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INTUITIONISTIC (S,T)-FUZZY h-IDEALS OF 
HEMIRINGS

JlANMING ZHAN AND K.P. SHUM

Abstract. The concept of intuitionistic fuzzy set was first in­
troduced by Atanassov in 1986. In this paper, we define the in­
tuitionistic (S, T)-fuzzy left h-ideals of a hemiring by using an s- 
norm S and a t-norm T and study their properties. In particular, 
some results of fuzzy left h-ideals in hemirings recently obtained 
by Jun, Ozturk, Song, and others are extended and generalized 
to intuitionistic (S, T)-fuzzy ideals over hemirings.

1. Introduction.
Semirings and operators that preserve semiring matrix functions were 

studied by Beasley and Pullman in [5] and [6], in particular, they stud­

ied the matrices and their determinants over semirings. Although the 

ideals of semirings play a central role in the structure theory, the ideals 

of semirings do not in general coincide with the usual ring ideals and 

hence the usage of ideals in semirings is limited. In order to overcome 

the difficulty, Henriksen [11] defined a more restricted class of ideals in 

semirings, which is called the class of k-ideals, with the property that 

if the semiring X is a ring then a complex in X is a k-ideal if and only 

if it is a ring ideal. Another more restricted class of ideals in hemir­

ings was given by Iizuka [12]. However, in an additively commutative 

semiring X, Iizuka [12] also noticed that an ideal of such semirings 

coincides with the ideal in a ring if the semiring is a hemiring. We call
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this ideal the h-ideal of the hemiring X. The properties of h-ideals 

and also the k-ideals in hemirings were thoroughly investigated by La 

Torre [17] in 1965 and by using the h-ideals and k-ideals, he estab­

lished some analogues ring theorems for hemirings. Recently, Y.B.Jun 

and others [15] considered the fuzzification of h-ideals in hemirings and 

gave some properties. By considering the left h-ideals of a hemiring X , 

the fuzzy left h-ideals of X were investigated. Thus, some results of 

finite valued fuzzy left h-ideals and theirs characterization are given. 

In this paper, we introduce the intuitionistic (S, T)-fuzzy left h-ideals 

defined on intuitionistic fuzzy sets. By using these new fuzzy ideals 

and the new operations defined on the intuitionistic fuzzy sets , we are 

able to extend some results of fuzzy h-ideals in hemirings to intuition- 

istic (S,T)-fuzzy h-ideals of hemirings. We also give some properties 

of the intuitionistic (S, T)-fuzzy relations of a hemiring. In particular, 

we characterize the imaginable intuitionistic (S, T)-fuzzy left h-ideals 

of hemirings. For notations and terminology not given in this paper, 

the reader is referred to [2], [18],[19] and [20].

2. Preliminaries.
A semiring (X, +, •) is an algebraic system consisting of a non-empty 

set X together with two binary operations "+” and " • ” on X such 

that (X, +) is a semigroup reduct and (X, •) is also a semigroup reduct 

such that these two semigroups reducts are linked by distributive laws, 

that is , a(b + c) = ab + ac and (a + b)c = ac + bc , for all a,b,c 6 X. 

A semiring X is said to be additively commutative if a + b = b + a, 

for all a, b 6 X. In other words, the additive reduct (X, +) of the 

semiring (X, +, •) is a commutative semigroup. A zero element of a 

semiring (X, +, •) is an element 0 6 X such that 0 • x = x • 0 = 0 

and 0 + x = x + 0 = x for all x 6 X. By a hemiring, we mean an 

additively commutative semiring with zero. Ideals and fuzzy ideals 

of semirings have been recently obtained by many authors (see [1], 

[4],[8],[10],[12],[13-16],[19] and [20]).

We call a fuzzy set 〃 in a semiring X fuzzy left ideal if the following 

conditions are satisfied: (F1)叭x + y) > min {〃(x),〃(y)}, for all 

x, y 6 X; (F2) 〃(xy) > 〃(y), for all x, y 6 X. The concept of fuzzy 

right ideal of X can be defined dually. A fuzzy set 〃 in a semiring X 

is said to be an anti fuzzy left ideal of X if the following conditions are 
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satisfied: (AF1)卩(x + y) < max {〃(x),〃(y)} , for all x,y 6 X; (AF2) 

卩(xy) < 〃(y), for all x, y 6 X. If 〃 is a fuzzy left ideal of a hemiring 

X, then it is trival to see that 〃(0) > 〃(x), for all x 6 X. A left ideal 

A is called a left h-ideal of a hemiring X if x + a + z = b + z implies 

that x 6 A, for any x, z 6 X and a, b 6 A. Similarly, we can define the 

right h-ideals of a hemiring X. A fuzzy left ideal 卩 of a hemiring X is 

named fuzzy if x + a + z = b + z implies that 叭x) > min {〃(a),〃(b)} 
,for all a, b, x, z 6 X. Fuzzy right h-ideals can be similarly defined. 

