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INTUITIONISTIC (S, T)-FUZZY h-IDEALS OF
HEMIRINGS

JIANMING ZHAN AND K.P. SHUM

ABSTRACT. The concept of intuitionistic fuzzy set was first in-
troduced by Atanassov in 1986. In this paper, we define the in-
tuitionistic (S, T')-fuzzy left A-ideals of a hemiring by using an s-
norm S and a t-norm T" and study their properties. In particular,
some results of fuzzy left h-ideals in hemirings recently obtained
by Jun, Oztirk, Song, and others are extended and generalized
to intuitionistic (S, T')-fuzzy ideals over hemirings.

1. Introduction.

Semirings and operators that preserve semiring matrix functions were
studied by Beasley and Pullman in [5] and [6], in particular, they stud-
ied the matrices and their determinants over semirings. Although the
ideals of semirings play a central role in the structure theory, the ideals
of semirings do not in general coincide with the usual ring ideals and
hence the usage of ideals in semirings is limited. In order to overcome
the difficulty, Henriksen [11] defined a more restricted class of ideals in
semirings, which is called the class of k-ideals, with the property that
if the semiring X is a ring then a complex in X is a k-ideal if and only
if it is a ring ideal. Another more restricted class of ideals in hemir-
ings was given by lizuka [12]. However, in an additively commutative
semiring X, lizuka [12] also noticed that an ideal of such semirings
coincides with the ideal in a ring if the semiring is a hemiring. We call
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this ideal the A-ideal of the hemiring X. The properties of h-ideals
and algo the A-ideals in hemirings were thoroughly investigated by La
Torre [17] in 1965 and by using the h-ideals and A-ideals, he estab-
lished some analogues ring theorems for hemirings. Recently, Y.B.Jun
and others [15] considered the fuzzification of A-ideals in hemirings and
gave some properties. By considering the left i-ideals of a hemiring X
the fuzzy left h-ideals of X were investigated. Thus, some results of
finite valued fuzzy left h-ideals and theirs characterization are given.
In this paper, we introduce the intuitionistic (S, T')-fuzzy left h-ideals
defined on intuitionistic fuzzy sets. By using these new fuzzy ideals
and the new operations defined on the intuitionistic fuzzy sets , we are
able to extend some results of fuzzy h-ideals in hemirings to intuition-
istic (S, T)-fuzzy h-ideals of hemirings. We also give some properties
of the intuitionistic (S, T )-fuzzy relations of a hemiring. In particular,
we characterize the imaginable intuitionistic (S, T)-fuzzy left h-ideals
of hemirings. For notations and terminology not given in this paper,
the reader is referred to [2], [18],[19] and [20)].

2. Preliminaries.

A semiring (X, +,-) is an algebraic system consisting of a non-empty
set, X together with two binary operations “+7 and “-7 on X such
that {X, +) is a semigroup reduct and (X, ) is also a semigroup reduct
such that these two semigroups reducts are linked by distributive laws,
that is , a(b + ¢) = ab+ ac and (a + b)c = ac + be |, for all a.b,c € X.
A semiring X is said to be additively commutative if a +b= b+ a,
for all a,b € X. In other words, the additive reduct (X,+) of the
semiring (X, +,-) is a commutative semigroup. A zero element of a
semiring (X, +,-) is an element 0 € X such that 0.2 =20 =0
and 0 +x =24+ 0=z for all x € X. By a hemiring, we mean an
additively commutative semiring with zero. Ideals and fuzzy ideals
of semirings have been recently obtained by many authors {see [1],
[4],[8],[10],[12],[13-16],[19] and [20]).

We call a fuzzy set p in a semiring X fuzzy left ideal if the following
conditions are satisfied: (F1} p{x + y) > min {g{x). u(y)}, for all
x.y € X (F2) p(zy) > ply), for all z,y € X. The concept of fuzzy
right ideal of X can be defined dually. A fuzzy set p in a semiring X
is said to be an anti fuzzy left ideal of X if the following conditions are



INTUITIONISTIC (S, T)-FUZZY h-IDEALS OF HEMIRINGS 95

satisfied: (AF1) p(z+y) < max {u{x), pu(y)} , for all z,y € X; (AF2)
wlxy) < ply), for all &,y € X. If p is a fuzzy left ideal of a hemiring
X, then it is trival to see that p{0) > p{x), for all z € X. A left ideal
A is called a left h-ideal of a hemiring X if x + a + 2 = b + > implies
that x € A, for any x, v € X and a,b € A. Similarly, we can define the
right h-ideals of a hemiring X . A fuzzy left ideal y of a hemiring X is
named fuzzy if x4+ a+ 2z = b+ = implies that p(x)} > min {p{a), u(b)}
,for all a,b,z,2 € X. Fuzzy right h-ideals can be similarly defined.
The dual concept of fuzzy left h-ideal of X can be defined as follows:
An anti-fuzzy left h-ideal p of a hemiring X is an anti fuzzy left ideal
of X if x +a+ 2= b+ z implies that u{(x) < max {u{a), u(b}} , for
all @,b,x,2 € X. Anti-fuzzy right h-ideals can be similarly defined .

