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ON A CLASS OF 7 - PREOPEN SETS IN A 
TOPOLOGICAL SPACE

G.SAI SUNDARA KRISHNAN * 

and K.BALACHANDRAN**

Abstract. In this paper we introduce the concept of 7 - pre
open sets in a topological space together with its corresponding 
Y-preclosure and 7-preinterior operators and a new class of topol
ogy Typ which is generated by the class of 7 - preopen sets. Also 
we introduce 7 - pre Ti spaces (i = 0,1, 1, 2) and study some 
of its properties and we proved that if 7 is a regular operation, 
then(X,Typ) is a 7 - pre T1 space. Finally we introduce (7,月)- 
precontinuous mappings and study some of its properties.

1. Introduction

The concept of preopen sets and semi preopen sets was introduced 

respectively by Mashhour etal [6] and Andrijevic [1]. Andrijevic[2] 

introduced a new class of topology generated by preopen sets and 

corresponding closure and interior operators. Kasahara [4] defined 

the concept of an operation on topological spaces and introduced the 

concept of a- closed graphs of an operation. Ogata [7] called the 

operation a (respectively a - 시osed set) as 7- operation (respectively 

7- closed set) and introduced the notion of r7 which is the collection 

of y- open sets in a topological space. Also he introduced the concept 

of y — Ti(i = 0, 2, 1, 2) and characterized 7 — Ti spaces using the notion 

of 7-closed and 7- open sets.
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In this paper in section 2 we introduce the concept of 7- preopen 

sets, which is analogous to preopen sets in a topological space and 

study some of the basic properties. In section 3 we introduce the 

concept of 7 - semi preopen sets in a topological space and define the 

corresponding 7- semi precloure and 7- semi preinterior operators. In 

section 4 we introduce a new topology r^p generated by 7- preopen sets. 

In section 5 we introduce the concept of 7- pre Ti spaces (i = 0, 2,1,2) 

and characterize 7- pre Ti spaces using the notion of 7- pre시osed and 

7- preopen sets and we proved that (X, 丁-@) space is a 7 - pre T1 space. 

Finally in section 6 we introduce (7, P)- precontinuous mappings and 

study some of its properties

2. Preopen sets

In this section we introduce the concept of 7 - preopen sets and 

study some of their basic properties

Definition 2.1. [6] Let (X, t) be a topological space and a subset 

A C X is a called preopen set if A C int(cl(A)').

Definition 2.2. [6] Let (X, t) be a topological spaces and A C X, 

then

(i) preinterior of A is defined by union of all preopen sets contained 

in A and it is denoted by pint(A).

(ii) preclosure of A is defined by intersection of all preclosed set 

containing A and it is denoted by pcl(A).

Definition 2.3. [1] Let (X, t) be a topological space a subset A of 

X is said to be a semi preopen set if and only if there exits a preopen 

set U such that U C A C cl(U).

Definition 2.4. [2] Let (X, t) be a topological space. A subset A 
of X is called a 7- set if A A B e PO(X) for all B e PO(X).

Definition 2.5. [4] Let (X, t) be a topological space. An operation 

Y on a topology t is a mapping from t into the power set P(X) of X 
such that V C VY for each V e t where V7 denotes the value of 7 at 

V.
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Definition 2.6. [7] A subset A of topological space is called 7- 

open set if for each x e A there exists a open set U such that x e U 

and U7 C A. ry -denoted the set of all 7- open sets in a topological 

space.

Definition 2.7. [7] Let (X, t) be a topological space and 7 be an 

operation on t . Then for any subset A of X, r7 — cl (A) ={F : A C 
F and X — F e r7}.

Definition 2.8. [8] Let (X, t) be a topological space and 7 be an 

operation on t . Then for any subset A of X, ry — int(A) = U{G : 

G C A and G e r7}.

Definition 2.9. Let (X, t) be a topological space and be an op

eration on . A subset A of X is said to be 7- preopen set if A C 
Ty — intR — cl (A)).

Remark 2.10. The set of all 7 - preopen set in a topological space 

(X, t) is denoted as ry — PO(X).

Example 2.11. Let X = {a, b, c, d} , t = {饥 X, {a}, {b}, {c}, {a, b}, 

{a, c}, {b, c}, {a, b, c}, {a, b, d}}. We define the operation 7 : t — 
P(X)as follows : for every A e t, Ay = int cl(A) if A = {a} and AY = 

cl (A) if A = {a}, then r7—PO(X) = {©, X, {a}, {c}, {a, c}, {a, b}, {a, d}, 

{a, b, c}, {a, b, d}, {a, c, d}}.

Theorem 2.12. If A is a 7- open set in (X, t), then A is a 7- 
preopen set.

Proof. Proof follows from the Definition 2.9 and Remark 3.8[8]. 口

Remark 2.13. The converse of the above theorem need not be true.

In the Example 2.11 {a, b} is a 7- preopen set but not a 7- open set.

Remark 2.14. The concept of 7- preopen and preopen are inde

pendent.

