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AN OPTIMAL CONTROL FOR THE WAVE
EQUATION WITH A LOCALIZED NONLINEAR
DISSIPATION

YoNG HaN KaANG

ABSTRACT. We consider the problem of an optimal control of the
wave equation with a localized nonlinear dissipation. An optimal
control is used to bring the state solutions close to a desired profile
under a quadratic cost of control. We establish the existence of
solutions of the underlying initial boundary value problem and
of an optimal control that minimizes the cost functional. We
derive an optimality system by formally differentiating the cost
functional with respect to the control and evaluating the result at
an optimal control.

1. Introduction

In this paper we consider the optimal control problem for the wave
equations with a localized nonlinear dissipation;

(1.1} e — D+ a{x)uy = f in Qr =0 x (0,7],
w(x,0) = up{x), w2, 0) = uy{x) in Q,
w(r,t) =0 on 9 x [0, T,

where f : Qr — R, ug,u; : @ — Raregivenand a: @ — R, u :
Qr — R are the unknown, u = u{x,t). We set for 2o € RV,

[(xo) ={x € dQ : (x—x9) v{x) >0}
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where v{x) denotes the outward unit normal of the boundary 9 at
x € J and let

W = ( UmEF(a:o) B(S(;I?)) M Q

where B;(z) = {y € RV : |lr —y|| < § for some § > 0}. Given the
control set:

(1.2 Uy={a€el™®w): M>a>¢ forsome M, > 0}

In here, the corresponding state variable © = u(a) satisfies the state
equation (1.1). We take as our objective functional:

(13 J(a)= % £ ' [y (15((1)—:d)2dafdt+§ [ o ()

where z4 € L#(Qr) is a given target function and a € L®(Q), a(z) > 0.
We can find a* € Uys such that

J(a*) = Jmin J{a).

For the background in control of PDEs, see Liang {[5]). Nakao
([6],[7]) developed decay of solutions of wave equation with a local de-
generate dissipation. Bradley and Lenhart ([3]) treated A2 type of bi-
linear control for the Kirchhoff plate equation. Park et al. {[8],[9],[10])
treated for optimal control of parameters and operators.

The goal of this work is to obtain an unique optimal control in
terms of the solution to the optimal system, which will consist of the
original wave problem coupled with an adjoint problem. In Section2,
we show the well-posedness of our state problem in an appropriate
solution space. Then we show the existence of an optimal control by
a minimizing sequence argument. In Section3, the optimality systems
is derived by differentiating the objective functional with respect to
the control. The solution map a — u(a) is differentiated which is used
in the differentiation of the objective functional. Then for sufficiently
small time 7', under some boundedness assumption, we prove unique-
ness of the optimal systems, which characterizes the unique optimal
control.



AN OPTIMAL CONTROL FOR THE WAVE EQUATION 173

2. Existence of an Optimal Control

The following assumptions are made throughout this part : € is
bounded domain in BN and 98 is C? smooth. Qr = 0 x (0,7
f, fe € L3(Q7). alx) € LD ,a(x) = 0 in @ —w,a(z) > 0 in w and
0 <alr)< M* M < M* <2, M*is a constant.

We present, our definition of weak solution.

DEFINITION. Given a € L>(Q) and up € H}(Q),uy € L*(Q), u €
C(0.T; HH{Y)) with uwy € C(0,T: L)), ux € CO,T; H1(Q)) Is a
weak solution of the problem (1.1):

T T T
(2.1} {a) / (u;t,d))dt—l—/(; (Vu,ng)dt+£ {a{x)y, P)dt

0
T
- f (f, d)dt for any ¢ € Hyj(Q}) and ae. 0 <t < T}
0

(b) w{x,0) = uolx);
(0) w{x, 0} = uy ()

where {,} denotes the duality pairing of H='(Q) and Hg ().
For notational convenience, we set
H = H{ () x L),
uw=wu(a), @t = (u,u).

LEMMA 2.1. (Well-Posedness)(See [11]) For iy = (ug,u;} € H and
a € L™}, the problem (1.1) has a unique weak solution u.

