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ADDITIVE REVERSES OF THE CONTINUOUS 
TRIANGLE INEQUALITY FOR BOCHNER INTEGRAL 

OF VECTOR-VALUED FUNCTIONS IN BANACH 
SPACES

Sever S. Dragomir

Abstract. Some additive reverses of the continuous triangle in­
equality for Bochner integral of vector-valued functions in Banach 
spaces are given. Applications for complex-valued functions are 
considered as well.

1. Introduction

Let f : [a, 이 — K, K = C or R be a Lebesgue integrable function. 

The following inequality, which is the continuous version ofthe triangle 

inequality

(1.1) f (x) dx \f (x)ldx,

plays a fundamental role in Mathematical Analysis and its applica­

tions.

It appears, see [11, p. 492], that the first reverse inequality for (1.1) 

was obtained by J. Karamata in his book from 1949, [9]. It can be 

stated as 

(1.2) cos。/ \f (x) \ dx
J a

f (x) dx
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provided

-Q < arg f (x) < Q, x 6 [a, 이

for given Q 6(0, 을) .

This result has recently been extended by the author for the case 

of Bochner integrable functions with values in a Hilbert space H. If 

by L ([a, 이 ; H), we denote the space of Bochner integrable functions 

with values in a Hilbert space H, i.e., we recall that f 6 L ([a, 이 ; H) 

if and only if f : [a, 이 — H is Bochner measurable on [a, 이 and the 
Lebesgue integral J： ||f (t)|| dt is finite, then [7]

(1.3)
广 Ilf (t)|| dt < K 

a
f (t) dt 

a

provided that f satisfies the condition

(1.4) ||f (t)|| < KRe〈f (t) © for a.e. t 6 [a, 이 ,

where e 6 H, ||히| = 1 and K > 1 are given. The case of equality holds 

in (1.4) if and only if

(1.5)
llf (t川 dt)

e.

As some natural consequences of the above results, we have noted 

in [7] that, if p 6 (0,1) and f 6 L ([a, 이 ; H) are such that

(1.6) ||f (t) — e|| < p for a.e. t 6 [a, 이 , 

then 

(1.7) 시' - p2 / llf(圳Idt < II/ f (t) dt

with equality if and only if

llf(圳 dt) • e.

Also, for e as above and if M > m > 0, f 6 L ([a, 이 ; H) such that 

either

(1.8) Re〈Me - f (t) , f (t) - me〉> 0
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or, equivalently,

M + m 1(1.9) f (t) - 一^e < -(M - m)
2 2

for a.e. t 6 [a, 이 , then

(顷 [ f (세 dt < 土쁘 Ilf f (t) dt\，

with equality if and only if

/f (t) dt=M*一1( /||f (세dt) •e-

The above results have been generalised by the author to the case 

of Banach spaces [4].

Let F be a continuous linear functional of unit norm on the real 

or complex Banach space (X, ||・||). If the function f : [a, 이 — X is 

Bochner integrable on [a, 이 and there exists a r > 0 such that

(L-1) r ||f (圳I < Re[F (f (t))] for a.e. t E [a, 이 ,

then

(1.12)
r / llf(圳 dt < ]/ f (t) dt ,

with equality if and only if both

(1.13)

F ((f (t) dt 

F( ff (t) dt)

b
||f (t)|| dt and

b
f (t) dt .

If (X, ||.||) is a strictly convex Banach space and [., •] is a semi-inner 

product [2] generating the norm ||・|| while e E X is such that ||히| = 1 

and

(1.14) r ||f (t)|| < Re [f (t) ,e] for a.e. t E [a, 이 ,
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then the reverse for the continuous triangle inequality (1.12) holds 

true with equality if and only if

(1.15) / (t) dt =
11/(t川 dt)

• e.

For other reverses in terms of m bounded linear functionals, see 

Section 3 of [4].

The aim of this paper is to provide a different approach to the 

problem of reversing the continuous triangle inequality. Namely, we 

are interested in finding upper bounds for the positive difference

iif (t)ndt -
[f (t) dt

a

under various assumptions for the Bochner integrable function / : 

[a, 이 — X.

Applications for complex-valued functions are given as well.

2. Reverses of the Continuous Triangle Inequality

In the following we provide an alternative of the reverse for the 

continuous triangle inequality established in [4].