Recall that the complement of a fuzzy set p is defined by Zi(x) =
1—p{x). For «v € [0, 1], the set U{p; ) = {x € X | p{x) > a} is called
an upper a-level cut of g and the set L{p; ) = {o € X | p(z) < «}
is called a lower a-level cut of g [18].

As it is well-known, any function § : [0,1] x [0,1] — [0,1] such
that é(r,y) = dy,x), Mz, x) = x, d(é(x,y),2) = &z, 3y, 2)) and
r,u) < Hayw) for all z,y, z,u,w € [0,1], where © < w is called
an imaginable t-norm if 6{x,1) = x, and an dmaginaeble s-norm if
6(1,1) =1 and &{x,0) = z for all z € [0,1].

Throughout this paper, we will denote the {-norm and s-norm by
T and S, respectively.

As an important generalization of fuzzy sets in X, Atanassov (see
[2,3] ) introduced the concept of intuitionistic fuzzy sets defined on a
non-empty set X which are the objects of the following form

A= {(x,aa(x), Balx)) | x € X},

where the functions «gq : X — [0,1] and 84 : X — [0, 1] denote the
degree of membership and the degree of non-membership, respectively,
and also the following inequality 0 < aq{x) + G4(x) < 1, forallz € X
holds.

The intuitionistic fuzzy set A = (@4, 34) in a hemiring X satistying
the following conditions is called an intuitionistic fuzzy left h-ideal of
X

(IF1} cca(x +y) 2 min {aa{z), aa(y)}

and Ba(r + y) < max {Ba(x), Baly)} , for all z,y € X;
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(IF2) aslzy) > aaly) and Ba(zy) < Baly), for all 2.y € X;;
(IF3} For all a,b, 0,2 € X, x +a+ 2 = b+ z implies
as(r) > min {a@s{a),as(b)} and 34(r) < max {B4{a), 3a(d)}.

3. Intuitionistic (5,T)-fuzzy left h-ideals.
Definition 3.1. (i) An intuitionistic fuzzy set A = {4, F4) in a hemir-
ing X is called an intuitionistic fuzzy left h-ideal of X with respect to
the t-norm T and the s-norm S (briefly, intuitionistic (S, T)-fuzzy left
h-ideal of X) if it satisfies the following three conditions:

(ISTF1) cvalz +y) > T{aa(x), caly))

and Ba{x +y) < S(Ba(x),Baly)) , forall x,y € X;

(ISTF2) cea(xy) > aaly)

and Fa{xy) < Baly), for all x,y € X;

(ISTF3} For all a,b,x,2 € X, x+a+ 2z = b+ z implies

ax(x) 2 T{aala), as(b)) and Bu(x) < 5(Bala), Ba(b)).

(i) An intuitionistic (S,T)-fuzzy left h-ideal 4 = {a4,54) of a
hemiring X is said to be imaginable if a4 and B4 satisfy the imaginable
propetty.

Example 3.2. Consider a hemiring S = {0, 1,2, 3} with the following
Cayley tables:

+(0 123 |01 23
070123 0[0000
1{1 123 1|o111
212223 200111
313 33 2 3|01 11

Define an intuitionistic fuzzy set A = {4, 34) as follows:

asq @ X — [0,1] by letting @4(0) = 0.6 and a4(x) = 0.3 for all
r#0;

Ba : X — [0,1] by letting 84(0) = 0.3 and Ba{x) = 0.5 for all
x#0.

Let T be a t-norm which is defined by 7(«, f)=max{a + 5 — 1,0}
and S an s-norm which is defined by S{«, f)=min{« + 3,1}, for all
a, 3 € [0,1]. Then by routine computation, we see that A = (a4, 34)
is an intuitionistic (5, T)-fuzzy left h-ideal of X.
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Lemma 3.3. Every imaginable intuitionistic (S, T)-fuzzy left k-ideal of
the hemiring X is an intuitionistic fuzzy left h-ideal.
Proof. Let A = (a4, 34) be an imaginable intuitionistic (S, T)-fuzzy

left h-ideal of X. Then we can check the following conditions:

(IF1) calz+y) > Tlaalx), aaly)) and Balz+y) < S(Bale), Baly)),
for all &,y € X. Since A = («4.84) is imaginable, we have

min{a4(xr), 24{(y}} = T{min{a4{(z), aaly) }, min{ea(x), aa{y)})

< Tlaafx), aa(y)) < min{aa{x), aa(y)},

that is, T(ca(x), a4(y))=min{ca(x}, aa{y)}.

