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COSYMPLECTIC SUBMERSIONS WITH VANISHING 
COSYMPLECTIC BOCHNER CURVATURE TENSOR

Jin Ho Choi, Tae Ho Kang and Hyunsuk Kim

Abstract. We study cosymplectic submersions with vanishing 
cosymplectic Bochner curvature tensor.

1. Introduction

Let M and B be C^ Riemannian manifolds. By a Riemannian 

submersion we mean a C^ mapping n from the total space M onto 

the base space B such that n is of maximal rank and the differential 
n* of n preserves the lengths of vectors orthogonal to the fibre n-1(x) 

for all x 6 B.

The theory of Riemannian submersions was initiated by O’Neill8 

and Gray4. A systematic exposition could be found in the A. Besse’s 

book1. Presently, there is an extensive literature on the Riemannian 

submersions with different conditions imposed on the total space and 

on the fibres. In particular, B. Watson announced interesting results 

about almost Hermitian submersions11 and two kinds of almost con

tact metric submersions12.

On the other hand, B. H. Kim6 and K. Takano9 have investigated 

Riemannian submersion with Sasakian structure such that the contact 

Bochner curvature tensor of the total space vanishes identically. Also, 

K. Takano10 has investigated Kahlerian submersions with vanishing 

Bochner curvature tensor.
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The odd-dimensional counterpart of Kahlerian manifolds is cosym- 

plectic manifolds. The canonical examples3 of cosymplectic manifold 

are given by the product of a Kahlerian manifold with R or with the 

cir시e S1.

In this context, we study cosymplectic submersions with vanishing 

cosymplectic Bochner curvature tensor.

2. Riemannian Submersions

B.O’Neill8 has characterized the geometry of a Riemannian sub

mersion n : M — B in terms of the tensor fields T and A defined for 

vector fields E and F on M by

TeF = HVveVF + WveHF and AeF = HV^eVF + VVheHF, 

where ▽ is the Levi-Civita connection of metric g of M, the symbols 

V and H are the orthogonal projections of the tangent bundle T(M) 

of M onto the vertical distribution V(M) and horizontal distribution 

H(M) in the tangent bundle T(M), respectively. T is related to the 

second fundamental form of fibres, it is identically zero if and only 

if each fibre is totally geodesic. We call the Riemannian submersion 

with totally geodesic fibre if T vanishes identically. Also, since A is 

related to the integrability of H(M), it is identically zero if and only 

if H(M) is integrable. Moreover, if A and T vanish identically, then 

the total space is locally a product space of the base space and fibre.

We call a vector field X on M projectable if there exists a vector 

field X* on B such that n*(Xp) = X*n(p) for each p € M, and say 

that X and X* are n-related. Also, a vector field X on M is called 

basic if it is projectable and horizontal. Then we have1,8

Lemma 2.1. If X and Y are basic vector fields on M which are 
n-related to X* and Y* on B, then

(1) g'(X*,Y*) = g(X, Y) ◦ n, where g is the metirc on M and g' the 
metric on B,

(2) H[X, Y] is basic and is n-related to [X*,匕],

(3) HVxY is basic and n-related to Vx*匕，where ▽ is the Rie
mannian connection of B.
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Lemma 2.2. Let X and Y be horizontal vector fields, U and V 

vertical vector fields. Then

(2.1) VuV = TuV + VuV, VuX = HVuX + TuX,

(2.2) VxU = AxU + VVxU, VxY = HVxY + AxY.

Furthermore, if X is basic, HVuX = Ax U.