Proof. We write (1.1} in the semigroup formulation

(2.2) ;—i(i)z(g é)(-i)—l_(—au?—l-f)
mm=%=($>'



174 YoNG HaN KaNG

Define the operator A : [H2(2) N HL(Q)] x H{Q)Y — H by

(0 I\,
Au—(A O)U"

Its domain, D(A) = [H*(2) N H}H{Q)] x HY{Q) is clearly dense in H.
Formulation (2.2) may be written as

(2.3) %ﬂ(t} = Aii(t) + Ba(#)(t)

where

N 0
Note that A is skew adjoint (See [1]), i.e. A* = —-A

. 0 -=7I\.
Au—(_A 0 )u

and thus D(A4) = D(A4*). Thus we have that A generates a unitary
group on H (See [1]). Motivated by the formulation (2.3}, we seek a
solution of the form:

4
i(t) = eMig + / eI B (W) (-, T)dr
0
We will prove that the map T,

t
Tty = ety + / e B (), 7)dr
0

has a unique fixed point in C{[0, Ty]; H).
Stepl. We will prove that, if 7} is small enough, there exists a
unique fixed point such that

T(a() = alt) i C((0,Tols H).

To use the contraction mapping theorem, we need to show that T, is
bounded and contractive.
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Boundedness:
(2.4)  ||Tat|leqom)r

t
< Nl |cqoqu)zo + sup f |eA=) B (@) (-, 7)| |3
0<t<Ty Jo

i
< Nle*ialleqoz + Sup f e a(-Yr (-, 7)
0=t=TH JO
+ £, || e2endr

since A generates a unitary group and that |[edf|| = 1, here || - ||
denoting the operator norm. Since ||a||. < M*, we obtain

(2.5) || Totl | o))
< ledo| [ + M Tol [l exomop0 + Toll flleqo, )

and hence T, is bounded.
Contractivity:
Similarly, for any @, @ € C([0,To): H),

| Tot — Tott|lcom)ry < M*Tol|o — @llcom)m-

By choosing Ty < 1/M*, we have T, is contractive for ¢ < Ty. Thus,
by the contraction mapping theorem we have the existence of a unique
fixed point on C([0, 74]: H).

Step2. Extend the above result to a solution on [Tg, 275] by select-
ing a new initial datum as #g, = @(Ty) € H. By a second contraction
argument, we have a unique solution on C{[Ty, 2T5]; H). Repeating the
process a finite number of time, we obtain the existence of a unique
weak solution to (1.1}, with & € C{[0,T]: H). O

LEMMA 2.2. (Regularity) (See [11]). Assume that Q is a bounded
domain, 9Q is C? smooth, a € L=(Q), up € HYNQ), vy € H} (D)
and f; € L*(Qr). Then the weak solution u = u{a) of (1.1) satisfies
u e C0,T; H*(O)),u € C0,T; HY()) and uy € C(0,T; L3HQ)).

LEMMA 2.3. (A priori Estimate)(See, [2]). If a € Uy, up € H?(£2),
w € HJ(Q), fe L3y}, O is C?, then the weak solution u = u{a)
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of {1.1) satisfies
sup (|[w(®)|[gacay + [t} r2e) + el | 2¢0.m:8-10))
0<t<T
< C(||f||L2(0,T;L2(Q)) + ”'U-OHH%(Q) + ||’U1||L2(Q))
where C' is a constant which depends only on {0 and T

Proof. There exist sequence {ug,} C H*(Q), {u1n} C H}(2) and
{a,} C Ups such that

ton — o strongly in H(} ().
Uy, — u,  strongly in L),
an — a  weakly in L*(w) C L*(Q).

Denote by wu, the weak solution of (1.1} corresponding to the ini-
tial datum wuo,, 1, with control a,; then w, satisfies the regularity of
Lemma 2.2. Multiplying the PDE (1.1} by {(uy):, denoted by {uy):,
and integrating over §2; = Q x {0,¢] with 0 < ¢ < T, we obtain

0= f [(un)TT("un)T - (Aun) (Ufn.)r + an((un)T)Q — f("un)T]d;I?dT
0

= / [%(;_i((un)?')2 + |vu‘ﬂ-|2) + an((un)r)2 - f(un)?']dxdr
0 T

First, we have

/ [(('u'n)t)2 + |V’1Ln|2)]d;r_
Qx{t}
—= /[(15]?’5)2 + |vu0h|2](ix+2/ [_a??-(('un)q—)2 +f(u,n)1_]d;‘[fd1'
Q

Q
(2.6) < |lwnllFai0) + [[Vton|[F2 0y + [1£11720q
(14 M)|[(wa)r || 220

< (||“1n||%2(9) + ||V150n||%2(m + ”f”i'—’(QT))

+{1 + M’)fé [((tn)5)* + |Vun|?)]dadr.

