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THE RIESZ THEOREM IN LINEAR n-NORMED
SPACES
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Abstract. We prove the Riesz theorem in linear n-normed spaces

F. Riesz [7] obtained the following theorem in a normed space.

Theorem 1.1. Let Y and Z be subspaces of a normed space X and Y
a closed proper subset of Z. For each θ ∈ (0, 1), there exists an element
z ∈ Z such that

‖z‖ = 1, ‖z − y‖ ≥ θ

for all y ∈ Y .

In this note, we extend this result to the case of linear n-normed
space. To do this, we introduce the notion of n-compact set, which is
an analogous notion of sequentially compact set in normed space.

Let X be a real linear space with dimX ≥ n and ‖·, · · · , ·‖ : Xn → R
a function. Then (X, ‖·, · · · , ·‖) is called a linear n-normed space if

(nN1) ‖x1, · · · , xn‖ = 0 ⇔ x1, · · · , xn are linearly dependent,
(nN2) ‖x1, · · · , xn‖ = ‖xj1 , · · · , xjn‖ for every permutation (j1, · · · , jn)

of (1, · · · , n),
(nN3) ‖αx1, · · · , xn‖ = |α| ‖x1, · · · , xn‖,
(nN4) ‖x + y, x2, · · · , xn‖ ≤ ‖x, x2, · · · , xn‖+ ‖y, x2, · · · , xn‖

for all α ∈ R and all x, y, x1, · · · , xn ∈ X.
The function ‖·, · · · , ·‖ is called an n-norm on X (see [1, 12.3]).
The properties of n-normed spaces and n-inner product spaces have

been investigated by many authors (see [2], [3], [4], [5], [6]).
We define an n-convergent sequence in a linear n-normed space.

Definition 1.2. A sequence {xk} in a linear n-normed space X is
n-convergent to x and denoted by xk → x as k →∞ if

lim
k→∞

‖xk − x,w2, · · · , wn‖ = 0 for all w2, · · · , wn ∈ X.
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Now we introduce the concept of n-compact in a linear n-normed
space.

Definition 1.3. A subset Y of a linear n-normed space X is called
an n-compact subset if for every sequence {yk} in Y , there exists a sub-
sequence of {yk} which converges to an element y ∈ Y .

Lemma 1.4. Let xi be an element of a linear n-normed space X for
each i ∈ {1, · · · , n} and γ a real number. Then

‖x1, · · · , xi, · · · , xj , · · · , xn‖ = ‖x1, · · · , xi, · · · , xj + γxi, · · · , xn‖.
for all 1 ≤ i 6= j ≤ n.

Proof. It is obviously true.

Lemma 1.5. Let X be a linear n-normed space and Y an n-compact
subspace of X. For v1, · · · , vn ∈ X, infy∈Y ‖v1−y, · · · , vn−y‖ = 0, then
there exists an element y0 ∈ Y such that ‖v1 − y0, · · · , vn − y0‖ = 0.

Proof. For each positive integer k, there exists an element yk ∈ Y
such that

‖v1 − yk, · · · , vn − yk‖ <
1
k
.

Since {yk} is a sequence in an n-compact space Y , we can consider
that {yk} is a convergent sequence in Y without loss of generality. Let
yk → y0 as k → ∞ for some y0 ∈ Y . For every ε > 0, there exists a
positive integer K with 1

K < ε
n+1 such that

k > K implies ‖yk−y0, w2, · · · , wn‖ <
ε

n + 1
for all wi ∈ X (i = 2, · · · , n).

By Lemma 1.4, if k > K, then we have

‖v1 − y0, v2 − y0, · · · , vn − y0‖ ≤ ‖yk − y0, v2 − y0, · · · , vn − y0‖
+‖v1 − yk, v2 − y0, · · · , vn − y0 ‖

≤ ‖yk − y0, v2 − y0, · · · , vn − y0‖
+‖v1 − yk, yk − y0, v3 − y0, · · · , vn − y0‖
+‖v1 − yk, v2 − yk, v3 − y0, · · · , vn − y0‖

≤ ‖yk − y0, v2 − y0, · · · , vn − y0‖
+‖v1 − yk, yk − y0, v3 − y0, · · · , vn − y0‖
+‖v1 − yk, v2 − yk, yk − y0, · · · , vn − y0‖
+‖v1 − yk, v2 − yk, v3 − yk, · · · , vn − y0‖

...
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≤ ‖yk − y0, v2 − y0, · · · , vn − y0‖
+‖v1 − yk, yk − y0, v3 − y0, · · · , vn − y0‖
+‖v1 − yk, v2 − yk, yk − y0, · · · , vn − y0‖
+ · · ·
+‖v1 − yk, v2 − yk, v3 − yk, · · · , yk − y0, vn − y0‖
+‖v1 − yk, v2 − yk, v3 − yk, · · · , vn−1 − yk, vn − y0‖