In Example 2.11 {b, c} is preopen but not a 7- preopen set. Simi

larly the set {a, c, d} is 7- preopen but not a preopen set.
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Theorem 2.15. If (X, t) be a 7 - regular space then the concept 
of y - preopen and preopen coincide

Proof. Proof follows from the Proposition 2.4[7] and Remark 3.8[8].

□

Theorem 2.16. Let {Aa}aej be the collection of 7 - preopen set 
in a topological space (X, t), then UaejAa is also a 7 - preopen set.

Proof. Since each Aa is 7- preopen and Aa C |J心 Aa , implies 

that
U Aa C t7 — int ("y — cl ( U Aa)). 

a£ J

Hence is a 7- preopen set in (X, t). 口

Remark 2.17. If A and B are two 7 - preopen set in (X, t), then 

the following example shows that A A B need not be a 7- preopen set 

in (X, t).

Let X = {a, b, c} = {©, X, {a}, {b}, {a, b}, {a, c}} and define an op
eration 7 : t — P (X) by AY = A if b e A and A7 = cl (A) if b《A. 

Then A = {a, c} , B = {b, c} are 7 - preopen set but A A B = {c} is 

not a 7 - preopen set.

Lemma 2.18. Let (X, t) be a topological space and 7 be an oper
ation on t and A be the subset of X. Then the following are holds 
good:

(i) t7 — cI(t，y , —cl(A)) = t7 — cl (A)

(ii) Ty — int(Ty — int(A)) = Ty — int(A')
(iii) Ty — cl(A) = (X — Ty — int(X — a)).
(iV) Ty — int(A) = (X — Ty — cI(X — a)).

Proof. Proof of (i),(ii),(iii) and (iv) follows from Definition 2.7 and 

2.8. 口

Lemma 2.19. Let (X, t) be a topological space and 7 be a regular 
operation on t . Then

(i) for every 7 - open set G and every subset A C X we have Ty — 
cl (A) A G C Ty — cl (A A G)
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(ii) for every 7 - closed set F and every subset A C X we have 
Ty — int(A U F) C Ty — int(A') U F.

Proof. (i) Let x e Ty — cl (A) A G, then x e Ty — cl (A) and x e G. 

Let V be the 7- open set containing x. Then by Proposition2.9[7] 

V A G is also 7 - open set containing x. Since x e Ty — cl(A), implies 
(V A G) A A = © . This implies V A (A A G) = ©. This is true for 

every V containing x, hence by Proposition3.3[7] x e Ty — cl (A A G). 
Therefore t7 — cl(A) A G C t — cl (A A G).

(ii) Proof follows from (i) and Lemma 2.18(iv). 口

Theorem 2.20. Let (X, t) be a topological space and 7 be a regular 
operation on t. Let A be a 7 - preopen and U be the 7- open subset 
of X then A A U is also 7 - preopen set.

Proof. Proof follows from the Proposition 2.9[7] and Lemma 2.18.

□

Definition 2.21. Let (X, t) be a topological space, a subset A of 

X is said to be

(i) y - dense set if Ty — cl (A) = X
(ii) y - nowhere dense set if Ty — int(?^ — cl (A)) = ©.

Theorem 2.22. Let (X, t) be a topological space and y be a regular 
operation on t: then a subset N of X is y - nowhere dense set if and 
only if any one of the following condition holds:

(i) Ty — cl(X — t7 — cl(N)) = X
(ii) N C Ty — cl(X — Ty — cl(N))

(iii) Every nonempty y- open set U contains a non empty y- open set 
A disjoint with N.

Proof. (i) Ty — int(T7 — cl(N)) = © if and only if X — (t^ — cl(X — 
(t7 — cI(N))) = © (by Lemma 2.18 (iii)) if and only if X C 匚(—cl(X — 
(t7 — cl(N))) if and only if X = Ty — cl(X — (t^ — cl(N))).

(ii) N C X = Ty — cl(X — (t7 — cl(N))) by (i). Conversely, N C 
t7 — cl(X — (t — cl(N))), implies Ty — cl(N) C 7^ — cl(X — (t^ — cl(N))). 
Since X = 7 — cl(N) U (X — (t7 — cl(N))), implies X C 7 — cl(X — 
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(t7 — cl(N))) U (X — (t，y - cl(N))) = Ty — cl(X — (t，y - cl(N))). Hence 

X = Ty - cl(X - (t - cl(N))).

(iii) Let N be a 7-nowhere dense subset of X, then Ty — int(X — t7 — 
cl(N)) = ©. This implies Ty — cl(N) does not contain any 7 - open set. 

Hence for any nonempty 7-open set U, U — (t7 — cl(N)) = ©. Thus by 

Proposition2.9(ii)[7] A = U — (丁飞—cl(N)) is a non empty 7- open set 

contained in U and disjoint with N. Conversely, if for any given non 

empty 7 - open set U, there exists a non empty 7- open set A such that 

A C U and A A N = © , then N C X — A, Ty — cl(N) C t, cl(X — A)= 

(X — A) . Therefore U — (t7 — cl(N)) D U — (X — A) = U A A = A = ©. 
Thus Ty — cl(N) does not contain any nonempty 7 - open set. This 

implies Ty — int(X — Ty — cl(N)) = ©. Hence N is 7 - nowhere dense 

set in X. 口

Theorem 2.23. Let (X, t) be a topological space and 7 be an 
operation on t : then every singleton set {x} is either 7 - preopen or 
Y - nowhere dense set .

