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COMMON FIXED POINTS OF A LIMIT WEAK
COMPATIBLE PAIR OF A MULTIVALUED MAPPING
AND A SINGLE VALUED MAPPING IN D-METRIC
SPACES

BIJENDRA SINGH, SHOBHA JAIN aAnD SHISHIR JAIN

ABSTRACT. This paper deals with a general contraction. Two
fixed-point theorems for a limit weak-compatible pair of a multi-
valued map and a self map on a D -metric space have been es-
tablished. These results improve significantly, the main results of
Dhage, Jennifer and Kang [5] by reducing its assumption and gen-
eralizing its contraction simultaneously. At the same time some
results of Singh, Jain and Jain [12] are generalized from a self map
to a pair of a set-valued and a self map. Theorems of Veerapandi
and Rao [16] get generalized and improved by these results. All
the results of this paper are new.

1. Introduction

The study of common fixed points for set-valued mappings has been
at the center of rigorous research activities and a number of signifi-
cant results have been obtained by several researchers. Most of these
results are extensions and generalizations of the celebrated fixed-point
theorem for set -valued maps first established by Nadler [10] in metric
spaces. The common fixed point theorems for the pairs of self map
and a set-valued map have been studied by Fisher [6, 7], Garegnani
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and Zanco [8] etc. under weaker versions of the commutativity condi-
tion.

Generalizing the notion of metric space, Dhage [2] introduced D-
metric space and proved the existence of unique fixed point of a self-
map satisfying a contractive condition. Dealing with D-metric space
Ahmad et. al. [1], Dhage [2, 3], Dhage et. al [4], Rhoades [11], B.
Singh, Shishir Jain and Shobha Jain [12], and others made a significant
contribution in fixed point theory of D-metric spaces while Veerapandi
et. al. [L6] established some fixed point theorems for set-valued maps
in D-metric spaces.

Recently Dhage, Jennifer and Kang [5] deal with some results for fixed
points of a pair of limit coincidentally commuting set-valued map and
a self map in a D-metric space. While studying [5] it was strongly felt
that the domains of x, y can be restricted properly i.e. to some orbit,
also that the number of factors in the contractive condition can be in-
creased. The present paper is an effort in the same direction. Among
others an improvement in a fixed point theorem of Veerapandi and
Rao [16] has been derived by dropping the assumption of continuity
of multivalued map T there.

Main result of this paper proves the existence of the unique common
fixed point for a limit weak compatible pair of a set-valued map and a
self map satisfying a general contractive condition using orbital con-
cept for the domains of variables i, ¢, completeness and boundedness.
The results of the said references of D-metric spaces are also general-
ized significantly by this paper.

2. Preliminaries

DEFINITION 1. [2] Let X be a non-empty set. A generalized metric
{(or D-metric) on X is a function from X x X x X — R* (the set of
non-negative real numbers) satisfying:

(D-1) p(z,y.2)=0if and only if x =y = 2.

(D-2) pla,y,z) = p{P(y,2.2)} = -+, where P{z,y,2}.,is a permu-
tation of x, y, z and

(D-3) p(x.y.2) < ple,y,a) + ple,a,z) + pla,y. 2). Ve, y, 2,6 € X
The pair (X, p) is called a D-metric space.
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DEFINITION 2. [2]A sequence {x,} of points in a D-metric space
(X, p) is said to be D-convergent to a point & € X iffore > 0,3ny € N
such that, Ym, n > ng, p{@m, Zn. &) < e. This sequence is said to be D-
Cauchy sequence if for € > (), Ing € N such that Ym > n,p > m,n >
N0, P{Xn, Tm, Tp) < €(X, p) is said to be complete if every D-Cauchy
sequence in it converges to some point of X.

DEFINITION 3. Let F be a multivalued map on D-metric space
(X, p). Let 29 € X be arbitrary. A sequence {x,} in X is said to be
an orbit of F" at xy denoted by O{F,x¢} if x,, € F™(xp),YVn € N. It F
is a single-valued self map on X then for xy € X, let &y = Furg, 22 =
Fry, = F?xg, -+ ,2p_1 = F" lrg,---. Then the sequence {x,} is
called the orbit of F' at the point xy and is denoted by O(F, xq).

