions

Sungmin Park®*

— Abstract =

In simulation input modeling, it is important to identify a probability distribution to represent the input process
of interest. In this paper, an appropriate sample size is determined for parameter estimation associated with some
typical probability distributions frequently encountered in simulation input modeling. For this purpose, a statistical
measure is proposed 10 evaluate the effect of sample size on the precision as well as the accuracy related to the
parameter estimation, square rooted mean square error to parameter ratio. Based on this evaluation measure, this
sample size effect can be not only analyzed dimensioniessly against parameter’s unit but also scaled regardless of
parameter's magnitude. In the Monte Carlo simulation experiments, three continuous and one discrete probability dis-
tributions are Investigated such as : 1) exponential : 2) gamma : 3) normat : and 4) poisson. The parameter's magni-
tudes tested are designed in order to represent distinct skewness respectively. Results show that : 1) the evaluation
measure drastically improves until the sample size approaches around 200 : 2} up to the sample size about 400, the
improvement continues but becomes ineffective : and 3) plots of the evaluation measure have a similar plateau pattern
beyond the sample size of 400. A case study with real datasets presents for verifying the experimental results.

Keyword : Simulation Input Modeling, Sample Size, Square Rooted Mean Square Error to
Parameter Ratio, Parameter Estimation, Probability Distribution
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{Table 1> Skewness of the probability distributions with selected parameters

. Morments
l?rol?ablpty Parameters Skewness
distributions Ist 2nd 3rd

d MO)=Hz) M'(0)=E?)  M"0)=E) g v
B=0.5

exponential{(3) A 24 65 B=5.0 2.00000
B8=10.0
a=30, (3=10) 1.15470

gammala, 3) of ala+1)F alo+1)(a+2)(8) a=50, (3=10) 0.8%443
a=100, (=10) 063246
(£=0.0), 0* =1.0

normal(y,o?) u o+ (2 +307) (u=00), & =40 0.00000
(1=0.0), &> =9.0
A=05 1.41421

poisson(A) A AQ+2) A1+32+22) A=50 0.44721
A=10.0 0.31623
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(Table 2> Sample skewness with experimental dataset

. e Total Sample
Probability distributions Parameters sample size skewness
d 6 N v(N)
5=0.5 1.98204
exponential(3) B=5.0 100 2.01906
£=10.0 194522
a=30, (8=10) 1.16819
gamma, (0, 3) a=5.0, (3=1.0) 10° 0.89700
a=100, (3=10) 062861
(z=0.0),* =10 0.00046
normal{y,0?) (1=0.0), 0* =4.0 10° 0.01514
(1=0.0), o* =9.0 -0.00498
A=05 1.40259
poisson()) A=5.0 10° 04339
A=10.0 0.31728
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(Figure 1] sMp plots for probability distributions: (a) exponential; (b) gamma regarding « ; {c) normal

regarding o” ; and (d) poisson
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sMp7t diRE 10%0l3t2 483 FA9, sMp
plot ¥ 3 A (inflection point) £ ; 4) » ¥ [200,

400004, n F7tol & sMp #A7H A&E Hut
Hl 23 a2l3 5) » B [400, 1000} M=, F
7b & ©E sMp Zart PR A7 HE s

B & 9k

Zrek sMp plot WA o] s HA ng ‘Y
& FEAVIEI A8t sMp plot 2437t LA
e Fa ng ‘2E BEar)dn A9s9E, Monte
Carlo AlEdlold A, g ‘98’ LAY n=200
a3 FE BEA] n=4004S AT+ giok

<E > (29 1ol AAF sMp BAXNE 8.9
gk <E 3>9 s A P& SAUE A (12)
~(14)° Hod RAAY, A4 FEA7] n=20049)
sMp thH], F237] F7te & AoE sMp Za
FE AN <FE DA Role AAFP ;) 2
7] RRAY] Z7HE n=200—20904 BT 69.38% ;