Next, we denote by R the curvature tensor of g, by R the collection 

of all curvature tensors of the Riemannian metric g on the fibre and 
、 o_____ __ 、 、 ，会_____
by R(X, Y)Z the horizontal vector field such that n*(R(X,Y)Z) = 

R(n*X, n* Y)n*Z at each p € M, where R is the curvature tensor of g 
on B. Then we have1,8

Lemma 2.3. Let U, V, W, Wf be vertical vector fields, and X, Y, Z, Z 

horizontal vector fields, Then

g(R(U, V)W, W‘)=g(R(U, V)W, W‘)+ g(TuW, TvW‘)

-g (Tv W,Tu W\

g(R(U, V)W, X) = g((VuT)vW, X) - g((VvT)uW, X),

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

g(R(X, U)Y, V) =g((VxT)uY, V) - g((VuA)xY)

+ g(TuX,TvY) - g(AxU,AyV),

g(R(U, V)X, Y) =g((VuA)xV, Y) - g((VvA)xU, Y) 

-g(AxU, AyV) + g(AxV, AyU) 

+ g(TuX,TvY) - g(TvX,TuY),

g(R(X, Y)Z, U) = - g((VzA)xY, U) - g(AxY, TuZ) 

+ g (Ay Z, Tu X) + g(Az X, Tu Y),
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(2.8)
g(R(X, Y)Z, Z) =g(R(X, Y)Z, Z、) + 2g(AxY, AzZ、)

-g(Ay Z,Ax Z')+ g(Ax Z,AY Z'),

Also, we get8

9 g((NuA)xY, V) + g((VyA)xY, U)
(.) = g((VyT)uV,X) - g((VxT)uV,Y).

For eachp € M, we denote by {Xi,X2, •.. , Xn} and {Ui, U2, •.. , Us} 

local orthonormal basis of H(M) and V(M), respectively. Then we 

define1

n s

(2.i0) g (Ax ,Ay ) = E g(Ax Xi, Ay Xi) = E g(Ax ua, Ay Ua),
i=1 a=1

ns

(2.11) g(Ax,Tu) = £ g(AxXi,TuXi) = £ g(AxUa,TvUa),

i=1 a=1

ns
(2.12) g(Tu,Tv) = £ g(TuX,TVX) = £ g(TuUa,TvUa),

i=1 a=1

n
(2.13) g(AU,AV) = £ g(Axi U* V)

i=1

s
(2.14) g(TX,TY) = £ g(TuaX,TuaY)

i=1

s

(2.15) g((VuT)v,TW) = £ g((VuT)vUa,TwUa),

a= 1



COSYMPLECTIC SUBMERSIONS 115

s
(2.16) g©xT)Y,TZ) = £ g(0uT况匕 7认Z),

a= 1 

n s

(2.17) 初=-£(VxiA&,才T = 一£厶况.

i=1 a=1

Moreover, we define the symmetric tensor 5T by

n

(2.18) (5T)(U,V) = £ g((VxiT)uV,Xi)

i=1

for vertical vector fields U and V. Also, the mean curvature vector 

along each fibre gives the horizontal vector field

s
(2.19) N = £ Tua Ua.

a=1

If N is identically zero, then each fibre is called a minimal subman

ifold of M.

Let Ric, Ric and Ric be the Ricci tensors of the Riemannian metrics 

g, g and g, respectively. Then we have1

(2.20) Ric(U, V) = Ric(U, V) -g(N,TuV)+ g(AU,AV) + (5T)(U,V),

Ric(X, U) =g((5T)U,X) - g((5A)X, U)

-2g(Ax ,Tu)+ g0u N,X),

Ric(X, Y) =Ric(X, Y) - 2g(Ax, Ay) - g(TX, TY)

+ | (g(Vx N,Y)+ g (Vy N,X)},

Ric is the horizontal symmetric 2-form on M such that
- __ _ 二, __ __
Ric(X, Y) = Ric(n*X,n*Y).

(2.21)

(2.22)

where
.—
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Moreover, if t, T, t are the scalar curvatures of the Riemannian metrics 

g, g and g, respectively, then

(2.23) t = T + T - 25N - |N|2 - |A|2 - \T|2,

where we denote T ◦ n by T simply and we put |N|2 = g(N, N),

n s

(2.24) |A|2 = £ g(Axi ,Axt) = £ g(AUa,AUa),

i=1 a=1

ns
(2.25) |T|2 = £ g(TXi,TXi) = £ g(Tua,Tua).