Proof. Suppose {x} is not 7-preopen then Ty—int(X—Ty—cl({x}))= 

©. This implies {x} is t7 - nowhere dense set in X. □

Definition 2.24. A topological space is said to be 7 - submaximal 

if every 7 - dense subset of X is 7 - open.

Theorem 2.25. Let (X, t) be a topological space in which every 7 
-preopen set is 7 -open then (X, t) is 7 - submaximal.

Proof. Let A be a 7 - dense subset of (X, t). Then A C yy — int(Ty — 
cl(A)). This implies A is a 7 - preopen. Therefore from the assumption 

it is 7 - open. Hence (X, t) is 7 - submaximal. 口

Definition 2.26. Let (X, t) be a topological space, A subset A of 

X is called 7 - preclosed if and only if X — A is 7 - preopen, equivalently 

a subset A of X is 7 - preclosed if and only if yy — cl(jy — int(A)) C A.

Remark 2.27. The family of all 7- preclosed set in (X, t) is denoted 

by ty — PF(X).
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Definition 2.28. Let (X, t) be a topological space and A be a 

subset of X. Then t7 - pre시osure of A is defined as intersec

tion of all y- pre시osed set containing A. That is, t7 — pcl(A) = 

n{F : X — F e t — PO(X) and A C F}.

Definition 2.29. Let (X, t) be a topological space and A be a 

subset of X. Then t7- preinterior of A is defined as union of all 7- 

preopen set contained in A.

That is, t，y — pint(A) = U {U : U e t^ — PO(X) and U C A}.

Theorem 2.30. Let (X, t) be a topological space and Abea subset 
of X, then

(i) Ty — pint(A) is 7 - preopen set contained in A.
(ii) Ty — pcl(A) is 7 - preclosed set containing A.
(iii) A is 7 - preclosed if and only if Ty — pcl(A) = A.
(iv) A is 7 - preopen if and only if Ty — pint (A) = A.

Proof. Proof (i) follows from the Definition 2.29 and Theorem 2.16. 

Proof (ii) follows from the Definitions 2.28 and Theorem 2.16.

Proof (iii) and (iv) follows from the Definition 2.28, (ii) and Definition 

2.29, (i) respectively. 口

Theorem 2.31. Let (X, t) be a topological space and 7 be a regular 
operation on t and A be a subset of X. Then the following holds good:
(i) Ty — pcl(A) = A U Ty — cl(Ty — int(A)).

(ii) Ty — pint(A) = A n Ty — int(Ty — cl(A)).

Proof. (i) Ty — cl(Ty — int(A U t7 — cl(Ty — int(A)))) C Ty — cl(Ty — 
int(A)UTy—cl(Ty—int(A)))(by Lemma 2.19 (ii)) C Ty—cl(Ty—int(A))U 
Ty — cl(Ty — int(A)) = Ty — d((Ty — int(A)) C A U (Ty — cl(Ty — int(A)). 

Hence AU(jy — cl(Ty — int(A))is a 7 - preclosed set containing A. There

fore Ty — pcl(A) C A U (Ty — cl(Ty — int(A)). Conversely Ty — cl(Ty — 
int(A)) C Ty — cl(Ty — int(Ty — pcl(A)) C Ty — pcl(A)since Ty — pcl(A)is 

7 - preclosed set. Hence Ty — pcl(A) = A U Ty — cl(Ty — int(A))

(ii) Proof follows from (i) and Lemma 2.19 (i). 口

Corollary 2.32. Let (X, t) be a topological space 7 be a regular 
operation on t and A be the subset of X. Then
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(i) Ty — pint(Ty — Cl(A)) = Ty — int(Ty — cl (A))

(ii) Ty — pcl(ry — int(A)') = r7 — cl(ry — int(A)')

(iii) Ty — int(?Y — pcl(A)) = r7 — int(ry — cl(ry — int(A')')')

(iv) Ty — cl(ry — pint(A)) = r7 — cl(ry — int(ry — cl (A)))

Proof. i) By Theorem 2.31 (订)序—pint(ry — cl(A)) = r7 — cl(A) C 
Ty — int(ry — cl(ry — cl (A))) = r7 — cl (A) C ry — int(ry — cl (A))= 

Ty — int(ry — cl(A)').

(ii) By Theorem 2.31 ⑴孔—pcl(rY/ — int(A)~) = r^ — int(A) U r^ — 

cl(ry — int(ry — int(A)')') = r7 — cl(ry — int(A)').

(iii) and (iv) follows from (i) and (ii) respectively. 口

Theorem 2.33. Let (X, t) be a topological space and y be a regular 
operation on t and A be the subset of X. Then ry—pcl(ry — pint(A))= 

ry — pint(A) U (ty( — cI(t，y — int(A))).