Using Gronwall’s inequality, we obtain
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(27) /Q [ 4 19

<14 (1 4+ M)Ted T
><(||U1n||i2(m + ||V"U»0n||i2(m + ||f||%’—’(m))'

Using Poincare’s Inequality, we obtain

(2.8) ,/Q {t}[((’un)t)2 + (un)?)]de
<y Ai[(("un)f) + (1,)°)])dx dr

+C1{||uanl122 () + IV o[22y + 1 £11Z2¢00))

where ('] is independent of wu,,.
Combining (2.7),{2.8) and letting n — 00, we get at time ¢

(2.9) |[we(B)]12200) + [IVu()[12200) + w720
< Cz(”“l“i?(m + ||V'u-0||%ﬁ(m + ||f||i2(ﬂq~})

where (5 depends only on §, M and T
Taking the supremum, gives

(2.10) sup [||’Ut(t)||%2(g) + ||’U(t)||,2qnl(9)]
0<t<T :
< Col| |20y + ||'U0||,2t;01(9) + £ 20..22¢000))-

Using the state equation, we obtain

T
llvet|| 2o -1y < 03/0 (||f(t)||i2(m + ”ut”%—}é(ﬂ))dt

. 9 2 2
< (/4T(||ul”L3(ﬂ} + ”'U'OHHé(Q) + ||f||L2(0.T;L2(Q))):~
where (5, () are constants independent of «. O

We need to get higher order regularity of the weak solution of prob-
lem (1.1} in order to solve optimal problem . So, using Galerkin ap-
proximation method we obtain the higher order regularity of the weak
solution.
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LEMMA 2.4. (Improved Regularity)(See, [2]). Assume that u is the
weak solution of problem (1.1), if a = a(x) € Un,uo € H*(Q), 1 €
Hé(Q)?f S Lz(QT),ft S LQ(QT)} then u; € LOO(O?T? HI(Q)),Utt €
L0, T LA())uee € L2(0,T; H~Y(Q)) and we have the estimate:

635{)»‘;?& ([|2()| 2oy + 226 ()] | g3y + ||t ()] | 2262y
(2.11) Hewete|| L2100

< CUI S oy + ol [ a2 + ||ul”H5(Q))
with C' depending only on Q,T, <y, and M.

Proof. Construct a sequence of approximations by selecting smooth
functions o, = ox(x), (k= 1,2,...) such that
{o1}32, is a basis of H3{(Q),
{ok}2, is an orthonormal basis of L2(£2),
and {o.} are eigenfunctions for —A on H(Q) corresponding to the
eigenvalue A,. For integer m, write

m

(2.12) U (t) = ) P (t)ow(x)

k=1
where d'(t) satisfy
(2.13)  d7(0) = (uo{),on) 2. dia{0) = (i {x), op)r2. k= 1,2,....m

and

(214) <umtt(t);o'k) + <vum(t); vak) + <a(x’)umt(t)?0-k> = <f(f)?0';€)

Using the orthogonality of {7} } in L*(2) and substituting the sum
for u,, from (2.12) into {2.14), Eq.(2.14) becomes a system of ordinary
differential equation (ODE)

(2.15)
dig(£) + > (Vo Vadd*(t) + > _{a(x)or, ou)dit(t) = (f(t), o%).
=1 =1
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0 <t<T, k=1.2..m with initial conditions (2.13). By
standard existence theorem for ODE, there exists a unique absolutely
continuous solution satisfying (2.13) and (2.14).

Note that each d'{t} has more regularity since the coefficients are
time independent and f; € L*(Qr), and we will use d7%,(t) € L*(0,T).