{Table 3> Summary of sMp statistics from Monte Carlo simulation experiments

(unit : %)

sMp

exponential(6 = 3)

gamma(f = a,5 =

1)

normal(,u=0,0=02) poisson(f=))

n  B=05 B=50 =100 a=30 a=50 a=100 > =10 o> =4.0 &> =90 A=05 A=50 A=100

20 2270 2340 2133 398 2% 4002 2912 3301 3291 2002 1026 743
40 1687 1543 1698 2642 2327 2502 292 293 208 220 726 550
60 1343 1172 1501 2018 1736 2007 2083 1861 1747 1777 6.43 451
80 1150 1035 1345 1871 1614 179 1682 1655 148 1524 558 359
100 1027 1010 1219 1554 1425 1547 1456 1370 1414 1333 498 334
120 95 918 1021 1451 1300 1417 1311 1280 1348 1233 437 302
140 883 868 871 1203 1228 1258 1195 1199 1234 1232 392 271
160 793 802 818 1294 1182 1143 1087 114 1109 1215 3.59 2.58
180 760 118 761 1065 1098 1110 107 1110 1012 1072 326 2.40
200 7.20 722 724 104 1001 957 1054 1065 9.74 9.81 304 2.22
220 6.33 6.96 (4 9.37 948 946 1026 1011 9.52 9.04 291 2.20
240 6.45 6.73 6.89 911 9.23 9.07 97 970 944 872 274 2.14
260 6.06 6.58 6.36 867 9.04 809 950 882 8% 817 245 2.02
280 573 6.24 6.07 852 834 812 8 87 862 731 242 187
300 5.50 5.% 5% 828 805 787 857 821 845 760 231 184
320 524 557 567 818 772 157 828 800 8B 748 226 178
340 5.18 551 5.18 182 133 6.85 832 166 781 747 217 L70
360 493 5.32 565 711 757 6.53 792 724 7.36 7.04 2.16 166
330 474 5.15 5.46 6.85 731 6.27 790 6.92 6.50 713 208 162
400 465 5.00 5.28 6.72 7.09 585 770 6.77 6.8 6.80 2.15 154
500 433 431 472 590 6.5 535 6.4 5.74 583 6.16 19 148
600 444 421 408 518 6.28 483 6.21 533 549 566 182 133
700 433 399 38 482 540 459 571 453 5.25 5.36 173 120
800 388 380 367 469 472 434 511 430 5.32 5.26 159 Lil
900 361 363 343 418 462 405 496 425 5.09 474 L4 103
1000 337 343 3.3 3.70 440 378 471 398 5.08 475 1.38 0.99
Eq(12) 6826 6913 6604 7478 6961 7609 6380 6774 7041 6619 7041 7014
Eq(13) 984 836 935 6.66 725 9.03 878 1010 313 713 743 887
Eq(14) 647 403 6.44 553 713 443 6.07 5.34 2.8 433 5.58 6.69
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[Figure 2] Histogram and fitted probability distribution using Arena® for : (a) Lz12; and (b) Lz52



(Table 4> Fitted probability distribution functions and the square errors for ; {(a) Lz12; and (b) Lz52

(a) Lz12
No. Fitted distribution Definition Fitted function Square error
1 gamma offset+gamma(c, 8) 2340.0+gamma(10.6,121.0) 0.00111
2 erlang offset +erlang (m, 5) 2340.0+erlang(11.0117.0) 0.00111
3 beta offset+rxbetaloy ;) 2340.0+3400.0xbeta(6.9,11.2) 0.00116
4 lognormal offset+lognormal (i,6° ) 2340.0+lognormal(1310.0,460.02 ) 0.00193
5 normal normal (11,0?) normal(3630.0,378.0%) 000195
6 weibull offset+weibull (e, 8) 2340.0+weibull(4.2,1380.0) 0.00255
7 triangular triangular(minmaxmode)  triangular(2340.0,5740.0,3400.0) 0.01600
8 uniform uniform(min,max) uniform(2340.0,5740.0) 0.04010
9 exponential offset+exponential(3) 2340.0+exponential{1290.0) 0.04730
(b) Lz52
No. Fitted distribution Definition Fitted function Square error
1 exponential offset+exponential (3) -0.001+exponential(0.809) 0.00249
2 erlang offset+erlang (m, 8) -0.001 +erlang(1.000,0.809) 0.00249
3 gamma offset+gammal(e, 8) -0.001+gamma(0.768,1.050) 0.00610
4 weibuil offset+weibull (a, 5) ~0.001+weibull(0.760,0.793) 0.01280
5 beta offset+rxbeta(e 8) ~0,001+20.000xbeta(0.922,15.300) 0.01300
6 lognormal offset+lognormal (e 8) -0.001+lognormal(2.090,11.500%) 003370
7 normal normal (1,0?) normal(0.808,0.992°) 0.08950
8 triangular triangular(min,maxmode)  triangular(-0.001,20.000,0.249) 0.24400
9 uniform uniform(min,max) uniform(-0.001,20.000) 0.27100