DEFINITION 4. Let F' be a multivalued map on D-metric space
(X, p). An orbit O(F,x) is said to be complete if every D-Cauchy
sequence in it converges to an element of X.

DEFINITION 5. A subset A of a D-metric space (X, p) is said to be
bounded if there exists M > 0 such that p{w,v,w)} < M,Vu,v,w € A
and M is said to be a bound of it.

DEFINITION 6. [16] Let CB(X) be the collection of all non-empty
bounded and closed subsets of a D-metric space {X,p) and A, B, C €
CB{(X) . Let
(A, B,C) = Sup{pla.b.c) :ac Abe B,ce C},

Then (CB{X),d) is a D -metric space.

DEFINITION 7. Let F' be a multivalued map on D-metric space
(X,p) . A point u» € X is said to be a fixed point of F'if u € Fu. Also
for a sequence {x,} € X ,wesay {Fa,} — 2, if Limmn 00 (FXm, Fin, 2) =
0.

DEFINITION 8. [5] Let F be a multivalued map and ¢ be a self
map on D-metric space (X, p) . The pair (F,g) is said to be weak
compatible if Fy = {gy}, for some y € X implies Fgy = {gFy} .

DEFINITION 9. Let F : X — CB{X)and ¢ : X — X. The
pair {F, ¢) is said to be limit weak compatible or limit coincidently
commuting if lim, e F 2, = {lim,_ e g2}, for some z,, in X implies
limy, oo Fgrn, = limy oo gF 2.
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For set-valued maps and weak compatible maps in D-metric spaces,
we refer to [13] and [14] respectively.

DEFINITION 10. Let {X,p) be a D-metric space, and {4,} be a
sequence in B{X). Amap F': X — A € CB{(X) is said to be contin-
uous with respect to {4,}, if 4, — CB{X) implies FA;, — F(A)
where { Ay } is some subsequence of {A4,}.

A gelf map ¢ on X is said to be continuous with respect to{x,} C X,
if for any subsequence {xy, }.xx, — z € X implies gy, — ge.

PROPOSITION 1. In a D-metric space (X, p), if p is continuous in
two variables, then limit of a sequence in X is unique, if it exists.

Proof. Let {x,} — x and {z,} — y in (X, p).
Now
[ —soc (T Tngp, ) = 0,
implies
pla.y,x) =0,

as p is continuous in two variables. Thus, x = y. Hence limit of a
sequence is unique in a D-metric space, if it exists. O

PROPOSITION 2. Let (X, p} be a D-metric space, F' be a multi-
valued map and g be a self map on X. If pair (F,g) is limit weak
compatible then (F, g) is weak compatible.

Proof. Let (F g) is limit weak-compatible. Let for somex € X, Fix =
{gx}. Taking x, = x we get, gFx = Fgx. O

Let ® denote the class of functions ¢ : RY — RT such that ¢ is

upper semi-continuous, ¢ is non-decreasing, ¢{(t) <t ,fort >0 .

PROPOSITION 3. Let ¢ be a self map in a D-metric space (X, p)
and F: X — CB{X) such that F(X) C ¢{X) . For some 2o € X ,
define sequences {x,} and {y,} in X by yp = g2, € Fap_1,Yn € N.
Then

{%o, 1,22, } = {xn} € Qg7 F,x0),
{yi,y2. 00, ) = {ya} € O(Fg™  m),  where y1 = Fao.
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Proof. As gx; € Fay we have ; € g7 'Fay . Also goy € Fay
gives £ € ¢ 'Fx, = (¢7'F)*x, . Similarly, gz, € Fxz,_; gives
Xn € ¢ VFC_ 1 = (g7 F) 2 .

Againy; = g1 € Fap, e = gxa € Fry € F{g ' Fap) = (Fg )Y Fag, yz =
gxs € Firy € F{g™ ' FYirg = (Fg= ') Firy. Similarly, 3, € (Fg~ )"~ Fxy.
O

Note: {yn} = {p1. 90,95, } = O(Fg~" ;1) , where y; = Fao | Is
said to be an (F'/g)— orbit at x, .It is also written as O(Fg~!, Fxy).
Before proving the main result we need the following lemma.