Step 1. In the proof of Lemma 2.3, we have already derived the
bounds

(2.16) OEEIET(||’Um(t)||H'Ul(m + e (B[ 22¢0)) + Nt || 220,112
< ClI A N2z + ol + [ullzee))-
Passing to limits as m = ny — 20, we deduce
(2.17) sup (”u(t)”HOI(Q) + ||'U-t(t)||L3(ﬂ)) + ||’Utt||L3(o,T;H—1(m)
0<E<T
< CUlflz20,7z20p + ||'U-0||H5(Q) + |l £2gn)-

Step 2. Assume now the hypotheses of given initial conditions.
Fix a positive integer m, and next differentiate the identity (2.14)
with respect to . Writing @, := tm: we obtain

(2.18) {Tnee(t), ok) + (Vi (t), Vo) + {a(@)tm(t), ox) = (filt), ok

Multiplying {2.18) by di,(t) and adding for & = 1,2,-,-,-,m, we dis-
cover

(2.19) (Tttt} Ume (8)) + (Vitn (), Vitme(t))
Ha(@)lme (8), Ut (8)) = (fi(E), T (1))

Rewrite the above equality as

2200 il aey + [V (OllEs)
@l ima0), 1) = (8], Tl 1)

Using a{x)} > £p > 0 and integrating to time ¢, we obtain
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(2.21) [z (Tome (£))?dx + ﬁ |Vt () |2d + <4 /0 ﬁ (T s () dads
1 o N2drds o2 02
< 50/0 /Q(fs(.r.,,_)) d.rder/Q(u.mt(U)) d.r+/ﬂ|V1 m{0)|“dz.

Thus we have

(2.22) OiltlgT( /ﬂ (Tt (1)) + /Q |V il (1) 2da)

i
+50f /(fﬂfr;g(S))Qd;‘pdS
0 Q

T
< Cleo) /0 /Q (Fule, ) 2ddt + fn (it (0))dx
7 2dx).
" ﬁ Vit (0)2d)

Using the properties of o, we have

(2.23) / (Tt (0))d + / |V ity (0)|*dax
9 9
< 02(““0”%12(9) + ||151||%1701(Q})'

Combining (2.22)-(2.23) and including %m¢ = @m, we conclude that

(2.24) OiltlfT(||“mtt(t)||%’—’(m + ||V'Umt(t)||i2(m) + ”Umt”%,Q(O.T;L?(Q})
< CS(HftH%,?(O.T;L?(Q)) + ||'U-0||%12(m + ||'U-1||fqol(m)-
Passing to limits as m = my — oo, we deduce
: 2 2 2
(2.25)  sup ([fuae(Ollzz0) + Vw720 + vl 720702000
0<t<T
“ 2 2 2
< (/3(||fﬁ”L2(O,T;L2(Q}} + ||'U-0||H2(_Q) + ||'U1||H01(Q))-

Step 3. Now

(2.26) (=AU, 0r) = (f = Uit — QUms, o) (K= 1,2, ,m).
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Recall we are taking {o})} to be the complete collection of eigen-
functions for —A on H}(Q). Multiplying (2.26) by A\d(¢) and sum-
ming k = 1,2, -, m, we deduce

(2.27) (— Aty —Atirn) = (f — thmtt — Qlgng, —Atty) (A =1,2,--,m).
Using a{x} < M we obtain

: 2 2 2 2
(2.28)  [|Aumllz2) < Calllflzzeny + Nmeellzzi) + el z2())-

Since Aty = (0 on 92 and u € H2(Q)} N H} () (see, [2]),we employ
the inequality

(2.29) Bllul Ity < l1Aul[72q
Combining {2.28) and (2.29}, we obtain

(2.30) ||'Um||l,2q’—’(g) < C5(”f||%,2(§]} + |[temeel 720y + ||Umt||%2(g))e
Thus we deduce from (2.16), (2.24) and (2.30} that

(2.31) sup (”Um(tm%f—’(g) + ||Umt(f)||,2ql ot ||“mtt(t)||2;:’—’(g))
0<t<T o

< Celllfllmorzzan + ||"U»0||fq2(g) + ||T£1||§101(m)e

Here we estimated |[wn{0}|| g2y < C|uol|g2(0y-

Passing to limits as m = my — oo, we derived the same found for «.
Step 4. It remains to show wug, € L?(0,7; H~1(Q)). To do so,

take v € Hg(?), with ||v[|gz) < 1, and write v := v; + vy where

v € span{or i, and (v2,0%) = 0 (k = 1,2,...,m). Since the functions

{ok}32, are orthogonal in H5(Q), [[villgyey < llvllaye) < L
Utilizing (2.14), we deduce for a.e. 0 < ¢ < T that