i=1 a=1

3. Characterizations of Cosymplectic Submersions

Let (虬©,"小9) be an almost contact metric manifold. Then, 

we have

(3.1) *2 = -I + n®& 依) = 1, g^x^Y) = g(x,Y) - n(x)n(Y), 

for any vector fields X and Y on M. From (3.1), we deduce that

(3.2) * ◦ & = 0 and n(x) = g(x,<),

for any vector field x on M. An almost contact metric manifold 

(M, *, £, n, g) is said to be integralbe if [*, *] + 2dn ® £ = 0 and cosym

plectic if it is integrable, dn = 0 and d$ = 0, where the fundamental 

2-form $ of M is defined by $(x, Y) = g(x, *Y) for any vector fields 

x, Y on M. It can be shown that the cosymplectic structure is chara- 

terized by

(3.3) Vx* = 0 and Vxn = 0,

where V is the connection of the metric g(for details, see2,7,13).
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Let M and B be the almost contact metric manifolds with an almost 

contact metric structure (dn,g) and 0,£,n,g), respectively. Let 

n : M — B be a Riemannian submersion which satisfies

1 m 兮 m 一-一 _1 /= £
n*©E = ©n*E, and n*£ = £,

where E is a vector field on M. Then n is said to be a cosymplectic 

submersion if the total space M is cosymplectic.

It is clear from definition that the vertical and horizontal distribu

tions determined by a cosymplectic submersion n are ©-invariant, that 

is, ©{V(M)} C V(M) and ©{H(M)} C H(M), and the base manifold 

B inherit a cosymplectic structure from the total space M . Moreover, 

B.Waston12 proved that the horizontal distribution is integrable(i.e., 

A = 0), and each fibre is minimal(i.e., N = 0)(for details see12)

3.1. Cosymplectic Submersions with Constant ©-Sectional 
Curvature

For a cosympletic manifold M of dimension 2n + 1, the Ricci tensor 

has the following properties.

Ric(©E,©F) = Ric(E,F), Ric(E,<) = 0

for any vector fields E and F on M.

A plane section in TPM is called a ©-section if there exists a unit 

vector E in TPM orthogonal to £ such that {E, ©E} is an orthonormal 

basis of the plane section. Then the sectional curvature K(E, ©E)= 

g(R(E, ©E)©E, E) is called a ©-sectional curvature. It has been shown2,7 

that if a cosymplectic manifold M is of constant ©-sectional curvature 

c, then

g(R(Ei,E2)E& E4) = - j{g(Ei, E3)g(E2, E4)

-g(Ei,E4)g(E2, E3) + g(©Ei, E3)g(©E2, E4)

(3.4) - g(©Ei, E4)g(©E2, E3) + 2g(©Ei, E2)g(©E3, E4)

-n(Ei)n(E3)g(E2,E4)+ n(E2)n(E3)g(Ei,E4)

+ n(Ei)n(E4)g(E2,E3) - n(E2)n(E4)g(Ei,E3)} 

for vector fields E《(i = 1, 2, 3, 4) on M.
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Next we define5 the so-called cosymplectic Bochner curvature tensor 

Bc and n-Einstein tensor Q on M, respectively, by 

g(BCEi,E2)E3,E4)= g(R(E1,E2)E3,E4)

f 、侦访,Es)Ric(E2, E4) - g(E2, E3)Ric(Ei,EQ
2(m + 2) I

+ g(E2, EQRic(Ei,E3) - g(E1, EQRic(E2, E3)

+ g(©Ei, E3)S(E2, E4) - gg, E3)S(Ei,E4)

+ g"2, E4)S(E1, E3) - g0E\,E4)S(E2, E3)

+ 2g0Ei, E2)S(E3, E4) + 2g0E3, E4)S(E1, E2)

+ n(Ei)n(E4)Ric(E2,E3) - n(E2)n(E4)Ric(Ei,E3)

+ n(E2)n(E3)Ric(Ei,E4) - n(Ei)n(E3)Ric(E2,E4)}

-沙 丄二 丄 f {g(Ei,E3)g(E2,E4) - g(E2,E3)g (访也) 
4(m + 1)(m + 2) I

+ g(©Ei, E3)g(©E2, E4) - g(©E2, E3)g0Ei,E4)