Similarly, we can show that

max{Ba (). Ba(v)} = Smax{Ba(@), Ba(y)} maxd Ba(x). fa(y)})

> S(Balx), Baly)) = max{B4(x), Baly)},

that is, S(Ba(x), Baly))=max{Ba{x). Ba(y)},

Hence, it follows that

calr +) 2 Tlaa(@), aaly) =minfoa(z), as(y)}

and Ba(x + y} < S(Balx), Baly))=max{Balx}, Baly}}

(IF3) Let t+a+2=5b+ 2, x,2,a,b € X. Then, we have a4{x) >
T(aala),x4(b)) and Ja(xr) < S(Bala), Ba(b)).

Since A = (a4, Fa) is imaginable, we can easily see that

T(aala), Ba(b))=min{a s{a), ca(b)}

and S{34(a), Ba(b))=max{Ba(a), 34(b)}.

Consequently, aa(z) > T(wala), aa(d))=min{ca(a), as(d)}

and B4(z) = S(Bala), Ba(b))=max{Ba(a), B4(b)}.

Therefore, A = (a4, 34) is an intuitionistic fuzzy left h-ideal of X.
O

Lemma 3.4.{[15]}). A fuzzy set g in a hemiring X is a fuzzy left h-ideal
of X if and only if the subset U(g; o) , o« € [0,1] is a left h-ideal of X
whenever U{p; «r) # 0.

Lemma 3.5. A fuzzy set g in X is an anti-fuzzy left A-ideal of X if
and only if the subset L(y;a), o € [0,1], of g is a left h-ideal of X
whenever L(y; o) # 0.

Proof. The proof is similar to the proof of Lemma 3.4. (J

We now characterize the intuitionistic (S, T)-fuzzy left h-ideals of a
hemiring X.
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Theorem 3.6. If A = (a4, F4) is an imaginable intuitionistic fuzzy
set. in a hemiring X. Then 4 = («4,34) is an imaginable intuition-
istic (S,T)-fuzzy left h-ideal of X if and only if the sets U(aq; )
and L{34;a) are left h-ideals of X, for every a € [0,1], whenever
Uag; o) #0 # L{B4; a).

Proof. let A = (a4, 34) be an intuitionistic (S, T )-fuzzy left h-ideal
of a hemirng X. Then, by Lemma 3.3, A = (a4, $4) is an intuitionistic
fuzzy left h-ideals of X. Hence, by Lemma 3.4 and 3.5, U{a4; ) and
L(B4; o) are left h-ideals of X.

Conversely, we know that 4 = (a4, 54) is an intuitionistic fuzzy
left h-ideal of X by Lemma 3.4 and 3.5. Now, we verify the following
conditions.

(ISTFL) as(z +y) = minfaa(x), as(y)} 2 T(aa(), @)

and J4(r + y) < max{fa{x),B4(y)} < S(Balx),Ba(y)), for all
.y € X,

(ISTF3 ) Let x, 2, a,b € X such that x+a+z = b+2z. Then ca{x) >
min{ca(a), as(b)} > T{as{a), aa(b)) and Sa(x) < max{Fa{a). Sa(b}}
< S(Bala), Ba{b)). This shows that 4 = (a4, G4) is an imaginable in-
tuitionistic (S, T)-fuzzy left A-ideal of X. O

Theorem 3.7. Let A = {a4,34) be an intuitionistic (S, T )-fuzzy left
h-ideal of the hemiring X. Then

aalr) =sup{a € [0,1]|x € Ulaa; @)}

and G4(r) = inf{a € [0, 1]|x € L(B4; )}, for all x € X.

Proof. Let ¢ = sup{a € [0,1]|x € U(aa:a)} and € > 0 . Then, we
can easily see that d—e < «, for some o € [0, 1] such that x € U{a 4; «).
This leads to d —e < a4(x) and hence § < a4{x) because € is arbitrary.

