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GROUP ACTION ON INTUTIOISTIC FUZZY IDEALS
OF RINGS

DoNG S00 LEe! aAND CHUL HWAN PARK

ABSTRACT. Let G be a group acting on a ring R. We will define
the group action of G on an intuitionsitic fuzzy set of B. We
will introduce intuitionistic fuzzy G-prime ideals of a ring and
we will prove that every intuitionistic fuzzy G-prime ideal is the
largest G-invariant intuitionistic fuzzy ideal of R contained in the
intuitionistic fuzzy prime ideal which is uniquely determined up
to G-orbits.

1. Introduction

K.T. Atanassov intrdouced the notion of intuitionistic fuzzy set as a
generalization of the notion of fuzzy sets in 1986[2]. In[5] Banerjee and
Basnet applied the concept of intuitionistic fuzzy sets to the theory of
rings , and introduced the notions of intuitionistic fuzzy subrings and
intuitionistic fuzzy ideals of a ring. Y.B. Jun and C.H.Park studied
some properties of intrinsic product of intuitionistic fuzzy subrings
and ideal in rings|[9).

In this paper we will define an intuitionitic fuzzy prime ideal us-
ing the intrinsic product of intuitionistic fuzzy sets[9]. The study of
groups acting on rings is an attempt to develop Galois theory for
rings. R.P.Sharma and S.Sharma extended the group action to the
fuzzy ideals of a ring with group action on it and studied some rela-
tions between the fuzzy G-prime ideals of a ring and the fuzzy prime
ideals of that ring.
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In this paper we will investigate the relation between an intuition-
istic fuzzty G-prime ideal of a ring and the intuitionistic fuzzy prime
ideal of the given ring under the new definition of intuitionistic fuzzy
prime ideals defined by this paper.

2. Preliminaries

As an generalization of the notion of fuzzy sets in a set S, Atanassov
introduced the concept of an intuitionistic fuzzy set (IF set for short)
A defined on a non-empty set S as objects having the form

A= {{x, pa(x),valx)) | x € S}

where g4, y4 are functions from S into the closed interval [0, 1], which
denote the degree of membership {namely p4) and the degree of non-
membership (namely v4) of each element x € S to A respectively, and
0 < pa{e)+vyale) < Lforallxz € S. For the sake of simplicity, we shall
use the symbol A = (14, v4) for the IF set 4 = {{z, pa(x),yva(x}} |
x e S} Let A= (pq.74) and B = (g, vs) be IFSs in a set M. We
define

e ACB & (Vre M) (palr) < up(x), valz) = ve(x)).

e A=B & AC Band BC A.

e ANB = (aApp,7aVB).

e AUB = (4 V i, 74 NYB).

e 0.=(0,1)and 1. = (1,0).
Let A= (a4, v4) and B = (up, y5) be IF set in a set S. We define the
product A o B = (fta0p. Yaor) in R given by

V min{us(a), up(b)} if x is factorizable in R

HAoR (93') = x=ud
{ 0

otherwise,

x=ab

A min{va{a),vp(b}} if x is factorizable in R
Yaor(¥) = :
1 otherwise

The notion of an intrinsic product of two If sets in aring R was
introduced by Y.B.Jun and C.H.Park as follows.
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DEFINITION 2.1[9]. Let A = {j14.74) and B = {uup.yg) be IF sets
m o ring B. The intrinsic product of A = {(ua,7v4) and B = (up,v5)
is defined to be the IF set A*x B = {jtavp, 74+8) i R given by

o : (1)? "(2)1“'?'(?%)?
pap(®) = . mm{ i;((gl)’ﬁ;(gﬂa... ?:;;({in) }

a= 3 aib;

YA (al)a A/A(GQ); e aﬂJ/A(am)a

Yasp(T) = F Qaibi ma‘x{ Ye(b1),7B(b2), "+ s 7B (D) }

fnite
if we can express ¥ = ayby + asby + -+ - + @b for some a;.b; € R and
for some positive integer m where each a;b; # 0. Otherwise, we define
AxB=0.,ie., paplx) =0 and y4.p{x) = 1.