Proof. Since r7 으 ry — PO(X), implies ry — int(A) 으 ry — pint(A) 으 

A. Hence r7 — int(ry — pint(A)) = ry — int(A). By Theorem 2.31(i) 

Ty — pcl(ry — pint(A)) = r7 — pint(A) C ry — cl(ry — int(ry — pint(A)')= 

Ty — pint(A) U Ty — cl(ry — int(A)'). 口

3. y - semi preopen set

In this section we introduce the concept of y - semi preopen sets 

and study some of their basic properties.

Definition 3.1. A subset A of a topological space (X, t) is y - 

semi preopen if and only if there exists a y- preopen set U in X such 

that U 으 A 으 Ty — cl(U). The family of all y - semi preopen set in 

(X, t) is denoted by ry — SPO(X)

Remark 3.2. If A is y- preopen set in (X, t), then it is y - semi 

preopen. But converse need not be true.

Proof. Proof follows from the Definition 3.1 □

Let X = {a, b, c} and t = {©,X, {a}, {c}, {a, c}, {a, b}} and y : 

t — P(X) be an operation defined as follows AY = A if A = {a} , and 
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AY = A U {c} if A = {a}. Then {a, b} is 7-semi preopen but not 7 - 

preopen.

Theorem 3.3. Let t be a regular operation on a topological space 
(X, t) and A be a subset of X, then A is 7 - semi preopen set if and 
only if A 으 Ty — cI(t7 — int(Ty — cl (A)).

Proof. Let A be a 7 - semi preopen set, then there exists a 7 - 

preopen set U such that U 으 A 으 Ty — cl(U). This implies that 

t7 — cl(A) = Ty — cl(U). By Theorem 2.30(ii) Ty — cl(U) is 7 - pre

closed set, implies A 으 t7 — cl(U) 으 Ty — cl(Ty — int(Ty — cl(U)) = 

Ty — cl(Ty — int(Ty — cl (A)).

Conversely, A 으 Ty—cl(Ty—int(ry—cl(A))). Let U = AAt7—int(Ty— 

cl(A)), then by Theorem 2.31(ii) and Theorem 2.30 (i) U is 7- preopen 

set. Now we have ry — int(ry — cl(A)) = t7 — d(A^Ty — int(r7 — cl(A)) 으 

Ty — cl(An Ty — int(ry — cl(A)) = t7 — cl(U). Since A 으 t7 — cl (A) 으 ry — 
cl((Ty — cl(Ty — int(Ty — cl(A))) = Ty — cl(Ty — int(Ty — cl(A)) 으 Ty — cl(U). 
Hence A is 7 - semi preopen set. 口

Theorem 3.4. Let (X, t) be a topological space and be a operation 
on and let {Aa : a E J} be the set of all 7 - semi preopen set in 
(X, t).The^jaEj Aa is also a 7 - semi preopen set.

Proof. Since each Aa is 7 - semi preopen set, implies there exists a 

Y - preopen set Ua such that U 으 A 으 Ty — cl(U). Hence Uaej Ua 으 

Uaej Aa 으 Ty — cl(Ua) 으 Ty — cl(UaEj U). By Theorem 2.16 is a 7 - 

preopen set hence is a 7 - semi preopen set. 口

Remark 3.5. If A and B are two 7 - semi preopen sets in a topo

logical space (X, t), then A A B need not be a 7- semi preopen set.

In the Example given in Remark 3.2 both {a, b} and {b, c} are 7 - 

semi preopen but A A B = {b} is not a 7 - semi preopen set.

Theorem 3.6. Let (X, t) be a topological space and 7 be a regular 
operation on t and V be a 7 - open set and A be a 7 - semi preopen 
set, then V A A is also 7 - semi preopen set.
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Proof. By Theorem3.3 and Lemma 219(i) we have V A A C V n 
Ty — Cl(Ty — int(Ty — Cl(A)) C Ty — Cl (V A Ty — int(Ty — Cl(A))= 
Ty — cI(t，y — int(V A Ty — cl (A)) C Ty — cl(Ty — int(Ty — cl(V A A)).This 

implies V A A is a 7 - semi preopen set. 口

Definition 3.7. Let (X,t) be a topological space. A subset A of 

X — A is said to be a 7- semi preclosed set if and only if X — A is 7- 

semi preopen set in (X, t).

Remark 3.8. The family of all 7-semi pre시osed sets in (X, t) is 

denoted by t7 — SPF(X).

Theorem 3.9. Let (X, t) be a topological space and 7 be a regular 
operation t . Then

(i) for any subset B of X is 7 - semi preclosed if and only if Ty- 
int(Ty-cl(Ty -int(A)) C A (ii) if {Ba : a E J} be the family of 7 - semi 
preclosed sets in (X, t), the^ P\ Ba is also a 7 -semi preclosed set.
(iii)if  F is 7- closed and A is 7- semi preclosed then F U B is also 7 - 
semi preclosed.