LEMMA 1. Let ¢ be a self map in a D -metric space (X, p) and
F . X — CB(X) be such that F(X) C ¢(X). such that for some
xp € X, and for some ¢ € ¢,
plgx, 9y, 92),6(Fx, Fy, gz},
olgx, Fx,g92),0gy, Fy, gz),
514 . o(gx, Fy, g2),0(gy, Fz, gz),
(2.141) 8{(Fr,Fy, Fz) < ¢ Max 5(gr. gy, F=) gz, Fz F2), |
olgy, Fy, Fz),8(gz, Fy, Fz),
gy, Fr, Fz)
Ve, y.2 € O(g7 F, 2p)

Let {x,} and {y,} be sequences defined in X as above. Let {X,,}
be a sequence in CB(X) given by

UYn — G S F:Fﬂ—l — )(fhvn €N

If F({ay}) = U;en X is bounded then
(I) " {yn} is a D— Cauchy sequence in O{Fy~, Fxy).
(II) If§ is continuous in one variable then, gx, — u implies Fa,, —

{u} .

Proof. of (I): Define a positive real sequence {v,} in R by
Vi = Supjrend(Xi, Xiyj, Xipjpn) Vi € N.
Then ; > 0 and ; is a non-increasing sequence for all i. Each +; is
finite as (J,-.n Xi is bounded. Hence it tends to a limit say v . In the
following we show that v = 0. We have, using (2.141} for m > n |
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5(Xn;Xn+pa )(m) = (S(Fl'.,l_]? F:Fn+p_1, Fl’m_l)

( p(yn—l s Yndp—1s y-m.—l)a 6(Xna fn+3;n ym—l)a
6(yn—]a an.a ym—l) : 6(yn+p—la Xnﬂn ym—l)a
6(yn—]a X'n.+pv y-m.—l)a 6(Xm Yn4p—1- ym—l)a
6(9?3 1+ yn-l—p 1: < m) 6(%? 1s X Xm)
HYntp—1, Xntp, Xm}y H¥n—1, Xntpy Xm),

\ (j(An; Un-l—p—]a m)

( 5(JYn—la Xu+;p—1a JYm—l)a 5(Xm Xu+;pa JY —1)'.\
6(){7@_ 1, Xm Xm— 1)3 5(Xu+;p— 1, Xu+pa JYm—l) B
6(){.,1_ 1+ Xu+pa JYm—l) . 6(Xm JY-u-f—;p—l . JYm—l) .
6(){.,1_ 1+ Xn+p—1 . JYm) . 6(Xu—1a Xna Xm) .
6(JY11+30—1 . Xu+;pa JYm) . 6(Xu—1 <A n4ps Xﬂ'l)a

\ 6(1 n:<in4p—1- JY-m.)

< ¢ Max{ya-1.%ns Yatp-1)
= qi) (ﬂfﬂ—l)-
Thus,
(21) 6(){.,1,; 4D Xu+;p+t) S (ﬁ("}'n—l)

Taking supremum over p and ¢ we get,

Y < (f)(ﬂfn—l)

<¢ Max

<¢ Max

Letting n — o0 we get,
7S o) <, ify >0,
which is a contradiction. Hence y=01ie. v, —0,a8n — 0.

Again,

p(yn; yn.+p; yn-l—p+t) S (5()(?1; Xn-l—pa )(m)
< (Y1)  using(2.1),

Letting n — o0 we get,

Li?nn.—roo £ (yn; Yn+p> yn+p+t) < L?mn—roo(f)(ﬂf n— 1) = 0.
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Hence {y,} is a D-Cauchy sequence in O(Fg¢~!, Fay).
Proof of (II): Let gz, — u.