Theorem 1. Let (X, ||・||) be a Banach space over the real or com­
plex number field K and F : X — K be a continuous linear func­
tional of unit norm on X. Suppose that the function / : [a, 이 — X 

is Bochner integrable on [a, b] and there exists a Lebesgue integrable 
function k : [a, b] — [0, oo) such that

(2.1) 11/(t)||- ReF [/ (t)] < k (t)

for a.e. t E [a, 이 . Then we have the inequality

(2.2) (0 <)广 11/ (t)|| dt -

a
/ (t) dt

a

b
k (t) dt.

The equality holds in (2.2) if and only if both

(2.3) F / (t) dt / (t) dt
a
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and

(2.4)
F ( I / (t) dt 11/(세 dt — / k (t) 出八

\J a J a

Proof. Since the norm of F is unity, then

|F (x)| < ||x|| for any x 6 X.

Applying this inequality for the vector J： f (t) dt, we get 

广b
I f (t) dt > F 
a

(2.5)

』ReF( 1f (t)叫 

b b
ReF [/ (t)] dt ReF [/ (t)] dt.

Integrating (2.1), we have

(2.6) / ||f (t)|| dt — ReF (/ f (t) dt) < / k (t) dt.

Now, making use of (2.5) and (2.6), we deduce (2.2).

Obviously, if the equality hold in (2.3) and (2.4), then it holds in 

(2.2) as well. Conversely, if the equality holds in (2.2), then it must 

hold in all the inequalities used to prove (2.2). Therefore, we have

llf(圳Idt = Re F
f (t) dt)

+ k (t) dt.

and

Re F f (t) dt F f (t) dt f (t) dt

which imply (2.3) and (2.4). □

Before we state some corollaries for semi-inner products, we recall 

some concepts and results that are needed.

In 1961, G. Lumer [10] introduced the following concept.
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Definition 1. Let X be a linear space over the real or complex 

number field K. The mapping [•, •] : X x X — K is called a semi-inner 

product on X, if the following properties are satisfied (see also [2, p. 

17]):

(i) [x + y, z] = [x, z] + [y, z] for all x, y, z G X;

(ii) [Ax, y] = A [x, y] for all x, y G X and A G K;

(iii) [x, x] > 0 for all x G X and [x, x] = 0 imply x = 0;

(iv) l[x,y]|2 <_[x，씨 [y,y]for 疝 x,y G X;
(v) [x, Ay] = A [x, y] for all x, y G X and A G K.

It is well known that the mapping X 3 x i——> [x, x]2 G R is a 

norm on X and for any y G X, the functional X 3 x -竺，[x, x]2 G K 
is a continuous linear functional on X endowed with the norm ||・|| 
generated by [•, •]. Moreover, one has ||為|1 = llyll (see for instance [2, 

p. 17]).

Let (X, ||.||) be a real or complex normed space. If J : X — 2X* is 

the normalised duality mapping defined on X, i.e., we recall that (see 

for instance [2, p. 1])

J (x) = {* C X*g (x) = ISI ||쩨 , ISI = ||씨|} , x G X,

then we may state the following representation result (see for instance 

[2,p. 18]):

Each semi-inner product [•, •] : X xX — K that generates the norm 

||.|| of the normed linear space (X, ||・||) is of the form

[x, y] = J (y)," for any x,y G X,

where J is a selection of the normalised duality mapping and〈9,x〉:= 
寸(x) for 寸 G X* and x G X.

Corollary 1. Let (X, ||・||) be a Banach space, [., •] : X x X — K 
a semi-inner product which generates its norm. If e G X is such that 
II히I = 1, f: [a, 이 —X is Bochner integrable on [a, b] and there exists 
a Lebesgue integrable function k : [a, 이 — [0, oo) such that

(2.7) (0 <) 11/(圳| - Re [/ (t), 히 < k (t),
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for a.e. t E [a, 이 , then
(2.8) (0 M、)「||f (t)|| dt -

a

/ /(t) dt

a

b
k (t) dt.

where equality holds in (2.8) if and only if both

(2.9)

bb 
/ /(t) dt,e = / 
aa 
广b 1 广b

/ /(t) dt,e = / 
aa

f (t) dt. and

f (t) dt. — j k (t) dt.

The proof is obvious by Theorem 1 applied for the continuous linear 

functional of unit norm Fe : X — K, Fe (x) = [x, e].

In order to provide a simpler necessary and sufficient condition 

of equality in (2.8), we need to recall the concept of strictly convex 

spaces.

Definition 2. A normed linear space (X, ||・||) is said to be strictly 

convex if for every x, y from X with x = y and ||x|| = ||y|| = 1, we 

have II Ax + (1 — A) y|| < 1 for all A E (0,1).

The following characterisation of strictly convex spaces is useful in 

what follows (see [1], [8], [12] or [2, p. 21]).