Proof. Proof (i), (ii) and (iii) are follows from Theorem 3.3, 3.4 and 

3.6 respectively. 口

Definition 3.10. Let (X, t) be a topological space and A be a 

subset of X, then 7-semi preclosure of A and 7-semi preinterior of A 

is defined as

t7 — spcl(A) = U {Fa : A C Fa and F C Ty — SPF(X)}
and t7 — spint(A) = A {Ga : Ga C A and G C Ty — SPO(X)}

Remark 3.11. Let (X, t) be a topological space and A be the sub

set of X then

(i) Ty — spcl(A) is y - semi preclosed set containing A

(ii) Ty — spint(A) is 7 - semi preopen set contained in A.

Proof. Proof of (i) and (ii) follows from the Definition 3.10 and 

Theorem 3.9(ii) and Theorem 3.4 respectively. 口

Theorem 3.12. Let (X, t) be a topological space and 7 be an 
regular operation on t and A be a subset of X. Then t7 — spcl(A)= 

A U Ty — int(^ — cI(t，y — int(A))).
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Proof. Ty — int(ry — cl(r7 — int(AUry — int(ry — cl(Ty — int(A))))) 으 

Ty — int(Ty — cl(Ty — int(A) U Ty — int(Ty — int(Ty — cl(Ty — int(A)')')')') 으 

r7 — int(Ty — cl(Ty — int(A)) U Ty — cl(Ty — int(Ty — cl(Ty — int(A)')')') 으 

T — int(Ty — cl(Ty — int(A)))( Since Ty — cI(t7 — int(A)')') is a 7 - 

pre시osed set) 으 A U ry — int(ry — cl(ry — int(A)')'). Hence A U 
T — int(ry — cl(ry — int(A))) is a 7 - semi pre시osed set and thus 

Ty — spcl(A) 으 A U Ty — int(ry — cl(ry — int(A))).

Conversely, Since ry — spcl(A) is 7- semi preclosed set, then by 

Theorem3.9(ii) we have ry — int(ry — cl(ry — int(A))) 으 ry — int(ry — 

cI(Ty — int(ry — spcl(A))) 으 ry — spcl(A). Hence A U ry — int(ry — 

cl(ry — int(A))) 으 ry — spcl(A).

□

Theorem 3.13. Let (X, r) be a topological space and 7 be a regular 
operation on r and A be any subset of X, then ry — spint(A) = A C 
r7 — cl(r7 — int(r7 — cl(A))).

Proof. A C Ty — cI(Ty — int(ry — cl (A))) 으 r7 — cl(ry — int(ry — 
cl(A))) = Ty — cI(Ty — inte — cl (A) C ry — intr — cl(A)))) 으 

T — cl(ry — int(r7 — cl (A C ry — int(ry — cl(A)))))(by Lemma 2.19(i)) 

으 Ty — cl(ry — int(ry — cl (A C r7 — cl(Ty — int(r7 — cl(A)))))).HenceA C 
T — cI(Ty — int(ry — cl (A))) E ry — SPO(X) by the Theorem 3.3. 

Therefore A C ry — cl (序 — int(ry — cl (A))) 으 r7 — spint(A).

Conversely, Since r7 — spint(A) is 7 - semi preopen set, implies ry — 

spint(A) 으 Ty — cl(r，Y — int(ry — cl(ry — spint(A) 으 ry — cl(ry — int(ry — 

cl(A))). Hence ry — spint(A) 으 A C ry — cl(ry — int(ry — cl (A)). 口

4. Topology generated by 7 - preopen sets

Now we study the properties of the topology generated by 7 -pre 

open sets.

Definition 4.1. Let (X, r) be a topological space. A subset A of X 

is called a r — Y set if ACB E r — PO(X) for every B E r — PO(X). 
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The set of all ry — y set in a topological space (X, t) is denoted by 

TYP.

Remark 4.2. t，％ 匚 ry — PO(X) for any t on X.

Definition 4.3. Let (X, t) be a topological space and A be a 

subset of X, then A is said to be f - closed if and only if X — A e f.

Definition 4.4. Let (X, t) be a topological space and A be the 

subset of X. Tp-interior of A and 7^p-closure of A is defined as r^p — 
int(A) = U{U : U e TypandU C A} and t^p — cl(A) = Q{F : F e 
X — TypandA C F} respectively.

Theorem 4.5. Let (X, t) be a topological space and A be a subset 
of X, then A is closed in (X, 丁糸 if and only if A U B is 7- preclosed 
for every 7- preclosed set B in (X, t)

Proof. Let B be a 7 - pre시osed set in (X, t) then X — B is 7 - 

preopen. Since A is closed in (X, T^p) implies X — A e t” Hence 
(X — A) A (X — B) e t — PO(X). Therefore A U B is 7- preclosed. 