Limty—oo 0 F @, Fpyp, ) = LiMyoe 8{F T, FXpgp, 9Tm)
< Limpsocd (Ftn, Frnip, Xm),
< Limp oo (Xnyr, 2 ntptls < m)h
< Limp—oa®{¥n). using(2.1).
= 0.
O

Therefore, Limy,—cod{ F 2y, Fitypyp, w) = 0 and we get, Fx, — {u},
in the D-metric space {CB(X}, 6),
In [5] Dhage, Jennifer and Kang have proved the following:
Theorem 3.1 [3] Let X be a D-metric space and F': X — CB(X)
and ¢ : X — X be two mappings satisfying, for some positive number
T,

_ P (g, gy, 92). 6" (Fa, Fy, g2),
8 (Fa, Fy, F2} < ¢ Max | ¢ (gx, Fa,¢2)},6"(gy, Fy, g=),

0"(gx, Fy,92),0"(gy, Fir, 92)

for all x,y.2 € X , and where ¢ : RT — R* | ¢ is non-decreasing,
¢ty < t,t >0, and > ¢"(t) < o for each ¢t € Rt . Further suppose
that
(a)  F(X) C g(X) and g(X) is bounded.
(b)  {F,g} is limit weak compatible.
(¢)  Forgis(F/g) orbitally continuous.
Further if Xis (F/g)-orbitally complete D-metric space, then Fand ¢
have a unique fixed point « € X such that Fu = {u} = gu.
The following is a unique common fixed point theorem for a limit
weak-compatible pair of multivalued map and a self map, both non-
continuous, on an unbounded and incomplete D-metric space. It gen-
eralizes the result of [5] significantly. .

Note: In the following (X, p) will stand for a D-metric space and
¢ will be the D-metric for the associated D-metric (CB{X),d), where
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CB(X) is the set of all bounded subsets of X,

3. MAIN RESULTS

THEOREM 1. Let ¢ be a self map in a D -metric space (X, p} and
F: X — CB(X), with 6 continuous in three variables, satisfving

(3.11) F(X) Cg(X) .
(3.12) For some xo € X, orbit O(Fg~', 1) is complete.
(3.13) g is continuous with respect to {X, }, where the sequences
{2} in X and {X,,} is in CB(X) are defined by y, = g2, € Fx,_| =
X, VneN.
(3.14) F({zn}) = Uien X is bounded,
(3.15) the pair (F, g) is limit weak compatible.
(3.16) Forsomexy € X, and for some ¢ € & andVx,y € O(¢g ' F. xq)
and z € X

plgz, gy, 9=),0(Fx, Fy, g),
Mgz, Fx,gz2),6(gy, Fy, g2),
. Mgz, Fy, 92),0(gy, Fx,gz)
x < ¢ Mar 297 O3 975
0 Fx Fy, Fz) < ¢ Max Mygx, gy, Fz},6(gx, Fir, Fz),
Mgy, Fy, Fz),6(gx, Fy, Fz),
Mgy, Fa, F2)

Then F' and ¢ have the unique common fixed point in X

Proof. For some xp € X | construct sequences {r,} and {y.} in
X such that ¥, = gz, € Fr,_1,¥n € N . Therefore by lemma 1
Ay} = {gxn} is a D-Cauchy sequence in ({Fg~!, Fxy), which is
complete.

(31) yn — U E ){

As (F, g} is limit weak compatible, lim, o Fgr, = limy_o ¢F %x.
As ¢ is continuous with respect to X,, and gz, € X,,. Now

(3.2) Fr,—u= X, - u= g¢X, — gu= ggr, — gu.
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Also
(3.3) lim Fgx, = lim ¢Fx, = ¢ lim Fz, = gu.
n—3X0 NnN—0 NnN—0

Stepl: Putting x =,y = 7p, 2 = g in (3.16) we get,
(S(F:Fn,Fx'n; Fg:l‘-n)

P(9Zny 9Tny 990 ). O F T F'Z, g ),
(g2, Fan, ggxn), 6{(gan, Fxn, g92,).
(g2, Fan, ggn), 6{g2n, Fxn, g92,).
g, gxn, Fagxy,), 6{(gx,, Fa,, Fga,),
M gxn, Fan, Fgr,), 6(gx,, Fa,, Fgx,),
5(936?1, Firm ngn)

< ¢ Max

Letting 1 — o¢ , using (3.1}, (3.2) and (3.3) we get,

8(u,u, gu) < ¢ (3(u, u, gu)),
< ow,u, gu), if o(u, u, gu) > 0,

which is not possible. Thus, d{u, «, gu} = 0 which gives
(3.4) U= gu.
Step 2: Putting z = @,y = &, and z = w in (3.16) we get,