We now show that as(x) < 6. If as(x) = 3, then x € U{a; )
and so 3 € {a € [0,1]|x € U{a;a}}. Thus, we have as{z) = § <
sup{a € [0,1]|x € U{aa;a)} = . Consequently, we can deduce that
aalr) =8 = sup{a € [0, 1]|r € Ul{as; a)}.

Now, let n = inf{a € [0.1]|x € L{Ba;a)}. Then, we have inf{a &
[0, 1]|x € L(Bai )} < n+e, for any € > 0, and so & < 5 + ¢, for some
« € [0,1] with @ € L(Ba; «). Since fa{x) < a and € is arbitrary, we
obtain that Sa(x) <.

In order to prove that S4{(x) > 5, we let 34(x) = & Then we have
r € L{834;&) and so we obtain that £ € {a € [0,1]|]x € L{B4;a)}.
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Hence inf{c € [0,1]|x € L(Bai )} <& ie, np <& = Ba(x). Conse-
quently, we see that B4(x) = n = inf{a € [0,1]|x € L(B4:«)}. This
completes the proof. U

Definition 3.8. Let f be a mapping which maps X to X'. If 4 =
(a4, 34) is an intuitionistic fuzzy set in X', then the inverse image
of A under f, denoted by f~!(A), is an intuitionistic fuzzy set in X,
defined by f~1(A) = (f~ (aq), f~1(B4)).

Theorem 3.9. Let f: X — X’ be a homomorphism of hemirings. If
A = (a4, B4) is an intuitionistic (5, T )-fuzzy left left h-ideal of X',
Then the inverse image f~'A) = (f~Ya4), f~1{(34)) of A under f is
an intuitionistic {5, T)-fuzzy left h-ideal of X.
Proof. Let A = {4, 54) be an intuitionistic {S, T )-fuzzy left h-ideal

of X’ and @,y € X. We need only check the following conditions hold:

(ISTF1) f~Haalz +y) = aa(f(x +y)) = aalf(x) + f(y)

> Tlaa(f(@),ca(f(y)) = T(f (@), f~Haaly)

and f~1(Ba)(x +y) = Balflx +y)) = Balf(x) + f(y))

< S(Ba)(F@), Balf () = SUFHBa)), fH(BaXy));

(ISTF2) f~Haalzy) = aa(f(xy)) = aa(f () f(y))

> aa(fy) = fHaady)

and f~1(B4)(xy) = Ba(f (xy)) = Balf(@)f(y))

< Balf(y)) = f1(Ba)(y);

(ISTF3) Let r+a+ > =b+zforz,z,a,b € X . Then f(x}+ f(a)+
f(z) = f(b) + f(2). Hence, it follows that

FHaa) (@) = aa(f(x) |

2 T{aa(f(a), aa(f(1)) = T(f~Haa)la), f~ (@a) (b))

and f(Ba@) = Balf (@) |

< S(Balf(a)), Ba(f (0N} = S(f~1(Bala)), f~H(Ba(B))).

Thus f~YA) = (fYaas), f~YB4) is an intuitionistic (S, T)-fuzzy
left A-ideal of X. [J

4. Intuitionistic (S, T)-fuzzy relations.

In this section, we study the intuitionistic(.S, T')}-fuzzy relations and
extend some results of Jun. Ozturk and Song [15] from fuzzy h-ideals
in hemirings to intuitionistic (S, T')-fuzzy h-ideals in hemirings.
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Definition 4.1. An intuitionistic fuzzy set A = (a4, 34) is called an in-
tuitionistic fuzzy relotion on any set X if a4 and 34 are fuzzy relations
on X.

Definition 4.2. Let 4 = (a4,834) and B = (ap, 3g) be intuitionstic
fuzzy sets on a set X. If A = (ay4,4) is an intuitionistic fuzzy
relation on a set X , then A = («a4,54) is called an intuitionistic
(S,T)-fuzzy relation on B = {ap, Bp) if asa(x,y) < T{ap{x), apl{y))
and Ba{x,y) > S(Be(x). Be(y)) for all z,y € X.

Definition 4.3. The intuitionistic Cartesian product with (S,T)}-norm
of A and B, denoted by A x B, is an intuitionistic fuzzy set in X,
which is defined by

AxXB= (C}:Aaﬁ}i) X (C}:B?ﬁB) = (O:A X C}:BaﬁA X ﬁB)a

where

(axap)(@.y) = T(aalz). ap(y)) and (B4 x Bp)e,y) = S(Balx), Br(y))
hold for all z,y € X.