The dual concept of fuzzy left h-ideal of X can be defined as follows: 

An anti-fuzzy left h-ideal 〃 of a hemiring X is an anti fuzzy left ideal 

of X if x + a + z = b + z implies that 〃(x) < max {〃(a),〃(b)} , for 

all a, b, x, z 6 X. Anti-fuzzy right h-ideals can be similarly defined .

Recall that the complement of a fuzzy set 〃 is defined by 论(x)= 

1 — 〃(x). For a 6 [0,1], the set U(〃； a) = {x 6 X | 〃(x) > a} is called 

an upper a-level cut of 〃 and the set L(〃； a) = {x 6 X | 〃(x) < a} 
is called a lower a-level cut of 〃 [18].

As it is well-known, any function 6 : [0,1] x [0,1] — [0,1] such 

that 6(x,y) = 6(y,x), 6(x,x) = x, 6(6(x,y),z) = 6(x,6(y,z)) and 

6(x,u) < 6(x,w) for all x, y, z, u, w 6 [0,1], where u < w is called 

an imaginable t-norm if 6(x, 1) = x, and an imaginable s-norm if 

6(1,1) = 1 and 6(x, 0) = x for all x 6 [0,1].

Throughout this paper, we will denote the t-norm and s-norm by 

T and S, respectively.

As an important generalization of fuzzy sets in X, Atanassov (see 

[2,3] ) introduced the concept of intuitionistic fuzzy sets defined on a 

non-empty set X which are the objects of the following form

A = {(x,aA(x),0a(x)) | x 6 X},

where the functions a a : X — [0,1] and 们:X — [0,1] denote the 

degree of membership and the degree of non-membership, respectively, 

and also the following inequality 0 < a^ (x) + 0a (x) < 1, for all x 6 X 

holds.

The intuitionistic fuzzy set A = (a& 0a) in a hemiring X satisfying 

the following conditions is called an intuitionistic fuzzy left h-ideal of 

X:

(IF1) aA(x + y) > min {aA(x),aA(y)}
and 0a(x + y) < max {0a(x),0A(y)} , for all x,y 6 X;
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(IF2) «A(xy) > «A(y) and S(xy) < /%(y), for all x,y e X;

(IF3) For all a,b,x,z e X, x + a + z = b + z implies 

«a(x) > min {a a (a), a a (b)} and 0a (x) < max {0A(a),0A(b)}.

3. Intuitionistic (S,T)-fuzzy left h-ideals.
Definition 3.1. (i) An intuitionistic fuzzy set A = (aA,0A) in a hemir­

ing X is called an intuitionistic fuzzy left h-ideal of X with respect to 

the t-norm T and the s-norm S (briefly, intuitionistic (S, T)-fuzzy left 

h-ideal of X ) if it satisfies the following three conditions:

(ISTF1) aA(x + y) > T(aA(x),aA(y))

and 0a(x + y) < S(0A(x),0A(y)) , for all x,y e X;
(ISTF2) aA(xy) > aA(y)

and 0a(xy) < 0a(y), for all x,y e X;

(ISTF3) For all a, b, x, z e X, x + a + z = b + z implies

aA(x) > T(aA(a),aA(b)) and 0a(x) < S(0A(a),0A(b)).
(ii) An intuitionistic (S, T)-fuzzy left h-ideal A = (aA,0A) of a 

hemiring X is said to be imaginable if aA and 0a satisfy the imaginable 

property.

Example 3.2. Consider a hemiring S = {0,1, 2, 3} with the following

Cayley tables:

+ 0 1 2 3 . 0 1 2 3

0 0 2 3 0 0 0 0 0

1 1 1 2 3 1 0 1 1 1

2 2 2 2 3 2 0 1 1 1

3 3 3 3 2 3 0 1 1 1

Define an intuitionistic fuzzy set A = (aA ,0a) as follows:

aA : X — [0,1] by letting °a(0) = 0.6 and °a(x) = 0.3 for all 

x = 0 ;

0a : X — [0,1] by letting 0a(0) = 0.3 and 0a(x) = 0.5 for all 

x = 0.

Let T be a t-norm which is defined by T(a, 0)=max{a + 0 — 1,0} 
and S an s-norm which is defined by S(a,0)=min{a + 0,1}, for all 

a,0 e [0,1]. Then by routine computation, we see that A = (aA,0a) 
is an intuitionistic (S, T)-fuzzy left h-ideal of X.
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Lemma 3.3. Every imaginable intuitionistic (S, T)-fuzzy left h-ideal of 

the hemiring X is an intuitionistic fuzzy left h-ideal.

