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GENERALIZED ANTI FUZZY SUBGROUPS
YOUNG BAE JUN AND SEOK ZUN SONG

ABSTRACT. Using the notion of anti fuzzy points and its hesude-
ness to and non-quasi-coincidence with a fuzzy set, new concepts
of an anti fuzzy subgroup are introduced and their inter-relations
are investigated.

1. Introduction

The concept of fuzzy sets was first initiated by Zadeh [3]. Since
then it has become a vigorous area of research in engineering, medical
science, social science, physics, statistics, graph theory, etc. Biswas
[2] gave the idea of anti fuzzy subgroups, and obtained some results.
In this paper, we introduce new concepts of an anti fuzzy subgroup
by using the notion of anti fuzzy points and its besideness to and non-
quasi-cotncidence with a fuzzy set, and investigate their inter-relations

2. Anti fuzzy subgroups

Given a fuzzy set ® in a set G and for every a € [0, 1], the subsets
C(P;a):={r e G| Px) <a}land O(P;a) = {re G| Px) <a}
are called the closed a-cut and the open «-cut of @, respectively.

PROPOSITION 2.1. Let ® and V¥ be fuzzy sets in a set G. Then
(i) C(®;1)=G.
(i) (Ya. B € [0,1]) (a < f = C(B:0) C C(&; ).
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(iii) (P C ¥ = (Va e [0,1]) C(V; o) C C(P; o).
(iv) (Va, B € [0,1]} {C(D; @} = NacsO(P; 3)).

(v) Va € [0,1]} (C{(2U T a) = C(P;a) NC(T; a)).
(vi) (Va € [0,1]) (C{(2NT;a) = C(P;a) U C(P; a)).

Proof. Straightforward. O

In what follows, let G denote a group with e as the identity element
unless otherwise specified.

DEFINITION 2.2. [2] A fuzzy set © in G is called an anti fuzzy
subgroup of G if it satisfies the following assertions:

(L) (Vz,y € G)(P(zy) < max{P(z), D(y}})
(2) (Vx € G)(P(x) = (™))

If ¢ is an anti fuzzy subgroup of G, then ®(e} < ®(x) forall x € G
(see [2]).

PROPOSITION 2.3. [2] Let ® be a fuzzy set in G. Then ® is an anti
fuzzy subgroup of G if and only if each closed a-cut C{®; ) of ® is a
subgroup of G.

The C{®; )’s are called level subgroups, which can be empty and
form a chain in the subgroup lattice (S, C) of G. By Hausdorft’s axiom
(or Zorn’s lemma) there is a maximal chain C'in S.

The order of the set of membership values of a fuzzy set @ is called
the order of ® and is denoted by |®|.

THEOREM 2.4. Let G be with |G| > 2. Let ® be a fuzzy set in G
defined by

. . Jaifr=e,
(3) Olx) = { as otherwise,
foranyx € G and 0 < o) < oy < 1. Then ® is an anti fuzzy subgroup

of G of order 2.

Proof. Let x,y € G. Note that x # e implies x™! # e, and x = ¢ im-
plies #=! = . Hence ®{x)} = ®{x~!). Assume that y # 2~ . Ifx # e or
y # e, then 2y # e. Thus ®(xy) = az = max{®{x), ®{y)}. If x = e and
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y = e, then 2y = e and so ®(zy) = a; = max{®(x), P{y}}. Now sup-
posey = L. Then xy = e and hence ®{xy) = oy < max{®(x), ®(y)}.
Therefore ¢ is an anti fuzzy subgroup of G of order 2. O

THEOREM 2.5. Let G be a finite cyclic group of prime order. Then
an anti fuzzy subgroup ® of G with |®| = 2 must be of the form (3).