+ 2g(©Ei,E2)g0E3,E4)

+ n(Ei)n(E4)g(E2,E3) - n(E2)n(E4)g(Ei,E3)

+ n(E2)n(E3)gE E4) - n(Ei)n(E3)g(E2, E4)}

and

一，——、 - ，——、 T ，— —、 T   ，—、
Q（E，F ） = Ric（E，F）-说g（E顶）+ 说"洲 F） 

for vector fields E《(i = 1,2, 3, 4), E and F on M, where S(E《，Ej)= 

Ric(©E《, Ej) and t denote the scalar curvature on M. A cosymplectic 

manifold M is said to be cosymplectic Bochner flat(n-Einstein resp.) 

if Bc = 0(Q = 0 resp.). A cosymplectic manifod M is of constant 

©-sectional curvature if and only if Bc = 0 and Q = 0 hold.

Next, we will seek fundamental equations of a cosymplectic sub

mersion n : M — B , where dimM = 2m + 1 and dimB = 2n + 1. 

Since the horizontal distribution is integrable (A = 0) and each fiber 

is minimal (N = 0), equations (2.3)-(2.9) are rewritten as follows:
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(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

g(R(U,V )W,Wz) =g(R(U,V )W,W‘) + g (Tu W,Tv W‘) 

-g(Tv w,Tu w \

g(R(U, V)W, X) = g((VuT)vW, X) - g((VvT)uW, X), 

g(R(X, U)Y, V) = g((VuT)vW, X) + g(TuX, TvY),

g (R(U,V )X,Y )= g (Tu X,Tv Y) - g (Tv X,Tu Y),

g (R(X,Y )Z, u ) = 0,

g (R(X,Y )Z,Z z) = g (R(X,Y )Z,Z \ 

g((*T)uV, X) - g((VxT)uV, Y) = 0

for vertical vector fields U, V, W, Wf and horizontal vector fields X, Y, Z, Z‘.

Let {Xi,X2,… ,X2n, Ui, U2,…，％_§,£} be a local orthonormal frame 

on M such that {Xi,X2, • • • ,X2n,X2n+i = <} and {Ui, U2, •…,U2s}, 

are local orthonormal bases of H(M) and V(M), respectively, where 

Xn+i = ©Xi (七=1, 2, ... ,n) and Us+a = ©U° (a = 1,2, ... , s), where 

we have put ©U = V©U for any vertical vector field U 6 V(M) and 

each fibre is of dimension 2s.

By virtue of A = 0 and N = 0, we get from (2.20)-(2.23)

-- , ,"T . ,
(3.12) Ric(U, V) = Ric(U, V) + 0T)(U, V),
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(3.13) Ric(X,V )= g (0T )U,X),

(3.14) Ric(X, Y) = Ric(X, Y) — g(TX, TY),

(3.15) T = T + T — |T|2.

a 1 1 r* i j - j n ri i ~ri i c / 厂！ t~i\Also, we define skew-symmetric tensors S, S and S by S(E, F)=

Ric(TE, F), S(X, Y) = Ric(TX, Y) and S(U, V) = Ric(TU, V), respec
tively. Then we obtain from (3.12)-(3.14) that

(3.16)
- . .—

S(U,V ) = S(U,V ) + 0T)(印,V),

(3.17) S(X,V ) = g(0T )U0X),

(3.18)
... .
S(X, Y) = S(X, Y) — g (T©X, TY).

From (3.12), we have

(3.19)

0T)(U, V) = Ric(U, V) — Ric(U, V)

=Ric(TU, TV) — Ric(TU, TV)
,"T ,— — .

=0T )(TU,tv ).

Since (矿U = —U, we also obtain

(▽x T )殆 TV = Vx (Tu TV) — TVx 殆时—"(Nx 时)

(3.20) = Vx (T2Tu V)—扩Tvx u V — "u (Vx V)

=—(Vx T )u V.
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From this, we get immediately

(3.21) (5T )0U,6V)=-(汀)(U,V).