Conversely, if A U B is 7-pre시osed for every 7 - pre시osed set B, then 

A U B = (X — A) A (X — B) is 7- preopen. This implies X — A e 5 
.Therefore A is closed in (X,心辭). 口

Theorem 4.6. Let 7 be a regular operation on (X, t) and A be a 
subset of X. Then

(i) Typ — int(Ty — cl (A)) = Ty — int(Ty — cl (A))

(ii) Typ — cl(Ty — int(A))=序—cI(t7 — int(A))

Proof. (i) By Definition of t@ and Theorem 2.20 7^ C f we have 

t7 — int(7Y — cl (A)) C (「花—而(七—cl(A)). Hence by Remark 4.2 

and Corollary 2.32 (ii) we have (匸仰—int(Ty — cl(A)) C 7^ — pint(Ty — 
cl(A)) = Ty — int(Ty — cl(A)). Hence f — int(T7 — cl (A)) = t7 —
int(「Y — cl (A)).
(ii) Proof follows from Remark 4.2 and Corollary 2.32(i) 口

Theorem 4.7. f is a topology on X

Proof. It is obvious that © e 75 and X e 75 . Let {A° : a e J} 
be a collection of T^p set in (X, t), then Aa A B e 7^ — PO(X) for all 

B e t7 — PO(X) and every a e J. Hence U(Aa A B) e 7 — PO(X),
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this implies (U(Aa)) C B E ry — PO(X). Therefore UAa € t%. If 

C,D E f then (C C D) C B = C C (D C B) E t7 — PO(X) for all 

B E t — PO(X). This implies (C C D) E t7 — PO(X). Hence 5 is 

a topology on X. 口

5. Separation axioms

In this section we investigate general operator approaches on Ti 
spaces where i = 0,1, 1,2. Let 7 : t — P(X) be an operation on a 

topology t .

Definition 5.1. A topological space (X, t) is called a 7-pre To 

space if for each distinct points x, y E X there exists a 7-preopen set 

U such that either x E U and y E U or y E U and x E U.

Definition 5.2. A topological space (X, t) is called a 7- pre Ti 

space if for each distinct points x, y E X there exist 7-preopen sets U 
and V contain x and y respectively such that y / U and x / V.

Definition 5.3. A space (X, t) is called 7-pre T2 space if for each 

x, y E X, there exist 7-preopen sets U and V such that x E U and 

y E V and U C V = ©.

Definition 5.4. Let (X, t) be a topological space. A subset A of 

X is called 7- pre g.closed if t^ — pcl(A) C U whenever A C U and U 
is a y-preopen set.

Remark 5.5. From the definition every 7-preclosed set is 7- pre 

g.closed set.

Definition 5.6. A topological space (X, t) is called 7-pre T1 space 

if for each 7-pre g.closed set of (X, t) is 7-pre시osed.

Theorem 5.7. For a point x E X, x E t7-pcl(A) if and only if
V C A = © for any V E ty/- PO(X) such that x E V.

Proof. Let F0 be the set of all y E X such that V C A = © for any

V E Ty — PO(X) and y E V. Now to prove that t^ — pcl(A) = F0. Let
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us assume x e ry — pcl(A) and x《F0. Then there exists a 7-preopen 

set U of x such that U A A = ©. This implies A C X — U. Therefore 

Ty — pcl(A) C X — U. Hence x / ry — pcl(A). This is a contradiction. 

Hence ry — pcl(A) C F0. Conversely, let F be a set such that A C F 

and X — F e ry — PO(X). Let x / F then we have x e X — F and 

(X — F) A A = ©. This implies x / F0. Therefore Fo C F. Hence 

Fq C Ty — pcl(A). 口

Theorem 5.8. Let (X, t) be a topological space and A be a subset 
of X, then A is 7-pre g.closed if and only if ry — pcl({x}) A A = © 
holds for every x e ry — pcl(A).

Proof. Let U be any 7- preopen set such that A C U. Let x e 
Ty — pcl(A). By assumption there exists a point z e r7 — pcl({x}) and 

z e A C U. Therefore from Theorem 5.7 U A {x} = ©. This implies 

x e U. Hence A is 7- pre g.closed set.

Conversely, suppose there exists a point x e r7 — pcl(A) such that 

t7 — pcl({x}) A A = ©. Since ry — pcl({x}) is a 了-pre시osed set implies 

X —(序—pcl({x})) is a Y-preopen set. Since A e X —(序 —pcl({x})) 

and A is 7 - pre g.closed set, implies ry — pcl(A) C (X — ry — pcl({x})). 

Hence x / ty — pcl(A). This is a contradiction. □

Theorem 5.9. Let (X, t) be a topological space and A be the 7 - 
pre g.closed set in (X, t). Then t7 — pcl(A) — A does not contain non 
empty 7 - closed set.

Proof. Suppose there exists a non empty 7- preclosed set F such 

that F C 序—pcl(A) — A. Let x e F, then x e t7 — pcl(A), implies 

F A A = t7 — pcl(F) A A D t7 — pcl({x}) A A = © and hence F A A = © 
.This is a contradiction. □

Theorem 5.10. For each x e X, {x} is 7-preclosed or X — {x} is 
7 - pre g.closed.

Proof. Suppose that {x} is not 7-preclosed. Then X — {x} is not 

7-preopen. Let U be a 7-preopen set such that X — {x} C U. Then 

U = X. Therefore 序—pcl(X — {x}) C U. Hence X — {x} is 7 -pre 

g.closed. 口

Theorem 5.11. A topological space (X, t) is a 7-pre T1 space if 
and only if for each x e X: {x} is 7 - preopen or 7- preclosed.
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Proof. Suppose {x} is not Y-pre시osed. Then it follows from the 

assumption and Theorem 5.10 {x} is 7-preopen.