≤ ‖yk − y0, v2 − y0, · · · , vn − y0‖
+‖v1 − yk, yk − y0, v3 − y0, · · · , vn − y0‖
+‖v1 − yk, v2 − yk, yk − y0, · · · , vn − y0‖
+ · · ·
+‖v1 − yk, v2 − yk, v3 − yk, · · · , yk − y0, vn − y0‖
+‖v1 − yk, v2 − yk, v3 − yk, · · · , vn−1 − yk, yk − y0‖
+‖v1 − yk, v2 − yk, v3 − yk, · · · , vn−1 − yk, vn − yk‖

= ‖yk − y0, v2 − y0, · · · , vn − y0‖
+‖v1 − y0, yk − y0, v3 − y0, · · · , vn − y0‖
+‖v1 − y0, v2 − y0, yk − y0, · · · , vn − y0‖
+ · · ·
+‖v1 − y0, v2 − y0, v3 − y0, · · · , yk − y0, vn − y0‖
+‖v1 − y0, v2 − y0, v3 − y0, · · · , vn−1 − y0, yk − y0‖
+‖v1 − yk, v2 − yk, v3 − yk, · · · , vn−1 − yk, vn − yk‖

< n
ε

n + 1
+

1
k

< n
ε

n + 1
+

1
K

< n
ε

n + 1
+

ε

n + 1
= ε.

Since ε is arbitrary, ‖v1 − y0, · · · , vn − y0‖ = 0

Theorem 1.6. Let Y and Z be subspaces of a linear n-normed space
X and Y an n-compact proper subset of Z with codimension greater
than n−1. For each θ ∈ (0, 1), there exists an element (z1, · · · , zn) ∈ Zn

such that

‖z1, · · · , zn‖ = 1, ‖z1 − y, · · · , zn − y‖ ≥ θ

for all y ∈ Y .

Proof. Let v1, · · · , vn ∈ Z ∩ Y ⊥ be linearly independent. Let

a = inf
y∈Y

‖v1 − y, · · · , vn − y‖.
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Assume that a = 0. By Lemma 1.5, there is an element y0 ∈ Y such
that

‖v1 − y0, · · · , vn − y0‖ = 0.(1)

If y0 is zero, then v1, · · · , vn are linearly dependent, which is a con-
tradiction. So y0 is nonzero. Hence v1, · · · , vn, y0 are linear indepen-
dent. On the other hand, it follows from the definition and (1) that
v1 − y0, · · · , vn − y0 are linearly dependent. Thus there exist real num-
bers α1, · · · , αn not all of which are zero such that

α1(v1 − y0) + · · ·+ αn(vn − y0) = 0.

Thus we have

α1v1 + · · ·+ αnvn + (−1)(α1 + · · ·+ αn)y0 = 0.

Then v1, · · · , vn, y0 are linearly dependent, which is a contradiction.
Hence a > 0.

For each θ ∈ (0, 1), there exists an element y0 ∈ Y such that

a ≤ ‖v1 − y0, · · · , vn − y0‖ ≤ a

θ
.

For each j = 1, · · · , n, let

zj =
vj − y0

‖v1 − y0, · · · , vn − y0‖ 1
n

.

Then it is obvious that ‖z1, · · · , zn‖ = 1.

‖z1 − y, · · · , zn − y‖
= ‖ v1 − y0

‖v1 − y0, · · · , vn − y0‖ 1
n

− y, · · · ,
vn − y0

‖v1 − y0, · · · , vn − y0‖ 1
n

− y‖

=
1

‖v1 − y0, · · · , vn − y0‖‖v1 − (y0 + y‖v1 − y0, · · · , vn − y0‖
1
n ), · · · ,

vn − (y0 + y‖v1 − y0, · · · , vn − y0‖
1
n )‖

≥ 1
‖v1 − y0, · · · , vn − y0‖ a ≥ a

a
θ

= θ

for all y ∈ Y .
This completes the proof.

Now we introduce the concept of partially n-closed in linear n-normed
spaces.
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Definition 1.7. A subset Y of a linear n-normed space X is called a
partially n-closed subset if for linear independent elements x1, · · · , xn in
X there exists a sequence {yk} in Y such that ‖x1−yk, · · · , xn−yk‖ → 0
as k →∞ then xj ∈ Y for some j.

Notice that a subset Y of a linear 1-normed space X is partially
1-closed if and only if the subset Y is closed.

Theorem 1.8. Let Y and Z be subspaces of a linear n-normed space
X and Y a partially n-closed proper subset of Z. Assume that dimZ ≥
n. For each θ ∈ (0, 1), there exists an element (z1, · · · , zn) ∈ Zn such
that

‖z1, · · · , zn‖ = 1, ‖z1 − y, · · · , zn − y‖ ≥ θ

for all y ∈ Y .

Proof. Let v1, · · · , vn ∈ Z − Y be linearly independent. Let

a = inf
y∈Y

‖v1 − y, · · · , vn − y‖.

Assume that a = 0. Then there is a sequence {yk} in Y such that
‖v1 − yk, · · · , vn − yk‖ → 0 as k → ∞. Since Y is partially n-closed,
vj ∈ Y for some j, which is a contradiction. Hence a > 0.

The rest of the proof is the same as in the proof of Theorem 1.6.
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