(umtthvl) + (—A’U»mm’b‘l) + (OJU-m.th 'Ul) = (fta 'UI)'
Then for ae 0<¢<T

<'u--m.ttt;.’i-‘) = ('11--n:.ttt;’i") = ('U--m.ttt;’i-‘l)
= (fe.v1) + (Atne, 1) — {Qtpte. 21).
and
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(232) |<U-m.tm’l?>| < C?(||ft||L2(Q) + ||Au-m.t||,52(m + ||U-m.u||L2(Q))

since ||v|[gaiqy < 1.
Combining (2.30) and (2.30} we obtain

(2.33) [|tbmaete| | 1000 < C{l| fellL2eey + || Ateme|| 200y + ||tmeel | 22¢02))
< Gl flaorzran + ||’Ur0||fq?(g) + ||'U-1||§101(Q))-

And also U is bounded in L2(0, T H~1(2)). Passing to limits as
m = my — 00, we deduce that ug, € L*(0,7; H-Y2)). Combining
the estimates above yields the desired result. O

Now we obtain the existence of an optimal control.

THEOREM 2.1. There exists an optimal control a* € Uys which
minimizes the objective functional J(a) for a € Uy

Proof. Let {a™} C Uy be a minimizing sequence such that

(2.34) lim J(a") = inf J(a).

a€lxs

Denote u" = u(a™). By Lemma 2.4 we have
ess sup ([|w(t)]|m2e) + |[we(E)| 2oy + ||"U»tt(t)||L9(Q))
0<¢<T

el 20 7100y £ CUf | rorzzoy + lwolla2) + ||’U1||H5(m)

On a subsequence, by weak compactness there exist u* in C([0, T]; H*(Q2))
such that

u"t — u* weakly* in L°°(0,T; H*(Q)) ,

(2.35) uy — up weakly® in L(0, T Hy ()},
a® — a weakly in L?(w) and weakly in L2(£2),
uy, — uy, weakly in L2(0,T; L3(Q)).

Since H*(Q), H} (2} — L*(Q2) are compact embedding, we have u}* —
u} strongly in L={0, T; L?(2}) and . By the definition of weak solution,
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we have
< Uy, P >= — / [Vu™ - Vo + auy¢ — foldr
Q

for any ¢ € H;(§?) and a.e. 0 <t <T. Since
uy — u} strongly in L2(Qr),
a” — a* weakly in L?(w) and L?(Q2),
then
wpa™ — uja® weakly in L3(w x [0,7]) and L2 x [0,T7]).

Passing to the limit as n — oc¢ in the weak formulation of u", we
obtain

< Uy, p >= — f [Vu' - Vo +a*ujdp — fo|dx.
Q

Thus «* = u{a*} is the solution of state Eq.{1.1) with control a*. Since

J(a*) = %fw(om(u(a*) — 29)*dxdt + g fw(a*)z(x)dx,

4

using lower-semicontinuity of L? norm with respect to weak conver-
gence, we have

1 5
J{a*) < lim _—/ (u(a™) — zg)2dxdt + lim g/(a”‘)2(x)dx
n— wx[0.T] Nt w

o 2
< lim inf J{a") = inf J(a).
n—0C aEllpg
Finally, we conclude that a* is an optimal control. O

Remark (i) This problem is not related to the structure shape of
domain 2; (ii} the dimension of domain  C R™ are n = 2,3,4 and
this problem is more generalized space than Boris and Lenhart([4]};
(iii} optimal solution @* has nonlinear in w and linear property in 2—w
and also only be include important information data in regional area w.
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3. Characterization of the Optimal Control

We now derive the optimality system by differentiating the objec-
tive functional .J(a) with respect to the control a. Since u = wu(a) is
involved in J{a}, we must first prove the appropriate differentiability
of the mapping

a — (u{a}, u{a)) = @{a).
LEMMA 3.1. The mapping
a € Uy — ia) = (u(a), w(a)) € L*(0.TyH). H = H*(Q) x Hy(Q)
is differentiable in the following sense:

wla + £l) — ufa) ;
€ -

weakly in L*(0,T;H) as ¢ — 0, for any a satisfying a + ¢l € Uy for
¢ small and | € Uy;. Moreover o = (3,7);) in L*(0,T;H) is a weak
solution of the following problem:

(3.1} e = A — athy — lug,  in Qp
P =), on 90 x [0, 7],
P(0) = Y (0) =0, ing e

where u = u{a).