Proof. Let A = (Qa,0a) be an imaginable intuitionistic (S,T)-fuzzy 

left h-ideal of X . Then we can check the following conditions:

(IF1) aA(x+y) > T(。厶3),。水；))and们(x+y) < S(0a(x),0a(;)), 

for all x, y 6 X. Since A = (aa, Pa) is imaginable, we have

min{aA(x),«A(y)} = T(min{aA(x),aA(y)},min{aA(x),aA(y)})

< T(«A(x),«A(y)) < min{«A(x),«A(y)},

that is, T(aA(x),aA(y))=min{aA(x),aA(y)}.

Similarly, we can show that

max{0A(x),0A(y)} = S (max{0A(x),0A(y)},max{0A(x),0A(y)})

> S(0a(x),0a(y)) > max{pA⑴顶A(y)},

that is, S(Pa(x),Pa(y))=max{^A(x),Pa(y)},

Hence, it follows that

qa(x + y) > T(«a(x),«a(y))=min{«A(x),«A(y)}
and Pa(x + y) < S(0a(x),0a(y))=max{0A(x),0A(y)}.

(IF3) Let x + a + z = b + z, x, z, a, b 6 X. Then, we have «a(x) > 
T(«a(a),«A(b)) and Pa(x) < S(Pa0),Pa(b)).

Since A = («a ,Pa) is imaginable, we can easily see that

T («a (a),PA(b))=min{«A(a),«A(b)}
and S(Pa(a),PA(b))=max{0A(a),PA(b)}.

Consequently, «a(x) > T(«A(a), «A(b))=min{aA(a), «A(b)} 
and Pa(x) > S(Pa(a),PA(b))=max{pA(a),0A(b)}.

Therefore, A = («a, Pa) is an intuitionistic fuzzy left h-ideal of X. 

□

Lemma 3.4.([15]). A fuzzy set 卩 in a hemiring X is a fuzzy left h-ideal 

of X if and only if the subset U(〃; a) , a 6 [0,1] is a left h-ideal of X 

whenever U(〃; a) = 0.

Lemma 3.5. A fuzzy set 卩 in X is an anti-fuzzy left h-ideal of X if 

and only if the subset L(〃; a), a 6 [0,1], of 〃 is a left h-ideal of X 

whenever L(〃; a) = 0.

Proof. The proof is similar to the proof of Lemma 3.4. □

We now characterize the intuitionistic (S, T)-fuzzy left h-ideals of a 

hemiring X.
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Theorem 3.6. If A =(。厶，们)is an imaginable intuitionistic fuzzy 

set in a hemiring X. Then A = (Qa,0a) is an imaginable intuition­

istic (S, T)-fuzzy left h-ideal of X if and only if the sets U(aa; a) 

and L(Ba; a) are left h-ideals of X, for every a E [0,1], whenever 

U(aA; a) = 0 = L(Da; a).

Proof. let A = (aA ,8a) be an intuitionistic (S,T)-fuzzy left h-ideal 

of a hemirng X. Then, by Lemma 3.3, A = (aA,8a) is an intuitionistic 

fuzzy left h-ideals of X. Hence, by Lemma 3.4 and 3.5, U(aA; a) and 

L(8a ; a) are left h-ideals of X.

Conversely, we know that A = (aA, 8a) is an intuitionistic fuzzy 

left h-ideal of X by Lemma 3.4 and 3.5. Now, we verify the following 

conditions.

(ISTF1) aA(x + y) > min{aA(x),aA(y)} > T(aA(x),aA(y))

and 8a(x + y) < max{0A(x),0A(y)} < S(0A(x),8A(y)), for all 

x,y E X;
(ISTF3 ) Let x, z, a, b E X such that x+a+z = b+z. Then aA(x) > 

min{aA(a),aA(b)} > T(aA(a),aA(b)) and 8a(x) < max{0A(a),8A(b)} 
< S(8a(^),8a(b)). This shows that A = (aA,8a) is an imaginable in­

tuitionistic (S, T)-fuzzy left h-ideal of X. □

Theorem 3.7. Let A = (aA, 8a) be an intuitionistic (S, T)-fuzzy left 

h-ideal of the hemiring X . Then

aA(x) = sup {a E [0,1]|x E U (aA; a)}
and 8a (x) = inf {a E [0,1]|x E L(8a； a)}, for all x E X.

Proof. Let 6 = sup{a E [0,1]|x E U(aA； a)} and c > 0 . Then, we 

can easily see that 6—e < a, for some a E [0,1] such that x E U(aA； a). 

This leads to 6 — e < aA (x) and hence 6 < aA (x) because e is arbitrary.