Theorem 2. Let (X, ||・||) be a normed linear space over K and [., •] 

a semi-inner product generating its norm. The following statements 
are equivalent:

(i) (X, ||.||) is strictly convex;
(ii) For every x, y E X, x, y = 0 with [x, y] = ||x|| ||y || , there exists a 

A > 0 such that x = Ay.

The following corollary may be stated.

Corollary 2. Let (X, ||・||) be a strictly convex Banach space, and 
[•, •] , e, f, k as in Corollary 1. Then the case of equality holds in (2.8) 
if and only if

(2.10) [llf(圳Idt > [ k (t) dt
aa



24 Sever S. Dragomir

and

(2.11)

bb b
f (t) dt =(/ llf(圳Idt - k (t) 씨 e.

aa a

Proof. Suppose that (2.10) and (2.11) are valid. Taking the norm 

on (2.11) we have

广b

a

b

/ (t) dt II에 .

11/(t川 dt — / k (t) dt II히I 
a

llf (t川 dt — / k (t) dt, 

a

and the case of equality holds true in (2.8).

Now, if the equality case holds in (2.8), then obviously (2.10) is 

valid, and by Corollary 1,

I f (t) dt, e 

a 
Utilising Theorem 2, we get

[/ (t) dt =入e with A > 0. 

a

Replacing J： / (t) dt with Ae in the second equation of (2.9) we deduce 

bb

A = llf(圳Idt - k (t) dt,
aa

and by (2.12) and (2.13) we deduce (2.11).

a

(2.12)

(2.13)

□

Remark 1. If X = H, (H;〈.，•))is a Hilbert space, then from 

Corollary 2 we deduce the additive reverse inequality obtained in [5]. 

For further similar results in Hilbert spaces, see [5] and [6].

3. Reverses for m Functionals

The following result may be stated:
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Theorem 3. Let (X, ||・||) be a Banach space over the real or com­
plex number field K and Fk : X — K, k €{1,..., m} continuous 
linear functionals on X. If f : [a, b] — X is a Bochner integrable func­
tion on [a,이 and Mk : [a,이 — [0, oo), k 6 {1,...,m} are Lebesgue 
integrable functions such that

(3.1) iif(圳1 - ReFk[f(t)] < Mk(t)

for each k 6 {1,..., m} and a.e. t 6 [a, 이 , then

(3.2) [ ||f (t)|| dt <
Fk

[f (t) dt 

a

1 m fb
+m ?=Ja Mk (t)此

The case of equality holds in (3.2) if and only if both

(3.3) f (t) dt
a

and

(3.4) m £ Fk([ f (t) dt) = f nf (t) n dt - m £ j： Mk o dt.

Proof. If we integrate on [a, 이 and sum over k from 1 to m, we 

deduce

(3.5)

b1
( f (세dt < m 匚

+

m 「

Re Fk

m

a f (t) dt 

[Mk (t) dt.

a
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Utilising the continuity property of the functionals Fk and the prop­

erties of the modulus, we have:

(3.6)

m

】ReFk

k=1

/ (t)出)
m

Re Fk

k=1 -

M f〃 f(t) dt)|

/ / (t) dt

a

m

E Fk

k=1

b

/(t) dt .

<

<

<
a

Now, by (3.5) and (3.6) we deduce (3.2).

Obviously, if (3.3) and (3.4) hold true, then the case of equality is 

valid in (3.2).

Conversely, if the case of equality holds in (3.2), then it must hold 

in all the inequalities used to prove (3.2). Therefore, we have 

m

Re Fk

k=1 -

f (t) dt
[Mk (t) dt, 

a

广 / (t) dt|| M Fk/ f (t) dt)

and
m
£ Im Fk 

k=1 -

=0.
/ f (t) dt)

These imply that (3.3) and (3.4) hold true, and the theorem is 

pletely proved.

Remark 2. If Fk, k € {1,...,m} are of unit norm, then, 

(3.2) we deduce the inequality

[llf(圳 dt < II / f (t) dt + 

aa

com-

□

from

(3.7)

m

Mk (t) dt, 
a

which is obviously coarser than (3.2) but, perhaps more useful for 

applications.
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The case of Hilbert spaces, in which one may provide a simpler 

condition for equality, is of interest in applications.