Conversely, Let F be a 7-pre g.closed set in (X, t). Let x e ry-pcl(F), 

then by the assumption {x} is either 7-preopen of Y-pre시osed.

Case(i): Suppose {x} is 7- preopen, then by Theorem 5.7 {x}ClF = 

©. This implies ry — pcl(F) = F. Therefore (X, r) is a Y-pre T1 space.

Case(ii): Suppose {x} is 7- preclosed. Let us assume x《 F then, 

{x} e r7 — pcl(F) — F. This is a Contradiction. Hence x e F. 

Therefore (X, r) is a 7 — preT1 space. □

Theorem 5.12. A space (X, r) is 7 - pre Ti if and only if for any 
x e X, {x} is 7 - pre closed.

Proof. Proof follows from the Definitions 5.2 and 2.7. 口

Remark 5.13. From the Theorems 5.10, 5.11, 5.12 we have

7 — preT，2 ——> 7 — preTi ——> 7 — preT1 ——> 7 — pre%

Theorem 5.14. Let (X, r) be a topological space and 7 be a regular 
operation on r. The topological space (X, r7P) is a 7- pre T1 space.

Proof. By Theorem 5.11 to prove (X, r7 p) is a 7 - pre T1 space it 

is enough to prove that every x e X, {x} is either 7 - preopen or 

7-pre시osed in (X, r7 p). Suppose {x} e r7 p, then by Remark 4.3 {x} 
is 7- preopen. Suppose {x} e ty p, then there exist a 7- preopen set 

A such that {x} A A is not 7-preopen. This implies that {x} is not 7- 

preopen and so r7 — int(ry — cl{x}) = ©. This implies {x} is 7-nowhere 

dense subset of X. This implies r7 — cl(X — (r7 — cl({x}))) = X. 

Hence By Lemma 2.18 (iv) ry — cl(ry — int(X — {x}) = X. Since 

r7 — int(X — {x}) C X — {x}, implies ry — cl(X — {x}) = X. Hence 

X — {x} is a 7- preopen set in (X, r). This implies {x} is 7-pre시osed. 

Hence (X, t^ p) is a 7 — preT1 -space.

□
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6. (Y,0)-precontinuous mappings

In this section we introduce the concept of (丫8)-precontinuous 

mappings and study some of its basic properties. Through out this 

section let (X, t) and (Y, a) be two topological spaces and let 7 : t — 
P(X) and (3 : t — P(Y) be the operations on t and a respectively.

Definition 6.1. A mapping f : (X, t) — (Y, a) is said to be (7,3)- 

precontinuous if for each x of X and each 3-preopen set V containing 

f (x), there exists a 7-preopen set U such that x e U and f (U) e V.

Remark 6.2. By Theorem 2.12 we have every (7,3) continuos 

mapping is (7,3)-pre continuous. But converse need not be true.

Remark 6.3. If both (X, t) and (Y, a) are regular space, then the 

concept (Y,3)-pre continuity and precontinuity coincide.

Theorem 6.4. Let f : (X, t) — (Y, a) be a (7,3)-precontin니os 
mapping. Then

(i) f (ty — pcl(A)) 으 邛 一 pcl(f (A)) holds for every s니bset of A of X
(ii) for any 3-preclosed set B of (Y, a), f-1(B) is 7- preclosed in 

(X,t ).

Proof. (i) Let y e f (7^ — pcl(A)) and V be the 7-preopen set con

taining y, then there exists a point x e X and a 7-preopen set U such 

that f (x) = y, x e U and f (U) 으 V. Since x e 七 — pcl(A), we have 

U n A = ©,and hence © = f (U n A) 으 f (U) n f (A) C V n f (A). This 

implies x e Ty — cl(f (A)).

(ii) It is sufficient to prove that (i) implies (ii). Let B be the 3- 

pre시osed set in (Y, a). That is 序 — pcl(B) = B. By using (i) f (t7 — 

pcl(f-1(B)) 으 邛 — pcl(f (f-1 (B)) = 邛—pcl(B) = B holds. Therefore 
T — pcl(f-1(B)) 으 f-1(B) and hence f-1(B) = t7 — pcl(f-1(B)). 

Hence f-1(B) is 7- preclosed set in(X, t). □

Definition 6.5. A mapping f : (X, t) — (Y, a) is said to be (7,3)- 

pre시osed if for any 了-pre시osed set A of (X, t), f (A) is 3-pre시osed.
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Definition 6.6. Let id : (X, t) — P(X) be the identity operation. 

If f is (id, (3)-pre시osed then f (F) is 0-pre시osed for any pre시osed set 

F of (X,t).

Theorem 6.7. If f is bijective mapping and f-1(Y, o) — (X, t) is 
(id, 3)-precontinuous then f is (id, 0)-preclosed.

Proof. Proof follows from the Definitions 6.5 and 6.6. 口

Theorem 6.8. Suppose f : (X, t) — (Y, o) is (7,0)-precontinuos 
and f is (7,0)- preclosed then

(i) for every 7-pre g.closed set A of (X, t), the image f (A) is 0-pre 
g.closed.