We now show that °a(x) < 6. If °a(x) = 8, then x E U(aA ； 8) 

and so 8 E {a E [0,1]|x E U(aA； a)}. Thus, we have °a(x) = 6 < 
sup{a E [0,1]|x E U(aA； a)} = 6. Consequently, we can deduce that 

aA(x) = 6 = sup{a E [0,1]|x E U(aA； a)}.

Now, let n = inf {a E [0,1]|x E L(8a； a)}. Then, we have inf {a E 
[0,1]|x E L(8a； a)} < n + G for any e > 0, and so a < n + G for some 

a E [0,1] with x E L(8a； a). Since 8a(x) < a and c is arbitrary, we 

obtain that 8a(x) < n.

In order to prove that 8a(x) > n, we let 8a(x) = £. Then we have 

x E L(8a； £) and so we obtain that £ E {a E [0,1]|x E L(8a； a)}.
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Hence inf {a E [0,1]|x 6 L(8a； a)} < £, i.e., n J £ = 0a(x). Conse­

quently, we see that @a (x) = n = inf {a 6 [0,1]|x 6 L(0a； a)}. This 

completes the proof. □

Definition 3.8. Let f be a mapping which maps X to XL If A = 

(aA, Pa) is an intuitionistic fuzzy set in X', then the inverse image 

of A under f, denoted by f-1(A), is an intuitionistic fuzzy set in X, 

defined by f-1(a) = (f-1(aA),f-1(pA)).

Theorem 3.9. Let f : X — Xf be a homomorphism of hemirings. If 

A = (aA, Pa) is an intuitionistic (S,T)-fuzzy left left h-ideal of XL 
Then the inverse image f-1(A) = (f-1(aA), f-1(Pa)) of A under f is 

an intuitionistic (S, T)-fuzzy left h-ideal of X.

Proof. Let A = (aA, Pa) be an intuitionistic (S, T)-fuzzy left h-ideal 

of Xf and x, y 6 X. We need only check the following conditions hold:

QSTFD f-1(aA)(x + y) = aA(f (x + y)) = aA(f (x) + f (y))
> T(aA(f (x)),aA(f (亦)=T(f-1(aA)(x),f-1(aA)(y))

and f-1(pA)(x + y) = pA(f (x + y)) = pA(f (x) + f (y))

< S(pA)(f (x)),pA(f (y))) = S(f-1(pA)(x),f-1(pA)(y));

(ISTF2) f-1(aA)(xy) = aA(f(xy)) = aA(f(x)f(y))

> aA(f (y)) = f-1(aA)(y)
and f-1(pA)(xy) = pA(f (xy)) = pA(f (x)f (y))

< pA(f (y)) = f-1(pA)(y);

(ISTF3) Let x + a + z = b + z for x, z, a, b 6 X . Then f (x) + f (a) + 
f (z) = f (b) + f (z). Hence, it follows that

f -1(aA )(x) = aA (f (x))
> T(aA(f (a)),aA(f (b))) = T(f-1(aA)(a),f-1(aA)(b))

and f-1(pA(x)) = pA(f (x))

< S(PA(f (a)),PA(f (b))) = S(f-1(Pa(a)),f-1(Pa(b))).

Thus f-1(A) = (f-1(aA), f-1(Pa) is an intuitionistic (S, T)-fuzzy 

left h-ideal of X. 口

4. Intuitionistic (S, T)-fuzzy relations.
In this section, we study the intuitionistic(S, T)-fuzzy relations and 

extend some results of Jun. Ozturk and Song [15] from fuzzy h-ideals 

in hemirings to intuitionistic (S, T)-fuzzy h-ideals in hemirings.
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Definition 4.1. An intuitionistic fuzzy set A = (Qa,0a) is called an in­

tuitionistic fuzzy relation on any set X if «a and 0a are fuzzy relations 

on X.

Definition 4.2. Let A = («a,0a) and B = (a$,0b) be intuitionstic 

fuzzy sets on a set X. If A = («a ,0a) is an intuitionistic fuzzy 

relation on a set X , then A = («a ,0a) is called an intuitionistic 

(S, T)-fuzzy relation on B = («b,0b) if «a(x, y) < T(«b(x), «b(y)) 

and 0a(x, y) > S(0b(x),0b(y)) for all x,y 6 X.

Definition 4.3. The intuitionistic Cartesian product with (S, T)-norm 

of A and B, denoted by A x B, is an intuitionistic fuzzy set in X, 

which is defined by

A x B = (aA, 0A) x (aB ,0B) = (aA x aB ,0A x 0B),
where

(«ax«b)(x,y) = T(«a(x),«b(y)) and (0ax0b)(x,y) = S(0a(x),0b(y)) 

hold for all x, y 6 X.

