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GROUP ACTION ON INTUTIOISTIC FUZZY IDEALS 
OF RINGS

Dong Soo Lee1 and Chul Hwan Park

Abstract. Let G be a group acting on a ring R. We will define 
the group action of G on an intuitionsitic fuzzy set of R. We 
will introduce intuitionistic fuzzy G-prime ideals of a ring and 
we will prove that every intuitionistic fuzzy G-prime ideal is the 
largest G-invariant intuitionistic fuzzy ideal of R contained in the 
intuitionistic fuzzy prime ideal which is uniquely determined up 
to G-orbits.

1. Introduction

K.T. Atanassov intrdouced the notion of intuitionistic fuzzy set as a 

generalization of the notion of fuzzy sets in 1986[2]. In[5] Banerjee and 

Basnet applied the concept of intuitionistic fuzzy sets to the theory of 

rings , and introduced the notions of intuitionistic fuzzy subrings and 

intuitionistic fuzzy ideals of a ring. Y.B. Jun and C.H.Park studied 

some properties of intrinsic product of intuitionistic fuzzy subrings 

and ideal in rings[9].

In this paper we will define an intuitionitic fuzzy prime ideal us

ing the intrinsic product of intuitionistic fuzzy sets[9]. The study of 

groups acting on rings is an attempt to develop Galois theory for 

rings. R.P.Sharma and S.Sharma extended the group action to the 

fuzzy ideals of a ring with group action on it and studied some rela

tions between the fuzzy G-prime ideals of a ring and the fuzzy prime 

ideals of that ring.
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In this paper we will investigate the relation between an intuition- 

istic fuzzty G-prime ideal of a ring and the intuitionistic fuzzy prime 

ideal of the given ring under the new definition of intuitionistic fuzzy 

prime ideals defined by this paper.

2. Preliminaries

As an generalization of the notion of fuzzy sets in a set S, Atanassov 

introduced the concept of an intuitionistic fuzzy set (IF set for short) 

A defined on a non-empty set S as objects having the form

A = {〈x,〃a(x),ya(x)〉| x e S}.

where 〃& ya are functions from S into the closed interval [0,1], which 

denote the degree of membership (namely 卩a) and the degree of non

membership (namely ya ) of each element x e S to A respectively, and 

0 < 〃a(x)+ya(x) < 1 for all x e S. For the sake of simplicity, we shall 

use the symbol A = (〃a,Ya) for the IF set A = {〈x,〃a(x),Ya(x)〉| 

x e S}. Let A = (〃a,Ya) and B =(如,yb) be IFSs in a set M. We 

define

• A C B o (Vx e M) (〃a(x) < 〃b(x), ya(x) > yb(x)).
• A = B o A C B and B C A.

• A n B = (〃a A 〃b,ya V yb).

• A U B = (〃a V 〃b,ya A yb).
• 0〜=(0,1) and 1 〜=(1, 0).

Let A = (〃a, ya) and B = (〃b, yb) be IF set in a set S. We define the 

product A o B = (〃a°b , yaob ) in R given by

(V min{〃A(a),〃B0)} if x is factorizable in R 
x=ab

0 otherwise,

{ /\ min{YA(a),YB(b)} if x is factorizable in R
x=ab
1 otherwise

The notion of an intrinsic product of two If sets in aring R was 

introduced by Y.B.Jun and C.H.Park as follows.
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Definition 2.1 [9]. Let A =(〃a,ya) and B = (〃b, yb) be IF sets 

in a ring R. The intrinsic product of A = (〃a,ya) and B =(火b, Yb) 

is defined to be the IF set A * B = (〃a*b,Ya*b) in R given by

“ 一 \/ ■) 口 A(a1)/A(a2), ••- ,^A(am), \

E(X)•— x= f 仍 i 口 B (b1)/B (b2), ••• /B (bm)( 
finite

叫“r) :— A maj 7A(a1),7A(a2), ••• ,YA(am), \
財B ⑺•― x= A 仍 1 Yb ("Yb (心•••点B (bm)(

finite

if we can express x — aibi + a》b2 + • • • + ambm for some a《,b《e R and 

for some positive integer m where each a《b《— 0. Otherwise, we define 

A * B — 0〜，i.e., 〃a*b(x) — 0 and Ya*b(x) — 1.