(Table 5> Skewness and goodness-of-fit tests for the best fitted probability distribution function for ; a)

Lz12 s and b) Lz52

Goodness-of-fit tests

Best fitted function Skewness Chi-square test Kolmogorov~Smirnov test
No. of class intervals = 26
v=0.61430 Degrees of freedom =23 Test statistic =0.032
 O+gamma(10.6,121. n P .
(2) Lz12 23400+g (106,12L.0) (V) =0.45098 Test statistic = 124.000 p-value <0.010
p-value <0.005
No. of class intervals = 10
. v=2.00000 Degrees of freedom =8 Test statistic = 0.098
(b) L2562 ~0.00+exponential 0809 oy ¢ 00106 Test statistic = 82,700 p-value < 0.010

p-value <0.005
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[Figure 3] sMp plots for ; 1) Lz12, 2340.0+ gamma
(10.6,121.0); and 2) Lz52, —0.001+
exponential(0.809)
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7} tiH] sMp A HEg A ¢ Qo <& 6>
of AAE AMY, 7] FEAY] F7HE n=20020
ol A A (12) A E, Lz12 62.04%, Lz52 T2.17%
ZM sMp7t & F st g, vjgiAEs) o]
4523 (28 1(b)] gamma (100,1.0) ¥ [I28 1(a)]
exponential(0.5) sMp plot¥®} H|usld (29 3] F
7l sMp plotst FH o2 & 9]¢ FAHXA
ok M3d YAE dEF n=200018 SR A
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{Table 6> Summary of sMp statistics from experiments assaciated with ; (a) Lz12 ; and (b) Lz52

(unit : %)
(a) Lz12 (b) Lzb2
2340.0+gamma(10.6,121.0) -0.001+exponential (0.809)
n sMp n sMp n sMp n sMp n sMp n sMp
20 4850 220 17.73 500 12.32 20 289 220 167 300 5.49
40 36.31 240 16.54 600 1148 40 2250 240 738 600 5.04
60 29.12 260 16.26 700 1023 60 1693 260 749 700 459
80 2385 280 15.27 800 959 &0 14.26 280 735 800 418
100 21.98 300 1462 9GO0 924 100 12.35 300 6.79 900 381
120 21.49 320 1392 1000 826 120 12.00 320 6.51 1000 3.76
140 20.77 340 13.30 140 11.056 340 624
160 19.27 360 1312 Eq(2) 6204 160 994 360 627 Eq(l12) 7217
180 18.78 380 1347 Eq.(13) 872 180 9.01 380 630  Eq.(13) 547
200 1841 400 1350 Eq.(14) 837 200 832 400 603  Eq.(l4) 581
7.4 & PRspl 227 37k dul 0 2HLA paad
&, MAEIHE BFHoE J4E & QI F,
AlEF ol ¥ E¥IM AF nHHe 2 [Z2" 11 € [28 3l9A 81 & e b &
T MEAQ dE H o4t FEREE tideF o], #4NY FELE B4 9 % Av|d 4B
FETY BF FHE A% 34 ZE37]) FA o] TYUg panelE FE A7) F7H & FAHLA

3] =2]3t9th Monte Carlo A EH ) 2L Ag
24 49E 54 ;1) sMpE AFdH 24 A
QAE FRHOE FANIE ‘PR REFAY] n=
200 ; 8lx 2) F7F BEA7] F7HE0] Z2He sMp
AAEHIL voje BAGRORA ‘TR FEAY] n=
4000] A€t &3], 712 mse A F th4l sMp
g A - Ao ZN, FAYY 0 g9 & A9

FHa HE g vug ¢ QA b, 63 Al E
A AHUEA JEHZ FAEAY datasetS U
o=, 5% Monte Carlo A|EH A Ao &
¥ sMp plots HEES AT FF, 2 A7
A g dRtEl GEERd ARH7 AR
53], A9 ¥ E(truncated sample)-2 93 A& o]
A g s 9 AA gE3v)) g I3 E
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