Proof. 1f |G| = 2, say G = {e, &}, then
$(e) = P(zx) < max{P(z). &{x)} = ®{x)

together with ™! = & and e™! = e proves the assertion. Assume that
|G| > 2 and that an anti fuzzy subgroup ® of G with |®| = 2 is not
of the form (3). Then we have the following two cases:

Case 1. ®(e) = ay and P(x) = a; for some x € G where 0 < a; <
ap < 1. Since ® is an anti fuzzy subgroup of G, it follows from (2)
that ay = ®(x)} = ®(x~!) so that

P(zz™') = ®(e) = ap > ay = max{®(z), P(z~")}

which contradicts {1).

Case 2. ®(e} = ay, () = a; and P{y} = ay for some x,y € G\{e}
where 0 < o) < a2 < 1. Let H :={z € G| ®(z) = P(e)}. Obviously
e€ H If r € H, then &(e) = ®(xr) = ¢(x~') and hence x~! € H. If
x,> € H, then

Ple) < Pxz) < max{P(x),P(2)} = P(e).

It follows that ®{xz) = ®({e) so that xz € H. Hence H is a subgroup
of G and it is proper since y ¢ H. This contradicts our assumption,
and the proof is complete. O

By a proper anti fuzzy subgroup we mean an anti fuzzy subgroup
which is neither of order 1 nor of order 2 with the form (3).

THEOREM 2.6. A group G with no proper subgroups cannot have
proper anti fuzzy subgroups.

Proof. Suppose that ® is an anti fuzzy subgroup of G which has the
form given in either Case 1 or Case 2 in the proof of Theorem 2.5. In
Case 1, the closed a-cut C(®;a,) is a subgroup of G by Proposition
2.3, but e € C(®;a,) since a; < 3. This is a contradiction. In
Case 2, the closed a-cut C(®;a,) is a subgroup of G by Proposition
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2.3, and it is proper by having at least two elements @ and e. This
contradicts our assumption. Now let ® be an anti fuzzy subgroup
of G with |[®| > 3, and of course with |G| > 3. Then there must
exist three different elements, say z,y,z, with different membership
values, say ®(x) = a1 < ®(y) = a2 < ®(2) = a3. The closed a-
cuts C(®;aq), C(P; as), and C(P;ay) are different subgroups of G
and C({®;ay) C C(P;a2) C C(P;a3). At least one of them is proper
subgroup of ;. This completes the proof. O

THEOREM 2.7. Let ® be an anti fuzzy subgroup of G. Then a
maximal subgroup chain C = {H,; | i € A} of G, where A is any index
set, fulfils:

() (vy € Hut \ Ho) (Gas € [0,1]) ((y) = )

(ii) (Vo € Hi\ Hi_y) (Vy € Hip \ Hi) ($(z) < ().

Proof. Consider a maximal subgroup chain €' of G containing all
different closed a-cuts C'(®;a) of . Such chain always exists since
every chain can be extended to a maximal one.

(i) If |[Hixy \ Hi| = 1 for some i, then the statement is trivial. In
the case |H;1y \ Hi| > 2, we suppose ®(y;) # P(ys), say ®(y,) =
ap < P(y2) = ay for some g, 90 € Hyyy \ H;. Take the closed a-
cuts C(®;aq) and C(®;as). By Proposition 2.3, they form different
nonempty level subgroups of G with H; C C{®;a1) C C{P;as) C
H;y1, which contradicts the maximality of the given chain.

(ii) By (i), ®{y) = a; for all y € Hiyy \ H;, and &{x) = a;—; for all
x € H;\ Hi_y with 0 < a; < ;-1 < 1. Suppose a; < a;_1. For the
corresponding level subgroups we get

H, = C(P;a;) C C(P; 1) = Hi-n,

which is a contradiction. O

3. Redefined anti fuzzy subgroups

DEFINITION 3.1. A fuzzy set ® in G of the form

B o € [0‘]_) ify:ﬂfa
®(y) = { 1 otherwige,
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is called an anti fuzzy point with support @ and value o and is denoted
by x.