DEFINITION 2.2. An IF sets A = {(pa,v4) in a ving R is called an
IF ideal of R if it satisfies the following conditions:
(i) (Ve.y € R) (pale—y) > min{pa{e), paly)}).
(ii} (Vz,y € R) (yalz — y)} < max{va(x),74(¥)}),
(iii} (Vo,y € R) (palzy) = max{va(r),va{y)}),
(iv} (Vo,y € R) (yalzy) < min{ya(z), v4(}}),

Y.B.Jun and C.H.Park showed the following results in [9]

LEMMA 2.3. Let A,B and C be IF ideals of a ving R. Then
(i) A+ B is an IF ideal.

(ii)y As{(BxC)=(AxB)*xC.

(iii) Ax{(B+CYC (AxB)+ (A= ).

3. IF prime ideals

We assume that R is a ring with identity denoted by 1 and G is a
finite group such that G acts on R. The identiy of the group G will
usualy aslo be denoted by 1. We define the group action of G on an
IF set of a ring R.

DEFINITION 3.1. The group action of G on an IF set A of R 1s
given by AY = {{x, pa{x?},va(x®)} | x € R} where g € G.
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Under this definition, 49 is clearly an IF set if A4 is an IF set. We
can denote AY as AY = (jt4e,7v4¢) it A is denoted by A = (14, v4)
where pr4e(2) = pa(@?®) and vae(x) = va(@?). Also we can easily
know that if A is an IF ideal then A¢ is also an IF ideal.

LEMMA 3.2. Let A be an IF ideal of B. Then A? is also an IF
wdeal of R.

Proof. 1t is easily proved by the fact that {(x — y)¢ = ¥¢ — 3¢ and
(xy)? = x9%y* for every every x,y € R.

We will define IF prime ideals of a ring R as following

DEFINITION 3.3. An IF ideal P of a ring is called an IF prime
wdeal if for two IF ideals A and B, Ax B C P implise that either
ACP or BCP.

Instead of Ax B C P, if Ae B C P implise that either A C P or
B C Pthensince Ao BC Ax B C P |, implise that either A C P or
B C P. But the converse is not generally true.

LEMMA 3.4. Let P = {up,yp) be an IF prime ideal of R. Then
PY is also an IF prime ideal of R.

Proof. Let A = (pa,v4) and B = (up.vyg) be IF ideals of R
and Ax B C PY At first we claim that AY x BY C P. Since
AT = (pge-1,74e-1) and BY = (juge-1,7ge-1) it is sufficient to
show that Hae-1,p0-1 © pp and Yae-lyge-1 = VP

For every r € R |

H49-1,ps1 (T)

=V (min{a@d ) palad ), us® ), us(t))

= Z a,%-b%-
finite
. -1 - =4
_ V (min(palal ), palad s ) .
po— i b ag—lbg—l 2 3!""3({)% )))

finite

< poasp(r') < ppe(r?) = pp(r)
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and
YA~ l4Bo—? (T)

= A (max(yala? ), valad ) ve @ ) v EET))

= Z aibi
finite
-1 —1 -1
- A (max(yalal )=~ yalaf ) vp®l )
7,971: Z &gflbgfl " 773(6% )))
fimite "

> Yaup{r? ) > ypa(rd ) = yp(r)

Thus we know that 49 «+ B C P and 49" C Por B9 C P.
Thus A C P?¥ or B C P9.

We will define G-invariant IF ideals of a ring R.

DEFINITION 3.5. Let A be an IF ideal of a ring B. Then A is said
to be a G-invariant IF ideal of R if and only if pia0(r) = pa(r?) >
pea(r) and 40 (r) = y4(r9) < ya4(r) for allr € R.g € G.