Lemma 4.4. If A = (aa, 0a) and B = («b,0b) are intuitionistic fuzzy 

sets in a set X . Then we have

(i) A x B is an intuitionistic (S, T)-fuzzy relation on X;

(ii) U(aa x «b; a) = U(«a； a) x U(«b; a); and L(0a x 0b; a)= 

L(0a； a) x L(0b; a) for all a 6 [0,1].

Definition 4.5. If A = (qa,0a) and B = (a$,0b) are intuitionistic 

fuzzy sets in a set X, then the strongest intuitionistic (S, T)-fuzzy 

relation on X that is an intuitionistic (S, T)-fuzzy relation on B is 

Ab , defined by

AB = (aAaB , 0A电),
where aAaB (x,y) = T (aB (x),aB (y))and 0a細(x,y) = S (0b (x),0b (y)), 

for all x, y 6 X.

Lemma 4.6. For the intuitionistic fuzzy sets A = (aA,0A)and B = 

(aB ,0b) in a set X, let Ab be the strongest intuitionistic (S, T)-fuzzy 

relation X. Then for any a 6 [0,1], we have

U(aA„B ； a) = U(aB； a)xU(a$； a); L(0a电;a) = L(0b； a)xL(0B; a).
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Lemma 4.7. For the given intuitionistic fuzzy sets A = (Qa,0a) and 

B = («b 用b) in a hemiring X, let Ab be the strongest intuitionistic 

(S, T)-fuzzy relation on X. If Ab is an imaginable intuitionistic (S, T)- 

fuzzy left h-ideal of X x X, then we have a^(a) < «a(0) and 0a(q) > 
0a(0), for all a E X.

Lemma 4.8. For all a,0,d,Y E [0,1], we have

T(T(a, 0),T(y, 5)) = T(T(a, 7),T(0, d));

S (S (a,0 ),S (y,5)) = S (S (a,Y ),S (0,5)).

By using the above lemmas we have the following theorem.

Theorem 4.9. If A = (a&0A)and B = (a$ ,0b) are intuitionistic 

(S, T)-fuzzy left h-ideals of a hemiring X, then A x B is an intuition­

istic (S, T)-fuzzy left h-ideal of X x X.

Proof. Let x = (xi, X2) and y = (yi,y2)be elements of X x X. Then 

we can verify the following conditions:

(ISTF1) (qa x aB)(x + y) = (aA x qb)((xi,X2)+ (yi,y2))

=(qa x qb)(xi + yi,X2 + y2)

=T(qa(xi + yi), qb(X2 + y2))

> T(T(qa(xi), aA(yi)), T(qb(X2),Qb(y2)))

=T(T(qa(xi), qb(x2)),T(aA(yi), qb(y2)))

=T((qa x Qb)(xi, X2), (qa x Qb)(yi,y2))

=T((qa x Qb)(x), (qa x qb)(y))

and (0A x 0B)(x + y) = (0a x 0b)((xi,X2)+ (yi,y2))
=(0A x 0B)(xi + yi,X2 + y2)

=S (0A (xi + yi),0B (X2 + y2))

< S(S(0A(xi),0A(yi)),S(0B(x2),0B(y2)))
=S (S (0A(xi ),0B (x2 )),S (0A (yi),0B (y2)))

=S ((0A x 0b )(Xi ,X2), (0A x 0b )(yi,y2))

=S((0A x 0b)(X), (0a x 0b)(y));

(IFST2) (qa x qb)(xy) = (qa x qb)((xi,X2)(yi,y2))

=(qa x Qb)(xiyi,X2y2)

=T (qa(xi yi),QB (X2y2))
> T(aA(yi),QB(y2))

=(qa x qb)(yi,y2)

=(qa x Qb)(y)
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and (Pa x)(xy)=(仞 x)((xi,X2)(yi,切))

=(Pa x Pb)(xiyi,X2切)

=S (Pa (xiyi),PB (x y)
< S(pA(yi),pB(y2))

=(pA x pB)(yi,y2)

=(Pa x Pb )(y)

(ISTF3) Let x = (xi, x2), z = (zi, z2), a = (ai, a2) and b = (bi, b2).

Suppose that x + a + z = b + z. Then

(xi,X2) + (ai, a2) + (zi,Z2) = (bi, b?) + (zi, Z2), and so xi + ai + zi = 

bi + zi and x2 + a2 + z2 = b2 + z2 . It follows that

(aA x qb)(x) = (aA x qb)(xi,x2)= T(qa(xi), Qb(x2))
> T(T(qa(ai),aA(bi)),T(qbS), Qb妁))

=T(T(aA(ai), Qb(闽)),T(aA0i),Qb也)))

=T((aa x qb)(ai,a2), (qa x Qb)(bi, bz))

=T((qa x qb)(a), (qa x qb)(b))

and (Pa x Pb)(x) = (Pa x Pb)(xi,x2)= T(Pa(xi),Pb(x2))

< S(S(PA(ai),PA(bi)),S(Pb3),Pb(b2)))

=S (S (PA(ai ),Pb (a2 )),S (Pa0i ),Pb (b2)))

=S((Pa x Pb)(ai,a2), (Pa x Pb)(bi也))

=S((Pa x Pb)(a), (Pa x Pb)(b)).