(ii) for every 0-pre g.closed set B of (Y, o), then f-1(B) is also 0-pre 
g.closed.

Proof. (i) Let V be any 0-preopen set in (Y,o) such that f (A) C 
V, then by Theorem 6.4 (ii) f-1(V) is 7-preopen. Since A is 7-pre 

g.closed and A C f-1(V), we have t7 — pcl(A) C f-1(V) and hence 

f (ty — pcl(A)) C V. By assumption f (7^ — pcl(A)) is a 0-pre시osed set, 

therefore 邛—pcl(f (A)) C 邛—pcl(f (t7 —pcl(A)) = f (t7 —pcl(A)) C V. 

This implies f (A) is 0-pre g.시osed.

(ii) Let U be any 7-preopen set such that f-1(B) C U. Let F = Ty — 

pcl(f-1(B))n(X — U), then F is 了-pre시osed set in (X, t). This implies 

f (F) is 0-preclosed set in (Y,o). Since f (F) = f (t^ — pcl(f-1(B)) A 
(X — U)) C 邛—pcl(B) A f (X — U) C 日—pcl(B) A (Y — B). This 

implies f (F) = © and hence F = ©. Therefore Ty — pcl(f-1(B)) C U 
,implies f-1(B) is 7-pre g.closed. 口

Theorem 6.9. Suppose f : (X, t) — (Y, o) is (7,0)-precontinuous 
and (Y,0)-preclosed, then

(i) if f is injective and (Y, o) is 0-pre T1, then (X, t) is 7-pre T1.
(ii) if f is surjective and (X, t) is 7-pre T1, then (Y, o) is 0- pre T1

.

Proof. (i) Let A be a 7-pre g.closed set of (X, t). Now to prove 

that A is Y-pre시osed. By assumption it is obtained that f (A) is 0-pre 

g.closed and hence f (A) is 0-preclosed. Since f is (7,0)-precontinuous, 
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implies f-1(f (A)) is Y-pre시osed. Therefore A is 7- preclosed. Hence 

(X, t) is 7-pre T1.

(ii) Let B be a f3- pre g.시osed set in (Y, a). Then f-1(B) is 7- 

pre시osed since (X, t) is 7-pre T1 space. It follows from the assumption 

that B is 7-preclosed. □

Definition 6.10. A mapping f : (X,t) — (Y, a) is a said to be 

(7, (3)-prehomeomorphic, if f is bijective, (7,0)-precontinuous and f-1 

is (7,3) - precontinuos.

Theorem 6.11. Let f : (X, t) — (Y, a) is (7,0)-prehomeomorphism. 
If (X, t) is 7-pre T1 then (Y, a) is 0-pre T1.

Proof. Let {y} be a singleton set of (Y, a), then there exists a point 

x of X such that y = f (x). It follows from the assumption and 

Theorem 5.11 that {x} is 7-preopen or 7-preclosed. By using Theorem 

6.4 (ii) {y} is 0- preopen or 0-pre시osed. This implies (Y, a) is 0-pre 

T1 space. □

Theorem 6.12. Suppose 7 : t — P(X) is a regular operation. 
Then (X, t) is 7-pre T1.

Proof. By Proposition 2.9[7], we have (X, t) is a topological space. 

Now to prove (X, t) is 7-pre T1, it is enough to show that {x} is 7- 

preopen or 7- preclosed.

Case (i): Suppose {x} e Ty, then by Theorem 3.4 {x} is 7- preopen.

Case (ii): Suppose {x}《t7 , then 7 — cI(t^ — int{x}) = Ty — cl(©)= 

© C {x}. Therefore {x} is 7-preclosed. 口

Theorem 6.13. Suppose 7 : t — P(X) is a regular operation. 
Then (X, t) is 7-pre T1 if and only if (X, t7) is pre T1.

Proof. By Proposition 2.9[7], we have (X, t^) is a topological space. 

By Theorem 2.27 [3] it is pre T1 space.

Conversely, If (X, t7) is pre T1, then {x} is preopen or preclosed in 

(X, t). Hence it is 7-preopen or 7- pre시osed in (X, t). 口

Theorem 6.14. Let f : (X, t) — (Y, a) be a (7,0) - precontinuous 
and injective. If (Y, a) is 0-pre T2(resp.7-pre Ti), then (X, t) is 7-pre 
T2(resp. 7- pre Ti).
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Proof. Suppose (Y, a) is f3- pre T2. Let x and y be distinct points of 

X. Then there exists two P-preopen set U and V such that f (x) e U, 

f (y) e V and U A V = ©. Since f is (y,P)-pre continuous there exists 

two y- preopen set W and S such that f(W) 으 U and f(S) 으 V, 

implies W A S = ©. This implies (X, t) is 7- pre T2. In similar way 

we prove (X, t) is 7-pre Ti whenever (X, t) is P- pre Ti. □

Theorem 6.15. Suppose 7 : t — P(X) is regular, then (X, t) is 
7- pre T2 if and only if (X, t) is pre T2.

Proof. Proof is straight forward from the Definition 5.3 and Propo

sition 2.9 [7]. □
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