Theorem 4. Let (H,〈., •)) be a Hilbert space over the real or com­
plex number field K and ek 6 H, k € {1,..., m} . If f : [a, 이 — H is 
a Bochner integrable function on [a, 이 , f (t) = 0 for a.e. t 6 [a, b] and 
Mk : [a, 이 — [0, oo), k 6 {1,..., m} is a Lebesgue integrable function 
such that

(3.8) llf (t川—Re〈f (t) ,ek〉< Mk (t)

for each k 6 {1, . . . , m} and for a.e. t 6 [a, b] , then

(3-9) / llf (t川 dt <
ek

〔f (t) dt +

a

m
[Mk (t) dt.

a

The case of equality holds in (3.9) if and only if

(3.10)

广b 1 m 广b
/ ||f(圳I dt 2一〉二 / Mk(t) dt
a m k—1 a

and

(3.11)「f (t) dt = m(f (세 dt]世¥島 Mk (t) dt) 文 ek.
" H〉丿k—1 아e II k=1

Em=i ek『

Proof. As in the proof of Theorem 3, we have

(3.12)

llf(圳Idt <Re

& £ ek/ f (t) dt)

+ Mk (t) dt

and UL ek = 0.
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On utilising Schwarz’s inequality in Hilbert space (H,〈•, •〉)for j： f (t) dt 

and £[=] ek, we have 

(3.13) I f - 씨I £ % m 
f (t) dt, E ek 

k=1

f (t) dt,文 ek) 

k=i

> Re( /f (t) d"； .

By (3.12) and (3.13), we deduce (3.9).

Taking the norm on (3.11) and using (3.10), we have

位 枷 리 I

I f (t) dt

J a

showing that the equality holds in (3.9).

Conversely, if the equality case holds in (3.9), then it must hold in 

all the inequalities used to prove (3.9). Therefore we have

(3」4) ||f(圳I = Re〈f (t) , ek〉+ Mk (t)

for each k 6 {1,..., m} and for a.e. t 6 [a, 이 , 

(3.15) 
Il f - dt||£ * f (t) dt,文 ek

k=1

and

(3.16)
Im{/ f (t) dt, £ ek) = 0.

From (3.14) on integrating on [a, 이 and summing over k, we get

(3.17) Re( / f (t) dt,〉，k) = m/ ||f (t)|| dt — £f / Mk (t) dt. 

k=i / " k=i"
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On the other hand, by the use of the following identity in inner product 

spaces:

2_ n쎄2 n에2 — |〈u,v〉|2 v = 0〈u, v〉v
U — ---5-

n에2 n에2 '

the relation (3.15) holds if and only if

fb (J： f (t) dt," ek)s

/ f (t) dt =------- ™~一谚- £e,

」a 区 k=1 리 I k=1

giving, from (3.16) and (3.17), that (3.11) holds true.

If the equality holds in (3.9), then obviously (3.10) is valid and the 

theorem is proved.

Remark 3. If in the above theorem, the vectors {ek}旧1 m} are 

assumed to be orthogonal, then (3.9) becomes

(3.18)

f (t) dt

Moreover, if {ek}虹{1 m} is an orthonormal family, then (3.18) 

becomes 

(3.19)
(llf (세dt J누m 〔f (t) dt

a
+

/ Mk (t) dt 

a

which has been obtained in [3].

The following corollaries are of interest.

Corollary 3. Let (H;〈.，•))，ek, k € {1,..., m} and f be as in 
Theorem 4. If rk : [a, 이 — [0, oo), k € {1,...,m} are such that 
Vk € L2 [a, 이 , k € {1,..., m} and

(3.20) llf (t) — ek|* rk (t),
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for each k € {1,..., m} and a.e. t E [a, 이 , then

(3.21)

I" 11/ (圳 dt < 

a
/ (t) dt

1 m 广b
+ 2m 日忒(t) d

The case of equality holds in (3.21) if and only if

广b i m 广b
/ \\f 钏dt 2 2m 日 r2(t) dt

and

The proof follows by Theorem 4 on using the following result that 

has been obtained in a similar form in [2, p. 27].

Lemma 1. Let (H;〈., •)) be an inner product space over the real or 
complex number field K and x, a € H, r > 0. If ||x — a|| < r, then we 
have the inequality

(3.22) II쎄 ||a|| — Re〈x, a〉< 1 r2.

The case of equality holds in (3.22) if and only if

||x — a|| = r and ||x|| = ||a|| .

Finally, the following corollary may be stated.