This shows that A x A is an intuitionistic (S, T)-fuzzy left h-ideal 

of X x X. 口

Corollary 4.10. If A = (qa, pA) and B = (qb, pB) are imaginable intu­

itionistic (S, T)-fuzzy left h-ideal of X. Then A x B is an imaginable 

intuitionistic (S, T)-fuzzy left h-ideal of X x X.

Proof. By Theorem 4.9, A x B is an intuitionistic (S, T)-fuzzy left 

h-ideal of X x X. Now, let x = (xi, x2) G X x X. Then we can easily 

verify that

T((qa x qb)(x), (qa x qb)(x))

=T((qa x Qb)(xi,x2), (qa x Qb)(xi,x2))

=T(T(Qa(xi), Qb(x2)),T(Qa(xi),Qb(x2)))
=T(T(Qa(xi), Qa(xi)), T(qb(x2),Qb(x2)))

=T (qa(xi ),Qb (x2))
=(qa x Qb)(xi,x2)
=(qa x Qb)(x);

and S((Pa x Pb)(x), (Pa x Pb)(x))
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=S((仞 X Pb)(X1, X2), (Pa X Pb)(X1, X2))

=s(S(Pa(xi),Pb(X2)), S(Pa(xi),Pb(吻)))

=S (S (Pa(xi),Pa (X1)), S (Pb (x2),Pb (X2)))

=S (Pa (xi),Pb (X2))

=(Pa X Pb)(X1 ,X2)

=(Pa X Pb)(x).
Hence, A X B is indeed an imaginable intuitionistic (S, T)-fuzzy left 

h-ideal of X X X. 口
The following therorem characterizes the imaginable intuitionistic 

(S, T)-fuzzy left h-ideals in a hemiring X.

Theorem 4.11. Let A = («a,Pa) and B = («b, Pb) be imaginable 

intuitionistic fuzzy left h-ideal of a hemiring X and Ab the strongest 

intuitionistic (S, T)-fuzzy relation on X. Then B = («b, Pb) is an 

imaginable intuitionistic (S, T)-fuzzy left h-ideal of X if and only if 

Ab is an imaginable intuitionistic (S, T)-fuzzy left h-ideal of X X X.

Proof. Let B = («b, Pb) be an imaginable intuitionistic (S, T)-fuzzy 

left h-ideal of the hemiring X. Write x = (x1,X2),y = (^1,^2) E 
X X X. Then by using Lemma 4.7-4.8, we can verify the following 

conditions:

(ISTF1) qa.b (X + y)

=aAaB ((x1,x2) + (y1,y2)) = aAaB (x1 + y1,x2 + y2)
=T(qb(X1 + y1), qb(x2 + y2))

> T(T(qb(X1), Qb(y1)),T(qb(X2), QbS)))

=T(T(qb(X1), Qb(X2)),T(qb(y1), Qb(02)))

=T (aAaB (x1,x2 ),aAaB (y1,y2))
=T (aAaB (x),aA«B (y 方；

and pA細(x + y)

=pA細((x1 ,x2) + (y1,y2)) = pA細(x1 + y1,x2 + y2)

=S (Pb (X1 + 01),Pb (X2 + y2))

< S(S(PB(x1),pB(y1)),S(pB(x2),pB(y2)))
=S (S (PB (x1 ),pB (x2 )),S (pB (y1),pB (y2)))
=S (pA 电(x1 ,x2),pA，％ (y1,y2))
=S (pA 电(x),pA 电(y 方；

(ISTF2) %、(xy)

=aAaB ((x1，x2)(y1,y2)) = aAaB (x101,x2y2)
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T(QB(Xiyi),QB(X2y2))

> T (aB (yi),aB (g

=aAaB (yi,y2)

=aAaB (y)

and PaPb (xy)

=I3abb ((xi，x2)(yi,y2)) = 0Aj3B (xiyi，x2y2)

S (Pb (Xiyi),0B (X2y2))
< S(pB(yi),pB(y2))

="(yi,y2)

=0A& (y);

(ISTF3) Let a = (ai,^2),6 = (bi, 62),x = (xi,x2) and z = (zi, Z2) 6 
X x X. If x + a + z = b + z,

then xi + ai + zi = bi + zi and X2 + a2 + z2 = 62 + z2.