From this definition, we can easily know that if A is G-invariant
IF ideal of R if and only if AY = A for all ¢ € G since y4(r) =
Ya((F9¥ Y € 74(r9) < valr) ( Similarly we can get pq = 1%, ).

LEMMA 3.6. Let A be an IF ideal of a ring R and letA® = o A,
Then AY is the largest G-itnvarinat IF ideal of R contained in A.

Proof. Clealy A% is an IF ideal since every intersection of IF ideals
of aring R is also IF ideal. Let B be a G-invariant IF ideal contained
in A. Then since A% = Nyee A¢ for all g € G, we obtainB C AC

Let A = (u4c,7v4c) then it is easily obtained that pc(r) =
mingea{pa(r?)) and v4e(r) = maxgeq(y4(r?)). From Lemma 3.6 we
know that an IF ideal 4 of R is G-invariant of R if and only if 4 = A%,

LEMMA 3.7. If A = (pa,va) , B = {up.yg) are G-invariant IF
ideals of R, then Ax B = (ftaep. YasB) s @ G-invariant IF ideal.

Proof. Let A = (fi4.v4) and B = (up,yp). We will show that

pasp(r) = pra.p(r) andyap(r?) = yaup(r) for every ¢ € G and
r € R where A+ B = (4.8, Yasp). Since r9 = 37, . a;b, if and only
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. -1 -1
if r = Z}'imte af b and pac = g . yac = Ya, ppe = ppg and
vge = yg, we know that for every » € R and every ¢ € G,

(min(!u'x‘l (al)ﬂ HA (ag)? Tty MA (an) yMB (bl)
P8y —
paxp(r?) N g " e (b))
findte
_ (min{ua(af ), palad ) us®] )
TZEG{Jﬁd a“'aﬂBwi D)
= I'--'5A*B(T)

Similarly we can know that vya.8{rY) = Y4p{r). Thus A * B is
G-invariant.

4. IF G-prime ideals

DEFINITION 4.1. Let {An, = (4,74, }n € I} be a nonempty
collection of IF sets of a ring R. Then defined the IF set

U ‘4?3 = (I‘LUrhelAni‘ .’TUn,EIAn)
nel

by !u'UnEIAn = A Ju’An, a'nd ﬂyUnEIAn = V hJ(An,'
nef nelf

LeEMMA 4.2. Let {A,} be a chain of IF ideals of R. Then [J A, is
an IF ideal of R. "
Proof. 'To prove the Lemma 4.1, we will prove that for every x,y €
R
min{V{tea, (€}, Valtea, (¥)) = Vo(min(pa, (x). 14, ()
and
max(An (Y4, (@) A4, () = Aa(max(ya, (2), 14, (¥)))

where g4, < pra,,, and y4;, > va,,,. Assume that

k= max(An (v, (), Anl(14, (4) < An{max(vya, (2), 74, (1)) = €

Then Ap{v4,{x)) <1 and A,(va,(y)) < £ Thus there exist s,¢ such
that v4,{(x) < £ and v4,(y) < € by the property of infimum. Then
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for some m such that s is lager than s and ¢ , va4,(x) > a4, {2) and
Ya,{¥) 2 74, (¥). Thus max(va,, (x),74,.(v)) <!, which is contradic-
tion to the fact that A,(max{va4,(x},74,{y})} = {. On the other hand
assume that

k= max(An(74,)(x), A4, (1)) > An(max(ya, (), 74, (1)) = 1.