Corollary 4. Let (H;〈.，•))，ek, k € {1,..., m} and / be as in 
Theorem 4. If Mk, 卩k : [a, 이 — R are such that Mk > 卩k > 0 a.e. on 
[a, 이, (M+"€ L [a, 이and

Re (Mk (t) ek — / (t) , / (t)—卩k (t) ek〉> 0
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for each k € {1,..., m} and for a.e. t E [a, 이 , then 

广f (圳dt < 

丿a
ek

〔/ (t) dt 

a

I 1 宁 I" ||2 [Mk (t) - 〃k (圳2 卅
+ 4m 丄他"Ja Mk (t)+卩k (t)dt-

The proof follows by Theorem 4 on using the following result that 

has been established in [3, p. 28].

Lemma 2. Let (H;〈., •)) be an inner product space over the real or 
complex number field K and x,y € H, M > m > 0. If either

(3.23) Re (My — x, x — my)> 0

or, equivalently,
(3.24) x — 뜨三쓰y < |(M — m) ||y|| ,

holds, then

(3.25) H께 lly^ ― Re〈x,y〉< 4 •(m - M) .m+

The case of equality holds in (3.25) if and only if the equality case is
realised in (3.23) and

E = 쓰+竺 ||y||.

4. Applications for Complex-Valued Functions

Let C be the field of complex numbers. If z = Rez + iImz, then by 

|.|p : C — [0, oo), p € [1, oo] we define the p—modulus of z as

{
max {|Rez| , |Imz|} if p = co,

1

(|Rez|p + |Imz|p)p if p € [1, co),

where |a| , a € R is the usual modulus of the real number a.
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For p = 2, we recapture the usual modulus of a complex number, 

i.e.,

|z|2 = J|Rez|2 + |Imz|2 = |z| , z € C.

It is well known that(C, |・ |卩),p € [1, oo] is a Banach space over the 

real number field R.

In the following, we give some examples of inequalities for complex­

valued functions that are Lebesgue integrable on using the general 

results obtained in Section 2.

Consider the Banach space (C, |-|x) and F : C — C, F (z) = ez 

with e = a + 泌 and |히2 = a2 + 02 = 1, then F is linear on C and

IIFII1 := sup |F(z)| = 1, 
z=0 |1

showing that F is a bounded linear functional of unit norm on (C, |.|]).

Therefore we can apply Theorem 1 to state the following result for 

complex-valued functions.

Proposition 1. Let a,0 € R with a2 + 02 = 1, f,k : [a, b] — C 
Lebesgue integrable functions such that

|Ref (圳 + |Imf (圳 < aRe/(t) - 0Imf (t) + k (t)

for a.e. t € [a, 이 . Then

(0 M) I |Ref (t)| dt + I |Imf (t)| dt 
aa

b
Ref (t) dt + I[Imf (t) dt 

a

b
k (t) dt.

Now, consider the Banach space (C, Hg). If F (z) = dz with d = 

Y + iS and |d| =亨,i.e., y2 + S2 = *, then F is bounded linear on C 
and

llF^8 := sup |F(z)| = L

z=0 〔이8

Applying Theorem 1, we may state:
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Proposition 2. Let y,6 g R with 72 + J2 = 2, f, k : [a, 이 — C 
Lebesgue integrable functions on [a, b] such that

max{|Ref (t)| , Hmf (t)|} < YRef (t) — JImf (t) + k (t)

for a.e. t G [a, 이 . Then

(0 <) / max {|Ref (t)| , |Imf (t)|} dt

{ / Ref (t) dt ,
b

k (t) dt.—max Imf (t) dt 
a

Finally, consider the Banach space(C,卜板卩)with p > 1. Let F : 

C — C, F (z) = cz with |c| = 2奄-2 (p > 1). It is easy to see that F 

is a bounded linear functional with

||F|〔2p := sup |F (z)| = L

z=。〔이 2p

Utilising Theorem 1, we may state that:

Proposition 3. Let 9,© g R with ^2 + 廿 = 2寿—2 (p > 1), 

f, k : [a, 이 — C be Lebesgue integrable functions such that
[|Ref (t)|2p + |Imf (t)|2p]备 < ^Ref (t) — ©Imf (t) + k (t) 

for a.e. t G [a, 이 . Then

(0 <)1b [|Ref (t)|2p + |Imf (t)門赤 dt 

a

2p 广b 2p~
+ Imf (t) dt

a

b
Ref (t) dt

丄
"M Ib k (t) dt. 

a

Remark 4. If p = 1 in the above proposition, then, from

|f (t)| < ^Ref (t) — 明Imf (t) + k (t) for a.e. t G [a, 이 ,

provided ip,p G R and ^2 + 明2 = 1, we have the additive reverse of 

the classical continuous triangle inequality

f (t) dt 
a

(0 “ If (t)| dt —

丿a

b
k (t) dt.
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