Hence, qa^b (x)

=«A«b (Xi,X2) = T(qb(xi),Qb(x2))

> T(T(qb(ai), Qb(bi)),T(qbS), Qb(62)))
=T(T(qb(ai), Qb(a2)),T(qb(bi), Qb02)))

=T (aAaB (ai,a2),aA«B (bi ,b2))
=T"B (a),aAaB (b))
and PaPb (x)

=Pa@b (xi ,x2) = S (Pb (xi ),Pb (x2))

< S(S(Pb(ai),PB(bi)),S(Pb(a2),PB也)))

=S (S (Pb (ai ),Pb (a2)),S (Pb (S),Pb (b2)))

=S (pAg (ai ,a2),pA0B (bi ,b2))

=S(Pa’b (a),PA0B (b)).

This shows that, Ab is an intuitionistic (S, T)-fuzzy left h-ideal of 

X x X.

For any x = (xi,x2) 6 X x X, by using Lemma 4.7-4.8, we can 

show that

T(心。仔(x),QAaB (x))
=T (QAaB (xi,x2 ),aAaB (xi ,x2))

=T(T(qb(xi), Qb(x2)),T(qb(xi), Qb(x2)))

=T(T(qb(xi), Qb(xi)),T(qb(x2),«B(x2)))

=T (qb (xi ),Qb (x2))

= QAaB (xi,x2)
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= aAaB (X)

and S(仞聞(£)而兴(x))

=S(膈B (x1,x2),^A^B (x1,x2))
=S (S (Pb (X1),0B (X2)),S (Pb (xi ),Pb (X2 )))

=S (S (Pb (xi ),Pb (xi )),T (Pb (x2),Pb (X2)))

=S (Pb (xi ),Pb (x2))

=PA細(x1,x2)

=PApB (x).

Hence, Ab is an imaginable intuitionistic (S, T)-fuzzy left h-ideal 

of X x X.

To prove the converse of the theorem we need prove the conditions 

(ISTF1)-(ISTF3) hold. Let Ab be an imaginable intuitionistic (S, T)- 

fuzzy left h-ideal of X x X. Then, for x, y 6 X, we can show that:

(ISTF1) «b(x + y) = T(aB(x + y),«b(x + y))

=aAaB (x + y,x + y)
=aAaB ((x,x) + (y,y))

> T (aAaB (x,x),aAaB (y,y))

> T(T(aB(x), aB(x),T(qb(y),«B(y)))

=T (qb (x),qb (y))

and Pb(x + y) = S(Pb(x + y),Pb(x + y))

=pApB (x + y,x + y)

=pA期((x,x) + (y,y))

< S"B(x,x),pA0B(y,y))

< S(S(pB(x),pB(x),S(pB(y),pB(y)))

=S (pB (x),pB (y));
(ISTF2) qb (xy)

=T (qb (xy ),qb (xy))

=QAaB ((x,x)(y,y))

> QAaB (y,y)

=T (qb (y),aB (y))

=qb (y)
and Pb (xy)

=S (pB (xy ),pB (xy))

=pA电((x,x)(y,y))

< pA聞(y,y)
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=S (」3b (y),^ (y))

=Pb (y);
(ISTF3) Suppose that x + a + z = b + z a,b,x,z 6 X. Then we 

have (x, x) + (a, a) + (z, z) = (b, b) + (z, z). Since Ab is an imaginable 

intuitionistic (S, T)-fuzzy left h-ideal of X x X, we have

«b(x) = T(«b(x), «b(x))

=^AaB (x, x)
> T (aAaB (a,a),aAaB (b,b))
=T(T(qb(a), Qb(a)),T(qb(b), Qb(b)))

=T (qb (a),aB (b))

and Pb(x) = S(Pb(x),Pb(x))

=pA細(x, x)

< S"B (a,a),pA聞(b,b))
=S (S (Pb (a),PB (a)),S (Pb (b),0B (b)))

=S (Pb (a),PB (b)).

This shows that conditions (ISTF1)-(ISTF3) hold and hence B = 

(«b, Pb) is an imaginable intuitionistic (S, T)-fuzzy left h-ideal of X.

□

Definition 4.12. If A = («a , Pa) and B = («b , Pb) are imaginable 

intuitionistic fuzzy sets in any set X, then the intuitionistic (S, T)- 

product of A and B, denoted by [A • B](s,t), is defined by

[A • 이(S,T) = [(aA,pA) • (aB,pB)](S,T)

=([aA • aB], [pA • pB])(S,T)

=([aA • aB]T, [pA • pB]S)

where [«a^^b]t(x) = T(%a(x),«b(x)) and [Pa，Pb]s(x) = S(Pa(x),Pb(x)) 

for all x 6 X.