DEFINITION 3.2. Let ® be a fuzzy set in a group G. An anti fuzzy
point % is said to beside to @, written x* < ®, if ${x) < . An anti
fuzzy point ¥ is said to non-quasi-coincident with ®, written 2 " @,
if () +a < 1. If 2* < ® and (resp. or) «* I &, then we write
x* < AT ® {resp. x* < vl ®).

LEMMA 3.3. For any fuzzy set © in (G, the condition (1) is equivalent
to the condition:

@,y € G)(Va,f e [0, D}a® < ®, ¢ < ® = (xy)™*5 < @),

Proof. Assume that (1) is valid and let x,4 € G and o, 3 € [0,1)
be such that z* < ® and y° < ®. Then ®(r) < o and ®{y) < 3. It
follows from (1) that

P{xy) < max{®(z), P(y)} < max{c, S}

so that (zy)™*% <@, Now suppose that (4) is true. Note that 2% <
® and y®¥ «® for all &, y € G. Using (4), we have ()2} <P
and so ®(xy) < max{®{x}, P(y}}. This completes the proof. O

In what follows Q and U denote any one of <, I, <V T, or <AT
unless otherwise specified.

DEFINITION 3.4. A fuzzy set ® in G is called an (2, U}-anti fuzzy
subgroup of G, where @ # <AT, if it satisfies:

(bl) (V,y € G) (Yo, 8 € [0,1)) (20D, °QP = (xy)™>{oPL5P)
(b2) (Vx € G) (®(x) = D(z~)).

In Definition 3.4, the case 2 = <Al is omitted because there exists
a fuzzy set @ in G such that {x* | #* < AT ®} is empty. In fact, if
®(x) = 0.5 for all * € G, then ® is such a fuzzy set.



200 YOUNG BAE JUN AND SEOK ZUN SONG

EXAMPLE 3.5. (I) Consider the Klein's 4-group G = {e, a.b, ¢} with
the following multiplication table.

e a b ¢
ele a b ¢
ala e ¢ b
blb ¢ e a
cle b a e

Let & : G — [0,1] be defined by ®(e) = 0.4, () = 0.3 and ${d) =
®(c) = 0.6. Then ® is a (<, <VI)-anti fuzzy subgroup of G. We note
that ® is not an {2, 0)-anti fuzzy subgroup of G for every (Q,U) €
{{<, <), (", <VvP).{<VP,<VT)} since
(i) a®® < ® and a®%* < @, but (aq)wx{0-3033} — 0332 p
(i1} a®% P & and 0% P &, but (ab)mex{0550.85} — 055 P G,
(iii} a®%® <vr ® and 2 <vr &, but (ac)™ax{0-55033}) — 1055 oyF ¢,

(IT} Let G = {e.a,b} be the group defined by the multiplication table

b
oK
Q oo

e
e
a
b

<R

Let & : G — [0,1] be defined by ®(e) = 0.3, ${a)} = 0.2 and ${d) =
0.1. Then ¢ satisfies the following implication:

(5)

(Vz,y € GY(¥Va, B € [0,1)(x* < @, 4° <« ® = (xy)™ > <vr @)
But since ®(a™!) # ®(a), ® is not a (<, <Vr)-anti fuzzy subgroup of
G.

THEOREM 3.6. If & is a non-constant (2, U)-anti fuzzy subgroup
of GG, then

(i) ®(e) # 1,
(il G* .= {x € G| ®(x) # 1} is a subgroup of G.

Proof. (i) Assume that ®(e} = 1. Since ® is non-constant, there
exists # € G such that ®{x) = o < 1. If 2 € {<, <V}, then z°Qd
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and (x71)*Q®. But
P(zz™l) = ®(e) = 1 > a = max{a, a}
and
®(xr~'y + max{a,a} =de) +a=1+a > 1.