Lemma 4.4. If A = (a4, 84) and B = (ap, 8p) are intuitionistic fuzzy
sets in a set X. Then we have

(i) A x B is an intuitionistic {5, T)-fuzzy relation on X;

(i) U{asq X ap;a) = Ul(aa; @) X Ulap;a@); and L(34 X Bp;a) =
L{B4; ) X L(Pp: ) for all o € [0,1].

Definition 4.5. If A = (a4,834) and B = (apg,s) are intuitionistic
fuzzy sets in a set X, then the strongest intuitionistic (S, T)-fuzzy
relation on X that is an intuitionistic (S, T )}-fuzzy relation on B is
Apg, defined by

Ap = (GauyPagy)

where ag, (x,y) = Tlag(z), aply)) and Ba,, (2. y) = S(Be(x). Be(y)),
forall z,y € X.

Lemma 4.6. For the intuitionistic fuzzy sets A = {a4,54) and B =
(g, Bp) in a set X, let Ag be the strongest intuitionistic (S, T)-fuzzy
relation X. Then for any « € [0, 1], we have

Ulaa,,; @) = Ulag; a)xUlap; a); L{Bag,; @) = L(Bs; @) X L(B8; a).
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Lemma 4.7. For the given intuitionistic fuzzy sets 4 = («4.34) and
B = (ag.fg) in a hemiring X, let Ag be the strongest intuitionistic
(S, T)-fuzzy relation on X. If Ag is an imaginable intuitionistic (S, T)-
fuzzy left h-ideal of X x X, then we have a4{a) < @4(0) and Ba(a) >
34(0), for all ¢ € X.

Lemma 4.8. For all a, 3,4, € [0, 1], we have

T(T(a,B8),T(7,0))=T(T{a,7), T(3,0)};
S(S{a, B), S(7,8)) = S(S(a,7), S(3,)).

By using the above lemmas we have the following theorem.

Theorem 4.9. If A = {«4,84) and B = {ap,[Fp) are intuitionistic
(S, T)-fuzzy left h-ideals of a hemiring X, then A x B is an intuition-
istic (S, T)-fuzzy left h-ideal of X x X.
Proof. Let & = (x(,23) and y = {(y1, %) be elements of X x X. Then
we can verify the following conditions:
(ISTF1) (a4 X ap)(z +y) = (aq x ap)((®1.22) + (Y1, ¥2))
= {aa x ap)(@1 +y1,72 + 1)
=T(aalr1 + ) arlrs + y2))
2 T(T{aalx1), asly)), T(ap(x2), ap(yz)))
=T(T(aalrr),ap(x2)), T{aaly), ap(y:)))
= T({aa x ap)(®1, 22}, (@4 X ap) (41, 2))
=T({as x ap){x), (aa x ag)y))
and (84 X Bp)(x +y) = (Ba x Bp) (@1, 22} + (41.92))
= (Ba x Be)@1 + y1. 22 + 1)
=S5(Balx1 +1). Belx + v2))
S(S(Balzr), Balyn)), S(Be(x2), O (y2)))
S(S(Balxr), Be(x2)), S(Ba(n), Be(y2)))
S((Ba x Be)x1,22), (Ba < Be) (Y1, y2))
= S((Ba x BNz}, (Ba % B} (Y));
(IFST2) {aa x ap}ay) = (as x ap){(x1, 22){y1, ¥2))
= (a4 X ap)(@1y1. 210)
= T(aa(zi), ap{T2y2))
> T{aaly), aplye))
= {@a X ap)(y1,92)
= (@4 x aB)(y)

1A
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and (B4 X Bg)(xy) = (B4 x Br){(z1, 22} (1. 12))

= {Ba X BeHx1y1, T212)

= S(Bal{zin), Be{z212))

< S(Baly ) Bolye))

= {(Ba x Be)y1.y2)

= (B4 x Be)(y)

(ISTF3) Let x = (21,22), 2 = {21, 22).a = {a1,a2) and b = (b, by).
Suppose that x + a+ 2 = b+ 2. Then

{1, 2) +{a1, a2} + (21, 22) = (b1, 02) + {71, ), and so 1+ a1 + 21 =
by + z1 and xs + az + 29 = by + 5. It follows that

{ag x ap}x) = (aa x apg)(ry,12) = T{as(x), aplra))

> T{T{aa(ar), calbr)). T{ap{az). ap(b2)))

=T(T{aala).aplaz)). T{aalb). ap(b)))

= T({ag x ap)ar, az), {aq X ap}{bi.by))

= T({@a x ap)(a), (@a x ag)(b))

and (84 x Bp)(r) = (84 X Pe)(x1, x2) = T(Ba{z1), Bp(r2))

< S(S(Bafar). Balbi}), S(Belaz), Bp(b2)))

= S(S(Balar). Belaz)). S(Balbr). Be(b2)))

= S({(Ba x Br)lar, az). (B4 x Bp)(b1. b))

= S({(Ba x Be){a), (B4 x Be}b)).