Theorem 4.13. If A = («a, Pa) and B = («b, Pb) are imaginable in­

tuitionistic (S, T)-fuzzy left h-ideals of a hemiring X. If T*( resp. S*) 

is a t-norm (resp. s-norm) which dominates T (resp. S) , that is,

T*(T(a,P),T(財))> T(T*(。点),T*(P,d))

and S*(S(a,P),S(7,5)) < S(S*(a,Y),S*(P,d)) 

for all a, P, y, 6 6 [0,1].
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Then for the intuitionistic (S * ,T *)-product of A and B, [A- B](s*,t *) 
is an intuitionistic (S, T)-fuzzy left h-ideal of X.

Proof. Let x,y 6 X, then we have

(ISTF1) [qa • aB]t * (x + y) = T*(aA(x + y),aB(x + y))

> T*(T(aA(x),aA(y)),T(qb(x), qb(y)))

> T(t*(qa(x), qb(x)),t*(aA(y),aB(y)))

=T([qa • Qb]t * (x), [qa • Qb]t * (y))

and [0A • 0b]s * (x + y) = S*(0a(x + y),0B(x + y))

< S*(S(仞(x),0A(y)),S(]3b(x),0b(y)))

< S(S*(0a(x),0b(x)),S*(0A(y),0B(y)))

=S([仞• 0b]s * (x), Wa • 0b]s * (y));

(ISTF2) [qa • Qb]t * (xy) = T*(aA(xy),Qb(xy))

> T*(QA(y),QB(y)) = [qa • qb]t * (y)

and [0a • 0b]s * (xy) = S*(0a(xy),0B(xy))

< S*(0A(y),0B(y)) = [0a • 0b]s * (y);

(ISTF3) Let x, z, a, b 6 X be such that x + a + z = b + z. Then

[qa • Qb]t * (x) = T*(qa(x),qb(x))

> T*(T(QA(a),QA(b)),T(qb(a), qb(b)))

> T(T*(QA(a), qb(a)),T*(QA(b), qb(b)))

=T([qa • qb]t * (a), [qa • qb]t * (b))

and [0a • 0b]s * (x) = S*(0a(x),0b(x))

< S*(S(0A(a),0A(b)),S(0b(a),0B(b)))

< S(S*(0a(a),0B(a)),S*(0A(b),0B(b)))

=S([0a • 0b]s * (a), [0a • 0b]s * (b)).

Therefore [A • B](s*,t*)is an intuitionistic (S, T)-fuzzy left h-ideal 
of X. 口 ’

Let f : X — X' be an onto homomorphism of hemirings. Let T 

(resp. S) and T* (resp. S*) be the t-norms (resp. s-norms) such 

that T* (resp. S*) dominates T (resp. S). If A = (qa,0a) and 

B = (qb , 0b) are imaginable intuitionistic fuzzy left h-ideal of X', 

then for the intuitionistic (S*, T*)-product of A and B, [A • B](s*,t*) 
is an intuitionistic (S, T)-fuzzy left h-ideal of X'. Since every onto 

homomorphic inverse image of an intuitionistic (S, T)-fuzzy left h- 

ideal is an intuitionistic (S, T)-fuzzy left h-ideal, the inverse images 
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f-1(A), f-1(B), and f-1([A . 이(s*,t*)) are also intuitionistic (S, T)- 

fuzzy left h-ideals of X. In the final theorem we describe the rela­

tions between f-1([A• B](s*t*)) and the intuitionistic (S*,T*)-product 

[f-1(A) • ft(B)](s*,t*)of fT(A) and f-1(B).

Theorem 4.14. Let f : X — Xf be an onto homomorphism of hemir­

ings. Let T* (resp. S*) be a t—norm (resp. s-norm ) such that T* 

(resp. S*) dominates T (resp. S). If A = (aA,8a) and B = (ap,8b) 

are intuitionistic (S, T)-fuzzy left h-ideals of X', then for the intuition­
istic (S*,T*)-product [A • B](s*,t*)of A and B and the intuitionistic 

(S*,T*)-product [f-1(A) • f-1(B)](s*,t*)of f-1(A) and f-1(B), we 

have

f-1([A • B](s*,t*)) = [f-1 (A) • f-1(b)](s*,t*)
Proof. Let x 6 X. Then, by computation, we have

f-1([aA • aB]T*)(x) =([aA • aB]T*)(f (x)) =T*(aA(f (x)),aB(f (x))) 
=T*(f-1(aA)(x),f-1(aB)(x)) =[f-1(aA) • f-1(aB)]T * (x)；

and f t([8a・8b]s*)(x) =([8a•Pb]S*)(f (x)) =S*(8A(f (x)),8B(f (x))) 
=S*(f-1(8a)(x),f-1(8b)(x)) =[f-1(8a) • f-1(8b)]s * (x).

Hence, f-1([A • 이(s*,t*)) = [f-1(A) • f-1(B)](s*,t*). 口
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