HFxy, Fa,, Fu)
Io(g'lfna Gn. 91::) ) 6(F35'n, F;I?n? g-u)’
8(gxn, Fan, gu), 8{gan, Fa,, gu),
< (rf) Max 5(935}3, Firm QTL) s 6(9;1??1, F;I?n’ gu)’

5(99373, GTn. F"U,), 5(936?1, Firﬂ-! FU)?
3 gn, Fan, Fu), 6(grn, Fan, Fu),
3 gan, Fan, Fu)

Letting n — oo , using (3.1} and (3.5) we get,

S(u,u, Fu) < ¢ ( 8w, u, Fu) ),
< 6(u, u, Fu), if 6{u,u, Flu) > 0,

43
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which is a contradiction. Thus, d{(u, u, F'u) = 0 which gives u = Fu.
Hence © = gu = Fu. Therefore, u is a common fixed point of F and ¢

Step 3: {Uniqueness) Let w be another common fixed point of F' and
¢ , then

(3.5) w= Fw = gw.

Taking x = z,.y = x, and =z = w in {3.16) we get,

d(Fan Fuy, Fw)
p(g&fm GTn, g'u'-‘)ﬁ(F:I‘-m Fay, Q‘?.U),
8(gxn, Fan, gw), §(g2n, Fin, gw),
< ¢ Mazx 3 gxn, Fan, gw), 8{gan, Fan, gu),

5(g$na (R F?.U), (5(9‘;1‘.1“ Fx_’h F’U.-‘),
(j(gxn’ F.’r.,“ F’U.-‘), 5(9:11'?11 F!Fﬂ; F'u.")?
dgxy, Fa,, Fw)

Letting 1 — 20 , using (3.1} and (3.5) we get,

§{u, u,w) < ¢ Su,u,w) ),
< O{u, u, w), it d(u, u,w) > 0,

which is a contradiction. Thus, d(u, w,w) = 0 which gives © = w.
Therefore, u is the unique common fixed point of F and ¢ .
O

THEOREM 2. Let ¢ be a self map in a D-metric space (X, p) and
F . X — CB(X) , with § continuous in two variables, satisfying
(3.11), (3.12), (3.14), (3.15) and
(3.21)  Oneof g or F is continuous with respect to {X,,}, where the
sequences {x,} in X and {X,} in CB(X) are defined by y, = gz, €
Fr,_1 =X, ¥Yne N.
(3.22)  For some ¢ € ® and for all z,y € O{g7'F, o) and » € X
and - € X,,Yne N
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HFx Fy, Fxz)

plgx, gy, 92),0(Fa, Fy, g),
d(gx, Fx,gz),8(gy, Fy, g2),
T 6(9133 Fy* g:), 5(92}* Fﬂf},gZ),
< ¢ Max gz, gy, Fz),6{gx, Fx, Fz), |’
6(99* Fy* F:)‘ 5(935* Fy* F:)‘
gy, Fa, Fz)

Y,y 2 € O(¢g7 F, zo)
Then F' and ¢ have the unique common fixed point in X.

Proof. For some xy € X, construct sequences {x,} and {%,} in Xas
in theorem 1. Therefore, (3.1) holds. The case when g is continuous
has been proved in theorem 1. Hence we give below the proof when
F' is continuous with respect to {X,}.

As F' is continuous,
(3.6) lim FFzy, = F lim Fz, = Fu.

n—o n—oc

Also as gx, € Fr,—1(= X,,) and (F,g) is limit weak compatible we
have,

(3.7) lim ¢Fx, = lim Fgx, = F lim gz, = Fu.

Step 4: Putting @ = z,,y = &, and 2z = Fx, in (3.22) we get,
S Fxn, Fan, FFr,)

(gL, g, gF ), 6(Fa,, Fa,, gFx,),
8 g2n, Fan, ¢F2,), 0(gxn, Fn, gFx,),
8 g2n, Fan, ¢F2,), 0(gxn, Fn, gFx,),
8 gZn, 20, FF2,), 0(gx,, Fan, FF1y),
8(gxn, Fa,, FF2,), 0(gty, Fx,, FFx,),
8 gxn, Fa,, FFx,)

Letting 1 — oo , using (3.1}, (3.6} and (3.7) we get,

< ¢ Max

8w, u, Fu) < o{6{u, u, Fu)),
< 6(u, u, Fu), if 6{uw,u, Fu) >0
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which is not possible. Thus, p(u, «, Fu) = Owhich gives

(3.8) u = Fu.