Definition 2.2. An IF sets A — (〃a,Ya) in a ring R is called an 

IF ideal of R if it satisfies the following conditions:

(i) (Vx,y e r)(口a(x — y) > min{口A(x)/A(y)}),

(ii) (Vx,y e r) (Ya(x — y) < max{YA(x),YA(y)}),

(iii) (Vx，y e r)(口A(xy) > max{YA(x),YA(y)}),

(iv) (Vx，y e r) (YA(xy) < min{YA(x),YA(y)}),

Y.B.Jun and C.H.Park showed the following results in [9]

Lemma 2.3. Let A,B and C be IF ideals of a ring R. Then

(i) A + B is an IF ideal.

(ii) A * (B * C) — (A * B) * C.
(iii) A * (b + C) C (A * B) + (A * C).

3. IF prime ideals

We assume that R is a ring with identity denoted by 1 and G is a 

finite group such that G acts on R. The identiy of the group G will 

usualy aslo be denoted by 1. We define the group action of G on an 

IF set of a ring R.

Definition 3.1. The group action of G on an IF set A of R is 

given by Ag = {〈x,〃a(x。)，Ya(x')〉| x e R} where g e G.
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Under this definition, Ag is clearly an IF set if A is an IF set. We 

can denote Ag as Ag = (卩* ,YAg) if A is denoted by A = (〃a,ya) 
where 卩Ag(x) = 〃a(x。) and ya(x) = YA(xg). Also we can easily 

know that if A is an IF ideal then Ag is also an IF ideal.

Lemma 3.2. Let A be an IF ideal of R. Then Ag is also an IF 

ideal of R.

Proof. It is easily proved by the fact that (x — y) = xg — yg and 

(xy)g = xgyg for every every x, y e R.

We will define IF prime ideals of a ring R as following

Definition 3.3. An IF ideal P of a ring is called an IF prime 

ideal if for two IF ideals A and B, A * B 으 P implise that either 

A 으 P or B 으 P.

Instead of A * B 으 P, if A ◦ B 으 P implise that either A 으 P or 

B 으 P then since A ◦ B 으 A * B 으 P , implise that either A 으 P or 

B 으 P. But the converse is not generally true.

Lemma 3.4. Let P = (〃p, yp) be an IF prime ideal of R. Then 

Pg is also an IF prime ideal of R.

Proof. Let A = (〃a,Ya) and B =(卩b,yb) be IF ideals of R 
and A * B 으 Pg. At first we 시aim that Ag-1 * Bg-1 으 P. Since 

Ag = (〃Ag-i, Ya5-1 ) and Bg =(〃召厂^ ,YbL ) it is sufficient to 

show that 口Ag-1 *B9-i 으 口P and Yas-1 *B9-1 旦 YP.

For every r e R ,

〃As-1 *Bs-1 (r) ] i
= V (min(〃A(ag X),…/A(萬-1 ),I」B (bg X),…/B 使-1)))

r= £ aibi 
finite

V

rs-1 = E ag-1 bg-1 

f inite

(min(〃A(ag 1),…/A(萬-1 ),I」B (bg 1 ) _

, …，〃b (bnX)))

< 口A*B (rg-1) < 口pg (rg-1)=卩P (r)
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and

YAg-1 *Bg-1 (尸) t

= A (max(YA(辦 X),…,7A(ag-1 ),7B(bg "),…点b(")))

/ -mo v//c， r\t . (r\i^ / 我g A

r= E abi 
finite

f inite

> Ya*b (rg-1) > Ypg (rg-1) = yp (r)

Thus we know that Ag-1 * Bg— C P and Ag-1 C P or Bg-1 C P. 

Thus A C Pg or B C Pg.

We will define G-invariant IF ideals of a ring R.