Using (3.19) and (3.21), we get

(3.22) (6T )(U,V) = 0.

Proposition 3.1. Let n : M — B be a cosymplectic submersion. 
If the total space M is of constant ©-sectional curvature, then each 
fibre is an Einstein manifold.

Proof. (3.12) and (3.22) yield Ric(U, V) = Ric(U, V). Thus we 

obtain from (3.4) that

RiC(U, V) = Ric(U, V)

2s 2n+1

=£ g(R(Ua, U)V, Ua) + E g(R(Xi, U)V, Xi) 

a=1 i=1

= 土브) g(U，V )，

where we have used n(Ua) = n(X《)=0(a = 1, •…,2s, i = 1, •…,2n) 

and n(X2n+i) = n«) = 1. 口
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3.2. Cosymplectic Submersions with Vanishing Cosymplec- 
tic Bochner Curvature Tensor

Now we shall consider n : M — B a cosymplectic submersion with 

vanishing cosymplectic Bochner curvature tensor. Then we see from 

(3.5)-(3.14), (3.17)-(3.19) and (3.22) that g(Bc(E1 ’EjE&EQ = 0 is 

equivalent to the following equations (3.23)-(3.28) for horizontal vector 
fields X, Y, Z, Z1 and vertical vector fields U, V, W, W':

g(R(U, V)W, Wz) + g(TuW, TyWz) - g(TyW, TuWz)

+ 2(m1+ 2) {g(U，W而c(V, Wz) - g(V, W)Ric(U, W‘)

+ g(V, Wz)Ric(U, W) - g(U, Wz)Ric(V, W)

+ g泌V, W)S(U, W- g泌V, W')S(U, W)

(3.23) + g 泌 V, W')S(U, W) - g 泌 U, W')S(V, W)

+ 2g(<"U, V)S(W, W') + 2g泌W, WZ)S(U, V)}

T4(m +1)(m +2){必胛如“')- '(^"W')

+ g泌U, W)g("V, W‘) - g泌V, W)g(<"U, W‘)

+ 2g 泌 U,V )g 泌 W,W，)} = 0,

g((VuT)yW, X) - g((VyT)uW, X)

(3.24)

+ 2(m" 2) {g(U,W)g(0T)V,X) - g(V,W)g(0T)U,X)

+ g泌U, W)g(0T)V, ©X) - g泌V, W)g(0T)U, ©X)

+ 2g 泌 U,V )g(0T )W,©X)} = 0,
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g(0uT)vW, X) + g(TuX, TvY) + 1
2(m + 2)

x g(X, Y)RiC(U, V) + g(U, V) {Rc(X, Y) - g(TX, TY)} 

(3-25) + g0X, Y)S(U, V) + g泌U, V) {如X, Y) - g(T©X, TY)}

-n(X洲Y)r"v]-顽Wm+2j{g(X,Y)

x g(U, V) + g(©X, Y)g("U, V) - n(X)n(Y)g(U, V)} = 0,

g(TuX, TvY) - g(TvX, TuY) + 厂二亦

(m + 2)

(3.26) x g泌U, V) {§(X, Y) - g(T©X, TY)} + g0X, Y)

x S(U,V)〕-如fE{gsv )}=0,

(3.27)

"丄，” {g(X, Z)g(0T)U, Y) - g(Y, Z)g(0T)U, X) 
2( / m I 2丿 v.

+ g(©X, Z丿g(0T)U, ©Y丿-g(©Y, Z)g(0T)U, ©X丿

+ 2g(©X,Y 丿g(0T )U,©Z 丿 + n(Y 丿n(Z )g (0T )U,X 丿

-n(X丿n(Z丿g(0T)U,Y丿} = 0,
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上，一____  1
g (R(x，Y )Z，Z n顽E

x g(X, Z) {Rc(Y, Z) - g(TY,TZ')} - g(Y, Z)

x {Ric(X, 2) — g(TX, TZ) } + g(Y, Z，) {Ric(X, Z) 

