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ALMOST PERIODIC SOLUTIONS OF LINEAR
DIFFERENCE SYSTEMS

Donc MAN IM* AND YOON HOE GoO**

ABSTRACT. In this paper, we present an elementary proof for the
existence of almost periodic solutions of linear nonhomogeneous dif-
ference systems.

1. Introduction

The theory of almost periodic functions was created by H. Bohr [2] in
1923. Then in 1925, V. Stepanov generalized the class of almost periodic
functions in the sense of Bohr without using the hypothesis of continuity.
S. Bochner defined and studied the almost periodic functions with values
in Banach spaces in 1933.

In recent years the theory of almost periodic functions has been de-
veloped in connection with problems of differential equations, stability
theory, dynamical systems, and so on [4].

In this paper we prove the well-known Bochner’s characterization of
almost periodic sequences and the existence of almost periodic solutions
of linear difference systems by the elementary methods.

2. Bochner’s characterization

DEFINITION 2.1. [5] A sequence x = (z(n)),, n € Z, in R¥ is called
almost periodic if for every ¢ > 0 there exists [ = [(¢) > 0 such that for
any m € Z there exists 7 € {m,m + 1,--- ,m + [} satisfying

lx(n+7) —z(n)| <e, neZ.

We call 7 an e-translation number of x.

Received March 27, 2006.
2000 Mathematics Subject Classification: Primary 39A10, 39A11.
Key words and phrases: almost periodic sequence, almost periodic solution.



154 D.M. Im and Y.H. Goo

The well-known Bochner’s characterization of the almost periodic
sequence is the following;:

THEOREM 2.1. [6] A sequence = in R¥ is almost periodic if and only
if for any sequence (hy ) C 7 there exists a subsequence (hi) C (hy )
such that x(n + hy) converges uniformly on Z.

The proof of Theorem 2.1 can be accomplished by means of the fol-
lowing lemmas:

LEMMA 2.2. [6] A sequence x in R¥ is almost periodic if and only if
the function f : R — R* defined by

fn+u) = 2(n) +ufzn +1) —2(n)], 0Su <1, neZ
is almost periodic.
LEMMA 2.3. Every almost periodic sequence is bounded.

Proof. Let = (x(n))n, n € Z, be any almost periodic sequence.
Then for every € > 0, there exists an e-translation number 7 such that
foreveryn € Z,0 <n+7 <[ and

lz(n+7) —x(n)| <e, nel
Thus, when € = 1, we have
[z(n)| < |z(n) —z(n+7)| +[z(n 4 7)]

< 14+ max |z(n)|
0<n<l
= M.

This completes the proof. O
Proof of Theorem 2.1
(=) Let (hi) be any sequence in Z. In view of Lemma 2.2, the
function f : R — R* defined by

fn+u)=zn)+ufz(n+1)—2z(n)], 0<u<l, neZ

is almost periodic. By the well-known Bochner’s characterization [4] of
the almost periodic function f : R — R*, there exists a sequence (hy)
such that f(n + hg) converges uniformly on Z. Since hy € Z, we have
f(n+hg) =x(n+ hg).

(<) Note that = is bounded by Lemma 2.3. Let (hy) be any sequence
in R. Then hj, = my+pi, mr € Z, 0 < p;, < 1. We show that f : R — R
defined by

f(n+u)=z(n)+ulz(n+1)—z(n)), 0<u<l, neZ
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is almost periodic. Then z(n) = f(n) is almost periodic by Lemma
2.2. To do this we use the Bochner’s characterization of almost periodic
functions.
If we assume that

sup | f(n +my) — f(n)| < 1/n

nez
and

1

—_ <p<1
2n|x|’ p ’

lpr —p| <

then, for any ¢t € R,

sup [f(t +mg) — f(t)] < 1/n
teR

and

IN

sup|f(t+pk) — f(t+p)| < 2lz[lpe - pl

teR
< 1/n

since f(t) is Lipschitzian with Lipschitz constant 2|z|. Therefore

[f(+ hi) = f(t+ D)
<[+ he) = f(E+mp +p)| + | f(E+me +p) = f(E+p)]

<2/n.
This implies that f(¢ 4+ hx) converges uniformly on R to f(¢ + p). This
completes the proof. O

3. Almost periodic solutions of difference systems

We consider the linear nonhomogeneous difference system
(1) z(n+1)=Az(n) +g(n), nez,

where A is an k X k real matrix and ¢ : Z — R is an almost periodic
sequence. The general solution of (1) can be written as

k
z(n) = Ac+ ZAk*lb(l —1), keN
=1

0
= Afe— > AF(I-1), k<0,
I=k+1
where ¢ € RF [1].
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The following existence theorem for almost periodic solutions of (1)
is due to C. Corduneanu [3]. For this theorem we present the elementary
proof.

THEOREM 3.1. System (1) has an almost periodic solution x(n) if
and only if it is bounded.

Proof. (=) It follows from Lemma 2.3.
(<) From Linear Algebra, there exists a nonsingular matrix 7" such
that

T 'AT = B, an upper triangular matrix

A1 bz - - - b1y
0 Mo :
10
= | ,
0 .o
0 - - -0
where each \;,i =1,2,--- n is an eigenvalue of A.

Consider y(n) = T~ 1z(n). Then we have
y(n) is bounded < z(n) is bounded,
y(n) is almost periodic < z(n) is almost periodic.
Furthermore, y(n) is the solution of the triangular system

y(n+1) = By(n).

Note that if theorem holds when n = 1, then it always holds. Thus we
consider the scalar equation

z(n+1) =ax(n)+g(n), aek,
x(no) = x0.

The solution x(n) of the equation is given by

9(j)

aj+1 .

n—1
(2) z(n) =a" | xo+ Z
j=0

We consider three cases:

(i) |a] > 1: Since |a|® — oo when n — oo, from (2), a bounded
solution satisfies
— 9(j)

aj+1
§=0

Trog — —
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and it is convergent since (g(j)); is bounded and |a| > 1. Thus the form
of any bounded solution is

z(n) = a" Z gj(i)l

From the inequality

T la] =1
(la|] — 1)e-almost period of g(n) equals e-almost period of x(n). This
implies that z(n) is almost periodic.
(ii) |a| > 1: By the same reasoning of (i), (n) is almost periodic.
(iii) Ja] =1 : From (2),

= 9(j)

i) is bounded
a

(3) z(n) is bounded <
j=0

since (a")y, is bounded. Also, (a"™)y, is almost periodic. Thus (3) holds
for almost periodic sequences. This completes the proof. O
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