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EXAMPLES OF SMASH PRODUCT

SEI-QWON On* AND EUN-HEE CHO**
ABSTRACT. Several examples of smash product are given.

The aim of this short note is to see that the skew group ring, skew
polynomial ring and skew enveloping algebra are explained by smash
product. Throughout the note, k will be a field of arbitrary characteristic
and all vector spaces will be over the field k.

Let H = (H,m,u,A¢e) be a bialgebra and let A be an H-module
algebra. That is, A is a left H-module with module structure H x A —
A, (z,a) — x - a, satisfying

v (ab) =) (2 -a)@" b), z-1=c(x)l,

where A(z) = Y 2/ ® . Here we write out and prove the following
well-known theorem for completion.

Theorem

Let H be a bialgebra and let A be an H-module algebra. Then
there exists a unique algebra structure on the vector space A ® H, with
multiplicative identity 1 ® 1, such that its product is given by

(@eo)boy) =Y a@ -b) @y,
This algebra is called a smash product of A and H and denoted by AfH.

Proof. We use Sweedler’s notation in [3] to prove the associativity of
the product. Note that

1@ A)A@) =) 02" @" = (A2 1)A)

for all x € H.
For a,b,c € A and x,y,z € H,

(a@2)boy))(coz) = Y ((al b)) @ @"y)(co?2)
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("y) - ) @ (("y)"2)
(x// . (y/ . C))) ® (x///y/,Z)
= Y (ala’ - by’ - ) @ (@"y"2)

= (a@x)(Q_ 0y - ) © (y"2))
(a@z)(b@y)(c® 2)).

Hence the product satisfies the associativity. For ¢ € A and x € H,
since A(1) =1® 1 and Y e(z')z” = x, we have

@ez)(1el) = > (a(z' 1))@ "
= Z(ae(m’)l) ® x”
= CL®(Z€(.T’):L’”)

a®x
= (1®1)(a® ),

thus 1 ® 1 is unity. It completes the proof. ]
Clearly the linear maps
i:A— AfH, i(a)=a®1,
j:H— AtH, j(z)=1®«x

are monomorphisms and thus it makes sense that, for a € A and = € H,
both elements a®1 and 1®x in AfH are denoted by a and z. Henceforce
we omit the notation ® in AfH and each element a®x € AfH is denoted
by axz. That is, the smash product AfH is an algebra generated by A
and H subject to the relation xa = > (2’ -a)z” for alla € A and z € H.

1. Skew group ring. Let G be a group. The group algebra k[G] is a
bialgebra with
Alz)=z@z, ez)=1

for all x € G. Let A be a k-algebra such that there exists a group
homomorphism ¢ : G — Aut(A), where Aut(A) is the algebra of all
automorphisms on A. Then A is a k[G]-module algebra with module
structure = - a = ¢(x)(a) for a € A,z € G and thus there exists the
k-algebra A#k[G]. Every element of Afk[G] is of the form . a.r,
a; € Aand za = (z-a)x for a € A, x € G. Thus Atk[G] is the skew
group ring of A and G. This approach should be compared with |2,
1.5.4].
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2. Semi-direct product. Let G and H be groups such that there
exists a group homomorphism ¢ : H — Aut(G). Then the group
algebra k[H] is a bialgebra with

Alz)=z®z, €z)=1

for all € H and the group algebra k[G] is a k[H]-module algebra with
module structure x - g = 0(x)(g) for all z € H and g € G. It follows
that there exists k[G]fk[H]. All elements of the form gh, g € G,h € H,
are unit and the set {gh | ¢ € G,h € H} forms a group under the
multiplication on k[G|fk[H], called the semi-direct product of G and H
and denoted by G x¢g H. Note that k[G]#k[H] is isomorphic to the group
algebra k[G xy H|.

3. Skew polynomial ring A[z;d]. The polynomial ring k[z| is a
bialgebra with

Alz)=21+1®z, ex)=0.

Let A be a k-algebra with a derivation . Then A is a k[x]-module
algebra with module structure

r-a=9(a), acA.

Hence there exists the algebra Afk[z]. Every element of Afk[z] is of the
form Y, a;x%, a; € A and za = ax + 6(a) for all @ € A and thus Atk[z]
is the skew polynomial ring A[z;d]. This approach should be compared
with [2, 1.2.3].

4. Skew polynomial ring A[z; «,d]. Given a k-algebra A, let a be an
endomorphism in A and let § be an a-derivation. That is, J is a k-linear
map from A into itself such that d(ab) = a(a)d(b)+d(a)b for all a,b € A.
The polynomial ring k[a][x] is a bialgebra with

Alo)=a®a Alx)=a®z+z®1
ela) =1 e(x)=0
The k-algebra A is a k[a][z]-module algebra with module structure
a-a=afa), x-a=9d(a)

for a € A. Therefore there exists the k-algebra Afk[a][z]. Let S be the
subalgebra of Afk[a][z] generated by z and all elements of A. Then all
elements of S are of the form ), a;x', a; € A and we have the relation
za = a(a)r + d(a) for all a € A. Hence S is just the skew polynomial
ring Alz; «, d]. This approach is more convenient than that given in [1,
1.10] because it is messy to prove the fact that the skew polynomial ring
Alz; a, §] satisfies the associative law.
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5. Skew enveloping algebra. Let A be a k-algebra and let g be a
k-Lie algebra such that there is a Lie homomorphism ¢ : g — Dery(A),
where Derg(A) is the set of all k-derivations in A. Denote the universal
enveloping algebra of g by U(g). Then A is a U(g)-module algebra with
module structure z - a = ¢(x)(a) for x € g and a € A since U(g) is a
bialgebra such that the comultiplication A and the counit € are given
by
Alz)=21+1®z, €x)=0

for all x € g. Hence there exists the k-algebra AfU(g) satisfying the
relation xa = x - a + ax for all a € A and x € g. The smash product
AU (g) is just the skew enveloping algebra of A and g. (See [2, 1.7.10])

References

1. K. R. Goodearl and R. B. Warfield, An introduction to noncommautative noetherian
rings, London Mathematical Society Student Text 16, Cambridge University Press,
1989.

2. J. C. McConnell and J. C. Robson, Noncommutative noetherian rings, Pure &
Applied Mathematics, A Wiley-interscience series of texts, monographs & tracts,
Wiley Interscience, New York, 1987.

3. M. E. Sweedler, Hopf algebras, W. A. Benjamin Inc., New York, 1969.

*

Department of Mathematics
Chungnam National University
Daejeon 305-764

Republic of Korea

E-mail: sqoh@cnu.ac.kr

*

Department of Mathematics
Chungnam National University
Daejeon 305-764

Republic of Korea

E-mail: ehcho@math.cnu.ac.kr