This shows that A x A is an intuitionistic (S, T)-fuzzy left h-ideal
of X x X. O

Corollary 4.10. If A = (24, 34) and B = (ag, 8r) are imaginable intu-
itionistic (S, T')-fuzzy left h-ideal of X. Then A x B is an imaginable
intuitionistic {5, T)-fuzzy left h-ideal of X x X.
Proof. By Theorem 4.9, A x B is an intuitionistic (S, T )-fuzzy left
h-ideal of X x X. Now, let @ = (21,22) € X X X. Then we can easily
verify that
T({aa x ap)(e). (ca X ap)())
= T({ag x ap)r1,22), (ag x ap){x1,22))
= T(T(aa{m), ap(x2)), T(a{x1), ap(x2)))
= T(T(aalx1), aa(r)), T{ap(x2), ap(x2)))
= T(aa(zy), ap{xs))

(g X ap)(2y,22)

(q X ap)(x);

and S{(B4 x B)(x), (Ba x fp)}(x))
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= 5({Ba X Bp){@1,x2), (Ba x Bp)(x1.22))

= S{S(Balx1), Pelx2)), S(Balxr), Be{x2)))

= S(S(Balx1). Ba(x1}). S(Be(x2), Bp(x2)))

= S(/L"}A(x'l)”ﬁg (:I‘--z))

= (Ba x Bp)(x1,22)

— (B4 % Bp)(x).

Hence, A x B is indeed an imaginable intuitionistic (.S, T')-fuzzy left
h-ideal of X x X. O

The following therorem characterizes the imaginable intuitionistic
(S, T)-fuzzy left h-ideals in a hemiring X.

Theorem 4.11. Let 4 = {«w4,84) and B = {ap,Fp) be imaginable
intuitionistic fuzzy left h-ideal of a hemiring X and Agp the strongest
intuitionistic (S, T )-fuzzy relation on X. Then B = {ap, fp) is an
imaginable intuitionistic (S, T)-fuzzy left h-ideal of X if and only if
Ap is an imaginable intuitionistic {S, T )-fuzzy left h-ideal of X x X.
Proof. Let B = (ap,#g) be an imaginable intuitionistic (S, T')-fuzzy

left h-ideal of the hemiring X. Write # = {(x,22),y = (41,%) €
X x X. Then by using Lemma 4.7-4.8, we can verify the following
conditions:

(ISTF1) ava, (¢ + y)

= Qa,p ((z1,22) + (11.92)) = ®dap (1 + yi. 22 + o)

=T(ap(r1 + ), aplx: +y2))

> T(T{ap(er), ap(y1)). T(ap(x), ap(ye)))

= T(T{ap(x1). ap(x2)). T{as(y1 ), ap(ye)))

= T, (%1, 2), @ang (Y1, 92))

= T(an, (), aaa, (W)

and [5‘433 (x+y)

= Bag, (X1, 22) + (0, 92)) = Bag, (@1 + y1, 22 + 32)

=S(Bplxr + ), Bels + 1))

< S(S(Belxy), B(y)), S(Belx2), Be(y2)))

= S(S(Bplx1). Be{x2)). S(Be(n). Be(12)))

= S(Ban, (1, 22), Bty (91, 12))

= S(Bag, (), Bas, W));

(ISTF2} aa, , (zy)

= Qa,, (XL, 22) (1, 12) = aa,, (@Y1, T232)
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T(ap{xin ), ap(z2e))

2 T(as(y), ap{y2))

= Qdq, (1, y2)

= Q4. (Y)

and Ba,, (xy)

= Bas, (1, 22) (31, 42)) = By (a1, 2292)

S(Bp(xin), Bp{x2y2))

< S(Bs{y1) Brlye))

= Bag, (11, 92)

= ﬁAﬁB (¥);

(ISTF3} Let a = (ay,a2),b = (b1, b2}, ¢ = (r1,72) and 2 = (21, 22) €
XxX Ite+a+:=0b+z2,

then vy + a1+ 21 =01+ 21 and zo + ao + 20 = b + 29.