Definition 3.5. Let A be an IF ideal of a ring R. Then A is said 

to be a G-invariant IF ideal of R if and only if 卩a (r) = %(沖)> 

〃A(r) and YAg (r) = YA(rg) < YA(r) for all r e R,g e G.

From this definition, we can easily know that if A is G-invariant 

IF ideal of R if and only if Ag = A for all g e G since YA(r)= 

YA((rg)g-1) < YA(rg) < YA(r) ( Similarly we can get 〃a = 〃A ).

Lemma 3.6. Let A be an IF ideal of a ring R and letAG = QgEG Ag. 

Then Ag is the largest G-invarinat IF ideal of R contained in A.

Proof. Clealy AG is an IF ideal since every intersection of IF ideals 

of a ring R is also IF ideal. Let B be a G-invariant IF ideal contained 

in A. Then since AG = Ig^G Ag for all g e G, we obtainB C AG .

Let AG =(卩ag ,Yag ) then it is easily obtained that 卩ag (r)= 

ming8(〃A(rg)) and Yag(r) = maXgEG(YA(rg)). From Lemma 3.6 we 
know that an IF ideal A of R is G-invariant of R if and only if A = AG .

Lemma 3.7. If A = (〃a,Ya) , B =(卩b,Yb) are G-invariant IF 

ideals of R, then A * B = (〃a*b,Ya*b) is a G-invariant IF ideal.

Proof. Let A = (〃a,Ya) and B = (卩b,Yb). We will show that 

^a*b(r) = NA*B(r) andYA*B(rg) = Ya*b(r) for every g e G and 

r e R where A * B =(卩a*b, Ya*b). Since rg = ^finite a《b《 if and only
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if r = £finite 셨 览 and 3 = 口a , Yag = ya, 口財 = 卩b and

Ybg = Yb, we know that for every r E R and every g e G,

口 a*b (rg)=
一 、/ (min(口A(ai)/A02),…，卩，A(a“n)/b0i)

9 ▽ h ,…，卩B (滄^
rg =aibi

finite

v (min(〃A(蘭 1), …,^A(an-1、)w(硏}
r=£ a 厂 b#1 ，••-』B (览')))

:口a*b(r)

Similarly we can know that Ya*b(rg) = ya*b(r). Thus A * B is 

G-invariant.

4. IF G-prime ideals

Definition 4.1. Let {An = (〃An,YAn)|n e I} be a nonempty 

collection of IF sets of a ring R. Then defined the IF set

U An = (〃Un£lAn , YUneJAn ) 
nd

by 如心An = A 卩An and YU^IAn = V YAn .

Lemma 4.2. Let {An} be a chain of IF ideals of R. Then |J An is 
n 

an IF ideal of R.

Proof. To prove the Lemma 4.1, we will prove that for every x,y e 

R

min(Vn(〃An (x), Vn(〃An 3D = Vn(min(〃An (x)/An (y) 

and

max(An(YAn (x), An(YAn =爲(max(YAn (x),YAn (y)))

where 卩住^ < 〃A/+i and YAi 之 YAi+i. Assume that

k = max(An(YAn (x), An(YAn < An(max(YAn(源,YAn (y))) = 0.

Then An(YAn(x)) < l and An(YAn(y)) < €. Thus there exist s, t such 

that yas (x) < £ and ya£ (y) < 0 by the property of infimum. Then 
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for some m such that m is lager than s and t , yas (x) > YAm (x) and 

YAs (y) > YAm (y). Thus max(7Am (x),YAm (y)) < I , which is contradic

tion to the fact that An(max(YAn(x),YAn(y))) = l. On the other hand 

assume that

k = max(An(YAn)(x), An(YAn 知')')> An(max(YA„ (x),YAn =l

In this case we can assume that k = An(YAn (x)) without generality. 

Then there exists some m such that max(YAm(x),YAm(y)) < k . This 

is contradiction to the fact k < YAm (x). Thus we know that

max(An(YAn)(x), An(YAn ⑺少=An(max(^A„ (x),^An (y))

and similarly we can know that

min(Vn(“An (x), Vn(口 An 3D = V„(min(^An (x) ,^An (饥).