Proof. Denote v = u{a + 1) and u = u{a), then (v* —u)/s is a
weak solution of

(50 = A(EFY) — o952 — i in Qp

ru =9 in 80 x [0,7] ,
wou—Q int=0zeQ,
(=), =0 nt=0zxec0.

Using Lemma2.4, we get
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w—u u —u
YO |r2y +[I(

£ss aup [11( el a0

‘|‘||( )tt(t)”L"(Q)]

< C|tuf tllLQ(o.T;LQ(m)
< CT||ge> sup |[ue(t)]| 22y
0<t<T

< CiT[Ulzes sup |l e(&)]mpe0
0<t<T
< CT |||z

where 5 depend on the L* bound on [, but it is independent of .
Hence on a subsequence, by weak compactness, we have

u—u

—s 4 weakly* in L°°(0,T; H*(Q2)),

<

Uy — Uy

— 1) weakly* in L=(0,T; H}(Q)) and strongly in L3(f2} ,

-

and
£
gy

%“’” s 4y weakly® in L2°(0, T L(S)).

By the definition of weak solution, we have

S AC [ a@ Y ¢ dr

= —/ luj ¢ dx
o

for any ¢ € H3{2), and ae. 0 <t < T. Letting ¢ — 0 and using
u§ — u; strongly in L#(2), we obtain that # is the weak solution of
problem (3.1). O

Now we are ready to derive the necessary conditions that charac-
terize an optimal control.

THEOREM 3.1. Given an optimal control a and corresponding & =
t(a) = {u,us), there exists a weak solution p = {p,p:} in H to the
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adjoint problem:

(3.2)

P = Op+apr + yolu — 24), ImQx[0,7),
p=0 o0 x (0,7
p(T)y=p(T)y=0 x €L

Furthermore, a satisfies

. e dit .
= { max (so,mm(f“? : M)), inw

(3.3)

0, inQl—w

Proof. Let @ € Uy be an optimal control and & = #(a) be the
corresponding optimal solution. Let a + ¢l € U, for ¢ > 0 and

@ = ifa+

el) be the corresponding weak solution of Eq.(1.1). We

compute the directional derivative of the objective functional J{a)
with respect to @ in the direction of I. Since .J is supposed to attain
its minimum for @, we have

0 <

lim

e—0t

lim
—>D+

hm
£—0T

J(a+&l) — J{a)
£

i /Tf[(us — 23)? — (v — zq)%)dxdt + % /w[(a +el)? — a2]d:r)

/ /(u, —u)(u +u— QZd)da:dt—l-§f265+(63)2d#13)

){. Wl — za)dadt + / Bal dr,
0 w w

where 7 is defined in Lemma 3.1. Taking u — z4 as source like ” f” and
using the similar argument in Lemma 2.1, we obtain the existence and
uniqueness of solution of problem (3.2). Assume that p is the solution
of problem (3.2) i.e., p satisfies

(3.5)

<palt),d > + ]g Vp(t) - Vdr — ]g ape(t) pi

= /Xw(u — zq)pdx
0
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for any ¢ € H}(), and a.e. 0 <t <T. Then

T

0 < / flb(.-u,—:(,;)dardt+/[3alxwdx
0 Jo 0
T

= / <<pt¢,fr/) > —I—/ Vp-V?/)d:r.—/apt(t)drdx)dth/,Balxwd:r.
0 Q Q Q

T
= / << hup > + / Vp - Vipdx + / ap(t)-?,btda:)dt + f Balx.dx
0 Q 0 0

by integration by parts twice in time and using #(0) = ¥,(0) = 0 and
p(T) = P(T) = 0. Then from Eq.(3.1) for 3, we obtain
T
0< f l(x)(/ —plar, thue (e, )dt + Balx) e (x))d;r..
Q 0
Note that { = I(x) is an arbitrary function with a+<l € Uy for all small
¢. By a standard control argument involving the sign of the variation

[ depending on the size of @, we obtain the desired characterization of
a, namely,

(3.6) q— J max (vo? min ( 3 ,Mr) , Inw
0, in @ —w

Thus proof is complete. O
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