As F{X) C g{X), there exists v € X such that

(3.9) U= gu.

Step 5: Putting @ = x,,y = &, and 2 = v in {3.22) we get,
M EFxy,Fa,, Fv)

P(Gxn, gXn, gv), { Fay, Fa,, gv),
5(936?1, Fxm gv), 6(935?13 Firﬂ-! g’U),
5(936?1, Fxm gv), 6(935?13 Firﬂ-! g’U),
8 gxn., gy, v}, 6{gxy, Fyn, Fv),
8 gan, Fa,, Fv),0(gx,, Fa,, Fv),
Mgan, Fay, Fv)

Letting n — oo , using (3.1} and (3.9) we get,

< ¢ Max

3, u, Fv) < p(6{u, u, Fv}),
< (u, u, Fv), if 6(u,u, Fv) >0

which is not possible. Thus, d{u, «, F'v} = (0 which gives v = F.
Therefore «w = gv = Fv. As (F,g) is limit weak compatible and so
is weak compatible. Hence Fu = gu. Thus, from (3.8) it follows
Fu = gu = u. Uniqueness follows from step 3 of theorem 1. O

REMARK 1. Theorem 2 generalizes the result of [5] in the following
sense:
¢ The contractive condition of the above theorem is more general than
that of [5] as it contains eleven factors on the right.
¢ The function ¢ taken in above theorem is less restrictive than that
of [5] as Yo" ¢™(t)need not to be summable here.
e In above theorem, |J; X; = U, F{xi-1) = Upey Fn = F(X) C
¢(X) is assumed to be bounded. Hence the domain ¢{X) of bounded-
ness of [5] is larger than that of above corollary.
¢ Domain of z in the theorem must include z = {X,,},n € N. This
has not been mentioned in [5] and it has been used by the authors in
the proof of their theorem on page 2528 of [5] to arrive at (3.21) there.
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Note: The power of r in [5] applied on § and p gets cancelled

throughout. Hence the mention of power r in [5] is insignificant.

In [12] B. Singh, Shshir Jain and Shobha Jain have proved the
following:
Corollary 3.4 [12]: Let S be a self map on a D-metric space (X, D)
such that for g € X the orbit O(S, xy) is bounded and complete and
Y,y € O(S,10),V> € X, there exists A € [0,1) such that:
D(x,y,z), D(Sz,x, 2}, D{Sy, vy, 2),
D(Sx,y, 2}, D{(Sy,x,2), D(x,y,Sz),
D(Sx,2,52),D(Sy,y,S2), D(Sx,y,Sz2).
D(Sy,x,Sz)
Then S has a unique fixed point.

Taking ¢ = I, the identity map on X in theorem 2, we have
the following generalization of said corollary of [12] for set-valued map-
pings in D-metric spaces:

D{(Sz, 5y, Sz) < AMax

COROLLARY 1. Let F' be a multivalued map on a D-metric space
(X, p), with p continuous in three variables, satisfving:
(i) For some xq € X, orbit O{F, xo} is complete, defining the sequences
{#n} in X and {X,,} in CB{X) bv x, € Fr,_; = X,.Vne N.
() F({xn}) = Useny Xi is bounded.
(i1) For some ¢ € @, for all z.y € O{F 2y}, € X and = € X,,,Vn €
N,
plx,y,2),0{Fx, Fy, 2),6(x, Fa, 2),
8y, Fy, 2}, 6{x, Fy, z),8{y, Fz, z),
d(r,y, Fz),6(x, Fe, F2),6(y, Fiy, F'2),
d(rx, Fy, Fz},68{y, Fa, F'7)
Then F' has the unique fixed point in X.

8(Fa, Fy, Fz) < ¢Mazx

Proof. Result follows from Theorem 2, by taking ¢ = I, the identity
map on X. Here O(Fg~ 1, 41) = O(F,z,) C O(F., 2q).
O

REMARK 2. Above corollary generalizes the result of [12] for set-
valued map F. Even the contraction here, is more general. Further it
represents a generalization of of result of Rhoades [11] theorem 1 as
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well.