Let x, y e R,

口UnAn (x - 0) = V 口An (x -，))

> Vn(min(口An (x)/An (y)))

=min(V 口An (x), V 口An 3))
n n

=min("UnAn (x)/UnAn 3))

and

YUnAn (x ― 0) = An YAn (x ― 0D

< An(max(YAn (x),YAn (y))

=max(A YAn (x), A YAn (y))
nn

=max(YUnAn (x),YUnAn 3))

by the above results. Moreover, we can know that

口UnAn (创)=V 口An (旳)

> Vn(max(“An (x)/An (y)))

> V 口An (x) = 口UnAn (x)
n

and

口UnAn (创)=V 口An (旳)

> Vn(max(“An (x)/An (y)))

> V 口An (x) = 口UnAn
n
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It follows that

口UnAn(顽 > maX(〃UnAn (X) ,^UnAn (；))

And also we can get the fact that

YUnAn (xy) < min(YUnAn(X),?UnAn 3))

Thus we know that U An is an IF ideal of R.

An IF G-prime ideal of a ring R is defined as followings.

Definition 4.3. A non constant G-invariant IF ideal P of a ring 

R is called IF G-prime ideal if for any two G-invariant IF ideals A and 

B of R, A * B C P implies that either A C P or B C P.

From this definition, we will prove the following theorem.

Theorem 4.4. If P is an IF prime ideal of R, then PG is an IF 

G-prime ideal of R. Conversely, if Q is an IF G-prime ideal of R, then 
there exists an IF prime ideal P of R such that PG = Q where P is 

unique up to its G-orbit.

Proof. Let P be an IF prime ideal of R and let A and B be two 

G-invariant IF ideals of R such that A * B C PG. Then A * B C P 

since PG C P. Since P is an IF prime ideal of R, either A C P or 

B C P. Thus A C PG or B C PG since PG is the largest G-invariant 

IF ideal contained in P. Conversely, let Q be an IF G-prime ideal of 

R. Let

S = {A, an IF ideal of R | AG C Q,Q C A}

Since QG C Q, S is not empty. Let C = {A《} be a chain of S. Then 

UAi is an IF ideal of R by lemma 4.1. Moreover we can get the fact 

that (UAi)G C Q. Let UA《=(〃点)and Q = (〃q,Yq), then clealy 

卩=»i卩，Ai and y = N" where A《=(〃& 点Ai). For every x e R,

〃G(x) = mn(V(口Ai 3))) = V(팥去(口Ai 3))) < 口Q(x) 
ii

since each AG is contained in Q. And

YG(x) = max(Ai(7Ai(x))) = Ai(max(7Ai(x))) > YQ(x).
g£G gCG
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Third equality of each above term is followed by a generalization of 

fact that

min(Vn(“An (x), L(火An (饥)=Vra(min(^A„ (x)，^An (饥)

and

max(An (YAn (x), An(7An (y)) = An (max(7An (x)点An (y)))

which are shown in Lemma 4.1. Thus we know that (UA《)G C Q and 

(UAi)G e S. From this fact we can apply Zorn’s lemma to S and let 

P be a maximal suct IF ideal. Suppose that A and B are IF ideals of 

R such that A*B C P and P C A,P C B. Then (A * B)G C PG C Q. 

Since AG * BG C A * B and AG * BG is G-invariant, AG * BG C (A *B )G. 

Thus AG * BG C (A * B)g C Q implies AG C Q or BG C Q. By the 

maximality of P, we know that A C P or B C P and P is IF prime 

ideal. On one hand since Q C P, QG C PG and thus we know that 
PG = Q. Suppose that there exists another IF prime ideal T of R such 

that TG = Q. Since *q^gPg C Qg^GPg = PG C T, Pg C T for some 

g e G by the primeness of T. Thus P C Tg-1 and P = Tg-1 since the 

fact that (Tg 1 )G = TG C Q implies that T is contained in the set S. 

Thus we know that P is unique up to G-orbits.
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