-g(TX, TZ)} - g(X, Z‘) {Rc(Y, Z) - g(TY, TZ)} 

+ g@X, Z) {如Y, Z) - g(T^Y, TZ)} - g(©Y, Z) 

x (S(X, Z‘) - g(T©X, TZ)} + g0Y, Z') {§(X, Z) 

-g(TB, TZ)} - g@X, Z) {S(Y, Z) - g(T^Y, TZ)} 

(3.28) + 2g(©X, Y) {S(Z, Z) - g(T^Z, TZf)} + "Z, Z)

x {S(X,Y) - g(邛X,TY)} + n(X)n(Z‘){Ric(Y, Z) 

-g(TY,TZ)} - n(Y)n(Z‘) {Rc(X,Z) - g(TX,TZ)} 

+ n(Y)n(Z) {Ric(X, 2) - g(TX, TZ')} - n(X)n(Z)

X {Rc(Y, Zf) - g(TY, TZf)}- ；
I J 4(m + 1)(m + 2)

X {g(X, Z)g(Y, Z) - g(Y, Z)g(X, Z) + g@X, Z)

x g0Y, Z‘)- g0Y, Z)g(©X, Z) + 2g0X, Y)g(©Z, Z) 

+ n(X)n(Z')g(Y, Z) - n(Y)n(Z')g(X, Z)

+ n(Y)n(Z)g(X, z') - n(X)n(Z)g(y, z‘) } = 0.

Interchanging both X and Z with ©Y, we get from (3.27)
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0 =g(©Y, ©Y)g((5T)U, Y) - g(©Y, ©Y)g((5T)U,职Y)

-2g(©Y,©Y)g((5T)U,©2Y)

=4g(©Y,©Y)g(0T)U,Y) - 3n(Y)g(©Y,©Y)g((5T)U,<)

=4g (©Y,©Y )g ((ST )U,Y)

because of g((ST)U,£) = 0, which implies that

(3.29) g (0T )U,Y) = 0.

Thus, equation (3.24) can be simplified as

(3.30) g(0uT)vW, X) - g((VyT)uW, X) = 0.

From (3.28), we have

2n+1

0 = E g(Bc(Xi,Y)Z,Xi) 

i=1

(3.31)

1
Ric(Y, Z)--- ------

"丿 2(m +2)
(2n + 2) {Rc(Y,Z)

-g(TY, TZ)} + (T - |T|2) {g(Y, Z)-，忒Y洲(Z)

+ 2(m +1Xm + 2)(" + Z)- n(Y)n(Z)}，

that is,

(3.32)

sRc(Y, Z) + (n + 2)g(TY, TZ) - (T - |T|2)

、/ r「7、 I (n+i)t
X tg(Y，Z) - n(Y)n(ZJ +2(n + s + 1)

x {g(y,z) - n(Y)n(Z)} = 0.
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Interchanging both Y and Z with X《and taking a sum from 1 to 

2n, we get

(3.33) t=^n+w{(n ―'驴―2(n+1)|T |2}，

which together with (3.32) implies

(3.34)

sRc(Y, Z) + (n + 2)g(TY, TZ) - (T - |T|2) {g(Y, Z) 

-n(Y)n(Z)} + 2n {(n - s)T - 2(n + 1)|T|2} 

x {g(Y,Z) - n(Y)n(Z)}

=sRic(Y, Z) + (n + 2)g(TY, TZ)

-土 {sT + (n + 2)|T|2} {g(Y, Z) - n(Y)n(Z)} = 0.

Thus, we have

s

g(TY，TZ)=- n+2 Ric(Y，Z)
(3.35) + 뜰LgZ) - n(Y )n(Z)}.