Thus (zx~!)"2*{ B9, a contradiction. Note that 2°<® and (=)0 <
P. Since

P{zr~') = ®(e) =1 > max{0,0} and ®{rr~')+ max{0,0} =1,
we have (zx~!)™>{005d, a contradiction. Therefore ®(e) # 1.

(i) Let x,y € G*. Then ®(r) # 1 and ®{y) # 1. Assume that
B(zy) = 1. If Q@ € {<, <v I}, then 22@Q® and y*¥Qd. Since
P(xy) £ max{®(x), &(y)} and

E(zy) + max{P(z). P(y)} = 1 + max{P(x). &(y)} £ 1,
we have (xy)™x{2@)2WHTE. Note that @1 < & and y' < @, but
®{xy) + max{P®(x), ®(y}} = 1 + max{P{x), P(y)}} £ 1

and ®(xy) = 1 £ max{®(z), ®(y)}. Hence (xy)™>1?@2}5H. Con-
sequently ®(xy) # 1 and thus xy € G*. Obviously & € G* implies
2~ € G*. Therefore G* is a subgroup of G. |
THEOREM 3.7. Every non-constant {<,I")-anti fuzzy subgroup ® of
(5 is the characteristic anti function of G*, that is,
o ifreG
bla) = { 1 otherwise.

Proof. Assume that there exists @ € G* such that ®{x) # 0. Let
« € [0,1} be such that & > max{®{e), {x).1 — ®(x}}. Then z* < &
and e* < @, but
P{xe} + max{w,a} = H{ey + o < 1,
that is, (xze)™*{®}F® This is a contradiction. Hence ®(z) = 0 for all
x € G*, and therefore ® is the characteristic anti function of G*. [

COROLLARY 3.8. Every non-constant (<, <A I})-anti fuzzy sub-
group ® of G is the characteristic anti function of G*.
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THEOREM 3.9. Every non-constant (', I'}-anti fuzzy subgroup ® of
(7 is constant on G*.

Proof. Assume that there exists b6 € G* such that o = ®(b) #
P(e) = 3. Suppose & > 3 and choose oy, a2 € [0, 1) such that as < 1—
a <oy <1—p3 Thene® I & and % I &, but (eb)mexiovaz} — poapd,
This is a contradiction. If & < 3, then ¥=° 7 & and (0~H!? 1 &.
On the other hand, (bb=!)max{1=A1-8} — £1=5F ¢ This is impossible.
Hence ®(b) = ®(e) for all b € G*, and therefore ® is a constant on
G*. O

THEOREM 3.10. Let H be a subgroup of G and let & - G — [0, 1]
be such that
(i) (Vo € G\ H) (®(x) = 1),
(i) (Ve e H) (®(x) = &{z~!) < 0.5).
Then ® is a (<, <VI)-anti fuzzy subgroup of G.

Proof. Let z,y € G and «, B € [0, 1) be such that 2*<® and ¢y’ < &.
Then ®{x) < o and ®(y) < 5. Moreover xz,y € H by (i), and hence
xy € H. If max{a, 8} < 0.5, then

®(xy) + max{e, 5} <05+ 0.5=1

and so {zy)™&f P @ If max{a, 3} > 0.5, then ®(xy) < 0.5 <
max{a, 3} and thus (xy)"{* <®. Consequently, we have (xy)™**{*fl«
VI ®. This completes the proof. O

THEOREM 3.11. Let ® be a (I, <V }-anti fuzzy subgroup of G such
that ® is non-constant on G*. Then ®{x) < 0.5 for all x € G*.