In this case we can assume that k = A, {74, {x)) without generality.
Then there exists some m such that max(va, (%), 74,.(y)) < k. This
is contradiction to the fact k < 44, (x). Thus we know that

max{An{¥4,) (%), An(v4,(y))) = An(max(pa, (). pa, (y))
and similarly we can know that
min(Vy(ga, (), Valpa, (¥)) = Ve{min{ua, (), pa, (y))-
Let 2,y € R,
fu, 4, (r —y) = !;1-,4n (x —y))
2 Val(min(pa, (), pa, (¥)))
= min{V/ 4, (), V pa,(y))
= i, A, (2), 0,4, ()
and

Yin An (35' - y) = /\n YAn (;I: B y))
< An{max(ya, (), 74, (¥))
= max(A ya, (€}, A 4, (¥))

= max(Yu, 4, (), Y, 4. (V)
by the above results. Moreover, we can know that
!u'un,An (‘ry) = V!u'An (‘ry)
Z an. (]‘Ila'X(JLLAn (‘r) ? M“in, (y) ))
Z Vnu’An (‘r) = !u'Un,An (x)
and
o, . (@Y) =V pa, (@y)

> V. (max(pa, (5), 4, (1))
>V pa, (@) = o, 4, (1)
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It follows that

""':'Un.An (xy) Z n'la'x(lu’unf‘n (3:7), l""’UnAn (y))

And also we can get the fact that

Yundn (2y) < min(yy, 4, (2), Yo, 4, (1)
Thus we know that | J 4, is an [F ideal of R.

An IF G-prime ideal of a ring R is defined as followings.

DEFINITION 4.3. A non constant G-invariant IF ideal P of a ring
R is called IF G-prime ideal if for any two G-invariant IF ideals 4 and
B of R, A+ B C P implies that either AC Por BC P,

From this definition, we will prove the following theorem.

THEOREM 4.4. If P is an IF prime ideal of R, then P% is an IF
G-prime ideal of R. Conversely, if Q) is an [F G-prime ideal of R, then
there exists an IF prime ideal P of R such that P® = @ where P is
unigque up to its G-orbit.

Proof. Let P be an IF prime ideal of R and let A and B be two
G-invariant IF ideals of R such that A B € P®. Then Ax B C P
since PY C P. Since P is an IF prime ideal of R, either A C P or
B C P. Thus A € PY or B C P¢ since P is the largest G-invariant
IF ideal contained in P. Conversely, let ¢} be an IF G-prime ideal of
R. Let

S ={A, an IF ideal of R | A CQ,QC A}

Since Q° C @, S is not empty. Let C = {A;} be a chain of S. Then
UA,; is an IF ideal of R by lemma 4.1. Moreover we can get the fact
that (UA;)¢ C Q. Let UA; = (1,7) and @ = (ug, 7o), then clealy
it = Vs, and v = Ayya, where A; = (pa,,74,). For every x € R,

pé () = Igleig(\/(ﬂm (@) = \_/(tg}gg(m (x9)) < polx)

since each A% is contained in Q. And

7% () = max(A:(74, () = Ai(max(va,(z))) 2 vo(x).
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Third equality of each above term is followed by a generalization of
fact that

min{ Vo {tta, (), Valita, (¥)) = Valmin(pa, (), 14, (y))

and

max (A, (74, (@), An(va, (1) = An(max(va, (2). 74, (¥)))

which are shown in Lemma 4.1. Thus we know that (UA,)% C @ and
(UA))® € S. From this fact we can apply Zorn’s lemma to S and let
P be a maximal suct IF ideal. Suppose that A and B are IF ideals of
R such that A*BC Pand P C A, P C B. Then (A B)Y C P° C Q).
Since AY+BY C AxB and A“x B¢ is G-invariant, A+ B¢ C (AxB)“.
Thus A% + BY C (A * B)® C @ implies A“ C @ or B C Q. By the
maximality of P, we know that A C P or B C P and P is IF prime
ideal. On one hand since @ ¢ P,Q° C P% and thus we know that
PC = . Suppose that there exists another IF prime ideal T of R such
that 7¢ = Q. Since *,e; PY C NyePY = PC C T, P C T for some
g € G by the primeness of 7. Thus P € T¢"" and P =T¢ ' since the
fact that (79 )¢ = T¢ C @ implies that T is contained in the set S.
Thus we know that P is unique up to G-orbits.
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