Hence, a4, (7)

= @, (@1, 22) = T(ap(x). ap(2))

> T{T{aplar), ap(bl))}), T{ap(az), p(b2)))

= T(T{ap{a1), apla2)), T{ap(bi), ap(b)))

= T(@a,, (a1, az2), aa,, (b1, 02))

=T(aa,, (@), aa,, (b))

and ,8‘433 (x)

= ﬁA.@B (:Fl, :I‘-g) = S(/{'}B(:I‘-l)?ﬁ}g (:I‘-g))

< S(S(Be{a1). Be(br)). S(Be(az), Bp(b2)))

= S(5(Brla1), Bs(a2)), S(Bs(bi), Be(b2)))

= S(Bag, (@1, a2}, Bag, (b1.52))

— S(Bap, (@), Bag, (b))

This shows that, Ag is an intuitionistic (S, T)-fuzzy left h-ideal of
X x X.

For any @ = {(x1,23) € X X X, by using Lemma 4.7-4.8, we can
show that

T, (@) aa,, (@)

= T(aa,, (71, 72), @4, , (71, 72))

= T(T{ap{x1), ap(x2)), T{ap(z1), ap(72)))

= T(T{ap(x1),aplz1), T{ap(x2), ¥5(72)))

= T(ap(xy), ap{x2))

=Qa, (T1,T2)
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=04, ()

and S(B4,, (x), Bag, ()

= S(Bag, (X1, 22}, Bagy, (X1, 22))

= S(S(Bp(x1). Be{w2)). S(Bp{x1), Bplx2)))

= S(S(Bs(x1). Belx1)). T(Bs(x2), Br(w2)))

= S(Bplxr1), Bp{x2))

:ﬁAﬁB (l’], :I‘-g)

:ﬁA.@B (l’)

Hence, Ap is an imaginable intuitionistic {S,T)-fuzzy left h-ideal
of X x X.

To prove the converse of the theorem we need prove the conditions
(ISTF1}-{ISTF3) hold. Let Ap be an imaginable intuitionistic (S, T')-
fuzzy left h-ideal of X x X. Then, for x,y € X, we can show that:

(ISTF1} apl{z +y) = T{ap(z + y),as(x + y))

= Qa T+ Yy, +Y)

= aa,,((z,2) +(y,y))

> T(C}:AGB (35', 3?)3 Q'AC.B (y‘ y))

= T{T{ap(x), ap(x), T{ap(y), as(y)))

= T(ag(x), a(y))

and Bp(x + y) = S(Br(x +y). Bplx + y))

— ﬁAﬁB(ery,x—l—y)
ﬁAﬁB ((3?3 33') + (y‘ y))

S(Bap, (%, 1), Bag, (y, )
S(S(Bel(x), Be(x), S(Be(y), Be(y)))
S(Be(x), Bs(Y));
(ISTF2} ag{ay)

= T(ap(zy), aplzy))

= a,, (&, 2)(y, )

> aa,, (Y. y)

= T(as(y),asly)

= ar(y)

and Sp(xy)

= S(Bslry), Belzy))

= B, ((z, 2) (¥, y))

< Bag, (v, 9)

IAIA I
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= S(Br(y). Bs(y))

= Bs(y);

(ISTF3) Suppose that r +a+ > = b+ 7 a,b,x,7 € X. Then we
have (x,x) + (@, a) + (2,2) = (b,b) + (2, z). Since Ap is an imaginable
intuitionistic {5, T')-fuzzy left hi-ideal of X x X, we have

agp(r) = T{ap(x),ap(r))

= g, (%)

2 T{aa,, (a,a), aa,,(b,0))

= T(T{apla). apla)). T{apd). apb)))

=T(ap(a),ap(d))

and Bg(r) = S(Bs{x), Bp(r))

= Bag, (x, )

< S(ﬁAﬁB ((I, (I) : JBA,@B (b‘ b))

= S(5(Brla).Brla)), S(Br(D). Be(D)))

=S(Bs(a), Bp(b)).

This shows that conditions (ISTF1)-(ISTF3) hold and hence B =
{ap, Bp) is an imaginable intuitionistic (S, T )}-fuzzy left h-ideal of X.
O

Definition 4.12. If 4 = («a4,B4) and B = {ap,p) are imaginable
intuitionistic fuzzy sets in any set X, then the intuitionistic (.S, 7T)-
product of A and B, denoted by [4 - Blis1). is defined by

[A - Blism = [(@a, B4) - (aB. BB (s1)
= ([eva - g B4 - Bl s
= ([O’A ‘O’B]T; [,3,4 'ﬁB]s)

where [a4-apglr(x) = T{aa{x),ap(r)) and [34-8s|s{x) = S{Ba(x), Be(x))
for all » € X.