Proof. We first prove that there exists x € G such that ®{x) < 0.5.
If possible, let ®(x) > 0.5 for all ¥ € G. Since ® is non-constant on
G*, there is x € G* such that o = ®{x) # ®(e) = [. Assume that
a < § and choose § < 0.5 such that o« +8 <1 < 34+ 6. Then 2° r &
and (x71)° P @, but (xx" )™} — S<VPP, a contradiction. If
a > [, then we can choose § < 0.5 such that 4+ 8 < 1 < o+ 6.
Then €  ® and «° 7 ®, but (ex)™¥0 = 4¥<VFd, which is a
contradiction. Therefore ®(x) < 0.5 for some x € G. Now we prove
P(e) < 0.5. If not, then v = ®(e} > 0.5. Since there exists v € G
such that a = ®(r) < 0.5, we have a < 7. Choose @ < « such that
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a+pB<l<y+p3 Then2®r & and (x~1)Pr &, but (xx )88} =
e%<VF®. This is impossible, and therefore ®(e) < 0.5. Finally suppose
that @ = ®(x) > 0.5 for some x € G*. Let us choose @y > 0 such that
a > 0.5+ a;. Then 2° ® and *%~*1 ¢ @, but

(e)msl095-01) = 05 TTF,
This is a contradiction. Hence ®{z} < 0.5 for all x € G*. M

PROPOSITION 3.12. Let ® be a {<, <V I')-anti fuzzy subgroup of
G. Then

(i) ® satisfies the following inequality
(Va,y € G) (P(zy) < max{P(z). B{y),0.5}).

(i1} If there exists x € GG such that ®(x) < 0.5, then ®(e) < 0.5.

Proof. (i} Let @,y € G. If max{®{x), P(y}} > 0.5, then ®{zy) <
max{®{x}, ®(y)}. For, assume that ®(xy) > max{P(z),${y)} and
choose o € [0,1] such that max{®(x),. ®{y}} < « < ®(xy). Then
x* < ® and y* < &, but

(;If-y)max{“’“} = (xy)* <Vl &,

a contradiction. Hence ®(zy) < max{®{x}, ®(y)} whenever max{®(z)

0.5. Now suppose that max{®(z),®(y)} < 0.5. Then 2% < ® and
y** < & which imply that

(x_y)max{D.S,O.E'} — (;I:_y)O.S <Vvr P,

that is, (xy)** < ® or (xy)*° F ®. If ®(xy) > 0.5, then ®(xy) + 0.5 >
0.5+0.5 = 1 and so (zy)>*F®. This is a contradiction. Hence ®(zy) <
0.5. Consequently, ®(zy) < max{®(z). ®{y),0.5} for all z,y € G.

(ii) Let # € G be such that ®(z) < 0.5. Then

B(e) = Pz < max{®(x), 2(x™1),0.5} = 0.5.
This completes the proof. O

PROPOSITION 3.13. Let G = {(a} be a cyclic group of finite order
and let ® be a (<, <VTl)-anti fuzzy subgroup of G such that ®{a) <
0.5. Then ®{x) < 0.5 for all x € G.

®(y)} >
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Proof. Let x € G. Since G = {a), there exists m € N such that x =
a™. Thus ®(a?) < max{®(a}),0.5} = 0.5, (¢} < max{®(a?), ®(a),0.5} =
0.5, and so on. It follows that ®(x) = ®(a™) < max{®(a™™!), &(a),0.5} =
(0.5. This completes the proof. O

THEOREM 3.14. Every (<VTI, <VT)-anti fuzzy subgroup of G is a
(<, <VT}-anti fuzzy subgroup of G.

Proof. Let @ be a (<V T, <Vr)-anti fuzzy subgroup of G. For any
x,y € G, let ay, a5 € [0,1) be such that #*! < ® and y*2 < &. Then
%1 < VP ® and 4°* < VI @, which imply that (zy)™{avest < vr @,
Hence ® is a (<, <VI)-anti fuzzy subgroup of G. M

THEOREM 3.15. Every (<, <)-anti fuzzy subgroup of G is a (<, <V
}-anti fuzzy subgroup of G.

Proof. Straightforward. O

Example 3.5 shows that the converses of Theorems 3.14 and 3.15
need not be true.
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