In [16] Veerapandi and Chandrasekhara Rao have proved the fol-
lowing:
Theorem 1 [16]: Let (X,D) be a complete and bounded D-metric
space (X, D). f T : X — CB(X) is a multivalued contractive map-
ping, then T has a fixed point. T is said to be a multivalued contrac-
tion if for some g € [0, 1)
H(Tl‘], Tl‘g, T:I‘-3) < qD(xl, :I‘-zl’g), for all T, T2,x3 € X.
Following corollary generalizes this result by taking ¢ = I, the identity
map and ¢ = g € [0, 1) in theorem 1 we have,

COROLLARY 2. Let F' be a multivalued map on a D-metric space
(X, p), with p continuous in three variables. If for somexo € X, {x,} =
O(F, xg) is complete, | J, X; = |, F'(x:) is bounded and
(iv) For some ¢ € @, for all v,y € O{F,xp),. 2 € X

M Fx,Fy, Fz)

oz, y, 2}, 8(Fa, Fy, 2}, 8{x, Fx, z),
My, Fy,2),d(x, Fy, 2),0(y, Fr, 2),
Ma,y, F2),8{x, Fa, F2), 8y, Fy, F'z},
Max, Fy, F2),0(y, Fx, Fz)

Then F' has a unique fixed point in X .

<qg Max

REMARK 3. Above corollary generalizes the quoted result of [14] in
the following sense:
¢ Restriction of the corollary to the first factor only gives above result
of [16]. & Domains of variables x, y and that of boundedness and
completeness have been restricted.
® The above corollary shows that the existing fixed point is unique.

Again in [16] Veerapandi and Chandrasekhara Rao have proved the
following other:
Theorem 2 [16]: Let (X, D) be a complete and bounded D-metric
space (X, D). If T : X — CB(X) is a multivalued orbitally continu-
ous map satisfying:
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H{Tx, Ty T:) < a1 D'z, y,2) + D" (@, T, 2) + a3 D*(y. Ty, Tz},
Ya,y, 2 € X, where aj,a3,a3 € RT with a; + a3 + ag < 1. Here
DA, B,C) =inf{D(a,b,c) : Va € A, Vb€ B, Ve C}.

Then T has a fixed point.

The following corollary is a generalization of it:

COROLLARY 3. Let F' be a multivalued map on a D-metric space
(X, p), with § continuous in three variables, satisfying (i}, (i1) and
(v) Let a;,1 < ¢ < 11, be constants such that a; > O,Vz',z:il a; <
1,Va,y € O(F,20), 2 € X,

d(Fa, Fy, Fz)y < ayplz.y, 2) + asb(Fa, Fy, 2) + a36(x, Fx, 2)
+ asé(y, Fy, 2} + asé(x, Fy, z) + agd{y, Fz. 2)
+ a70(x,y. F'z) + asé{x, Fx, F2) 4+ aed(y, Fy, Fz2)
+ awd(x, Fy, Fz) + andly, Fx, Fz).
Then F' has the unique fixed point in X.

Proof. Let 3.1, ax = q(< 1). Let

ple,y,2),8{Fx, Fy,2),d(x, Fx, 2),
a(y, Fy,z),8(x, Fy, 2}, 6(y, Fz, z),
dax,y, Fz),8(x, Fe, F'2), 8(y, Fy, Fz},
3, Fy, Fz},0(y, Fa, F'2)

M(r,y,7) = Max

Then from condition {v) we have,

i1
d(Fa, Fy, Fz) < Za?;M(;zr, Y, )

i=1
11
< M{z,y,3) Zfli
i=1

=qM(xr,y,z) (g<1),

Yo,y € O(F,xp),2 € X and 2 = X,,,¥n € N, rest follows from
corollary 2.
O
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REMARK 4. Taking as = a4 = a5 = a4 = a7 = ag = 39 = @13 = 0,
and noting that D*(A, B,C) < §(A,B,(), VA, B,C € CB{X), above
quoted theorem of [14] follows from corollary 3.

Corollary 3, reduces the domains of r and ¥, completeness and that
of boundedness. Further it does not need F(orT') to be continuous in
any way as assumed in [16].
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