Theorem 4.13. If A = (a4,/34) and B = (ap, Fp) are imaginable in-
tuitionistic (S, T)-fuzzy left h-ideals of a hemiring X. If T*( resp. 5*)
is a t-norm (resp. s-norm) which dominates T (resp. S) , that is,

T (T(a, §), T(7,8)) = T(T*(er,), T*(3, )

and S*(S(a, 3), S{7,8)) < S(S*{a,v), 5*(3,68))
for all o, 3,7,6 € [0, 1].
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Then for the intuitionistic (S*, T*)-product of A and B, [A- B]s«.1v

is an intuitionistic (S, T)-fuzzy left h-ideal of X.
Proof. Let x,y € X, then we have

(ISTF1) (a4 - aplr+ (x+y) = T*(aalz + y). ap{e+ )

2 T (T{aalx), aaly), T{ap(x), ap(y)))

2 T(T"(aalx), ap(®)), T (aaly), {y)))

= T([CEA . C}:B]T * (;I?), [C}:A . C}:B]T * (y))

and (B4 Bsls * (x + y)} = 5*(Balz + y), Bs(x + )

< S*(S(Bale). Ba(y)), S(Be(x). Bs(y)))

< S(S*(Bal=), Br(®)), S*(Baly), Br(y))

= S([Ba- Bels * (x), [Ba - Bels * (y));

(ISTF2) [a4 - aplr * (xy) = T (aalry), aplzy))

> T"{aaly), os(y)) = [oa - aslr * (y)

and [B4 - Bpls * (xy) = S*(Balry), Belzy))

< S*(Baly), B(y)) = [Ba - Bals = (y);

(ISTF3} Let &, z,a,b € X be such that r +a+ x =0+ 2. Then

[ca - aplr * (x) = T (calx). ap{c))

= T*(T(aala), aad)), T{apla), ap(d)))

> T(T"{aala), apla)), T* (ca(b), ap(b)))

= T([ea - aplr * (a), [aa - aplr * (b))

and [B4 - Bsls * (x) = S*(Balz), Bp(x))

< S5*(S(Bala), Ba(d)), S(Be(a), Be(b)))

< 5(5*(Bala), Brla)), S*(Balb), Br(b))

— S([Ba- Bs)s * (@), [Ba - Bsls * (B).

Therefore [A - Blsv.7s is an intuitionistic (S, T)-fuzzy left h-ideal
of X. O
Let f: X — X’ be an onto homomorphism of hemirings. Let T
{(resp. S) and T* (resp. S*) be the t-norms (resp. s-norms) such
that T (resp. S*) dominates T (resp. S). If A = (a4.84) and
B = {ap, ) are imaginable intuitionistic fuzzy left h-ideal of X',
then for the intuitionistic (S*,T*)-product of A and B, [4 - B]s«.14)
is an intuitionistic {S,T)-fuzzy left h-ideal of X’. Since every onto
homomorphic inverse image of an intuitionistic (5,7 )-fuzzy left A-
ideal is an intuitionistic (S, T)-fuzzy left h-ideal, the inverse images
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f7HA)., fFUB), and f~Y([A - Blise1s)) are also intuitionistic (S, T')-
fuzzy left h-ideals of X. In the final theorem we describe the rela-
tions between f~Y{[A- B](s. v} and the intuitionistic (S*, T*)-product
[fHAY - f7H(B)iserw of f71(A) and f7(B).

Theorem 4.14. Let f : X — X’ be an onto homomorphism of hemir-
ings. Let T (resp. S*) be a t—nmorm (resp. s-norm ) such that 7
{(resp. S*) dominates T (resp. S). If A = {a4.84) and B = (ap, p)
are intuitionistic (S, T)-fuzzy left h-ideals of X', then for the intuition-
istic (S*,T*)-product [A - Blisv.rsy of A and B and the intuitionistic
(S*. T*)-product [f~HA) - f7UB))sssy of f7HA) and f7YB), we
have

FTHIA - Blsers) = [f7HA) - F7HB)isvr0)
Proof. Let x € X. Then, by computation, we have

F~ s alr*) (@) =(loa - aslrx) (f(2)) =T*(aa(f (@), as(f(x)))

=T*(f~Haa) (@), [ ap) (@) =[fHaa) - f~ ap)]r = (x);

and f~1([Ba-Fps*) (x) =([Ba-Bp]s+){f(2)) =S* (Ba( f(x)). Be{f(x)))

=S*(f 7 Ba) (@), fHBe))) =[f71(Ba) - f1(BB)]s * ().

Hence, f~([A - Blswra) = [f71(4) - fH{(B)isvry. O
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