Substituting (3.35) to (3.28) yields
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(3.36)

9(Bc(X,Y)Z,Z「g(R(X,Y)Z,Zz)

+ 2(n+2) (X，Z面c(Y, Z\ - g(Y, Z)Rc(X, Z)

+ g(Y, Zz)Ric(X, Z) - g(X, Zz)Ric(Y, Z)

+ g(" Z)S(Y, Zf) - g@Y, Z)S(X, Zf)

+ g0Y, Z')S(X, z) - g0X, Z')S(Y, z)

+ 2g(©X, Y)S(Z, Z‘) + 2g0Z, Z')S(X, Y)

............. .......................................
+ n(X)n(Z')Ric(Y, Z) - n(Y)n(Z')Ric(X, Z)

"f ,, .... "f ,,、i
+ n(Y)n(z)Ric(X, z‘) - n(X)n(z)Ric(Y, z')}

- 7口— St + (n + 2)l끼2 |g(X,Z)g(Y, Z4) 
2(m + 2) n(n + 2)［贝，丿贝，丿

-g(Y, Z)g(X, Z‘) + g(©X, Z)g0Y, Z‘)

-g(©Y, Z)g(©X, Z‘) + 2g(©X, Y)g0Z, Z‘)

+ n(X)n(Z')g(Y, Z) - n(Y)n(Z')g(X, Z)

+ n(Y)n(z)g(X, z‘) - n(X)n(z)g(Y, z‘) }

+ 2(丄 2) {g(X, Z)g(Y, Zf) - g(Y, Z)g(X, Z‘)

+ g(©X, Z)g0Y, Z‘)- g(©Y, Z)g0X, Z‘)

+ 2g(©X, Y)g0Z, Z‘) + n(X)n(Z')g(Y, Z)

-n(Y)n(Z')g(X, Z) + n(Y)n(Z)g(X, Z‘)

-n(X)n(z)g(Y,z')}.

Here, calculating the second coefficient of this equation, we get from 

(3.33)
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1 [sT+(n + 2)|T|2 t ]
2(m + 2) [ n(n + 2) + 2(m + 2) /

1

2(m + 2)

n(n + 2)

2+(n + 2)|T|2 t 
n(n + 2) 2n(n + 1)

x j (n — s)T — 2(n + 1)|T|2
(3.37) I

1

2(m + 2)

1

2s(n +1) + (n + 2)(n — s)人 |T|2
T+ —

2n(n + 1)(n + 2) n

(m + 2)TT

|T|2
n

((m + 2)T ] 
2(m + 2)^2(n +1)(n + 2) J

八
T

4(n + 1)(n + 2),

which together with (3.36) leads to the following

Theorem 3.2. Let n : M — B be a cosymplectic submersion. If 
M is cosymplectic Bochner flat, then B is also cosymplectic Bochner 
flat.

Proposition 3.3. If n : M — B is a cosymplectic submersion 
with vanishing cosymplectic Bochner curvature tensor, then we get 
n(打])+ s(s+i)M 0, the equality holds if and only if the submersion 
has totally geodesic fibres.

Proof From (3-15) and (3-33) we get n(됴) + Wij + 끄淸 |幻2 = 

0, and so 双打1)+ $房1)M 0. It is clear from this that the equality 

holds if and only if |T|2 = 0. □

Proposition 3.4. Let n : M — B be a cosymplectic submersion 
with vanishing cosymplectic Bochner curvature tensor. Each fibre is 
an Einstein manifold if and only if g(Tv, Tw) = I- g(V, W) if s > 1.

Proof. Suppose that each fibre is an Einstein manifold. Then we 

have Ric(V,W) = cg(V, W). On the other hand, from (3.23) with 

N = 0, we get
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(3.38)

2nRic(V, W) + 2(n + s + 2)g(Tv, Tw)

-{t -代+ K }g(v,w) = 0 

I (n + s + 1)

It follows from (3.32) and (3.36) that

(s + 1)t = — - {(n2 + n — s2 — s)T

+ (n + s + 1)(n + s + 2)|T|2},

Substituting this into (3.38) yields

(3.39)

nRC(V, W) + (n + s + 2)g(Tv, Tw)

-={nT + (n + s + 2)|T|2}g(V, W) = 0, 

2s

which implies that

|T |2
g(^ ,tw ) = "一 g(V,W ).

2s

Conversely, suppose that g(TV, Tw) =〔一 g(V, W). Then we get 

from (3.37)

二——_____ T ____ _
Ric(V,W ) = 2-g(V,W), 

2s

which completes the proof. □
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