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EXISTENCE OF PERIODIC SOLUTIONS TO
LIAPUNOV CHARACTERISTIC INDEX EQUATIONS

HAN You WANG*, JUN OUYANG** AND ZHUO YAO***

ABSTRACT. In this paper, a numerical programming for Liapunov
index of differential equations with periodic coefficients depending
on parameters is given. The associated equations are given at first,
then existence of periodic solutions to the associated equations is
proved in this paper. And we compute periodic solution w(t) of
the associated equations. Finally, we give the error of approximate
calculation.

1. Introduction

The number )
A(t) = xh_}rrolo =7 Inz(t),

where x(t) # 0 is a solution of the equation &(t) = A(t)xz(t) is called the
Liapunov characteristic index (LCI) of z(t). The complete resolution of
LCI is reduced to the following questions:

1) The existence of LCI and how many are they?

2) Practicable computation of LCI.

The answer of the first question was given by Liapunov [4, 7]. His
result generalized many authors about the conditions on the equation.
While the second question far more from complete resolution even in the
special case that A(t) = A(t+ T), that is, the periodic case. But in the
point of view of approximate computation methods, it is not so difficult
to solve the second question. Indeed, we can calculate the fundamental
solution matrix of the equation #(t) = A(t)x(t) with whatever small
error we wish, and then approximately compute the LCI by its definition.
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However, the previous procedures are valid in practice only in the case
that A(t) = A(0), i.e., the coefficient matrix A(t) is a constant matrix.
In this paper, we introduce a effective method to calculate the LCI for
scalar equation

(1) ei(t) + [p1 + c1(D)]E(t) = [p2 + c2(t)]x(?)
where € # 0,p; = pj(e)
N(e)

(2) cj(t) = ¢jlt.e) = Y ejr(e)eaplirt),

|r|=1
j=1,2, and pj(e), Nj(¢), ¢jr(€) are all independent of ¢.
If we assume that

(®)
€Tr = e_f Cng dt .

then we get

x‘ = eif C127§~:t)dt . _C]_(t) - w _’_eff ClQ(Et)dt . w
2e
and /
c — t _ t t

p= o Ay Op, (240, aly, )
And (1) becomes

. . d(t At

el + prw = | 1(t) _ L +c1(t)(p1 + c1(t)) + p2 + ca(t)]w.

2e 42
Thus, it is sufficient to study the case that ¢1(¢) = 0 in the following.

2. The associated equations

Assuming thatx = exp(w),w = u, we have the equation
(3) et + eu® + pru = py + co(t).

If u(t) is a 2m-periodic solution of (3). then we can set

o
(4) u(t) = Z umezxp(imt) + ug
Im|=1
and
= u
w(t) = Z —exp(imt) + uot + wo,
Im|=1 "

where the constants wug, u,, and wg are independent of ¢.
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Lemma 1. If u(t) is a 2m-periodic solution of (3) and (4) holds, then
Reug is a LCI for equation (1).

Proof. Since u(t) is a 2m-periodic solution of (3),

z(t) = exp(w(t)) = eJo u(s)ds+w(0)

OO
S um fot exp(ims)ds+uot+w(0)
— e\m|:1

is a solution of (1). We have

1 1 - Lo
Zln\m(t)] = ERe[ Z um/o exp(ims)ds + ugt + w(0)|

Im|=1
Note that
o0 t
Z um/ exp(ims)ds + w(0)
|m|=1 0
is bounded, it follows that
1
As(t) = tlfgo? Inz(t) = Reuyp.

In order to find 27-periodic solution to equation (3) and, then calculate
the number ug, we consider the associated equations

k
(5) EZ(k) + 82 Z(p)Z(k,p) +p1Z(k) = b(k), k=0,1,2---
p=0
where b() = pg,bl = Cl(t),b(k) = 0, k > 2. ]

3. Existence of periodic solutions to the associated equa-
tions

If £ =0, then the associated equation (5) will take the form
(6) €Z(0) + E(Z(O))2 + p1Z(0) = p2
—pito o TP
&

Obviously, equation (6) has two 27-periodic solutions: =% 5

where o = \/p] + 4pae, and a # 0.

Let Z((g)),j = 1,2, be one of the two 27-periodic solutions of (6),

respectively. Obviously, ifoe = 0, then Z(%)) = ((g)) If £ = 1, then (5)

will take the form

(7) eZay + (=1 aZyy = ca(t),j = 1,2.
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For fixed j, the equation (7) has one and only one 27-periodic solution

N
() Z(({)) (t) = f ca.m(€)(gim + (=1)7a) texp(imt)
jml=1
if the condition
(9) cim+a#0,m=041,42, -
holds. If k& > 2, then we have
k—1
(10) szw)+(—1yzw)::—s§;zﬁﬁzé’p~_.ﬁk
p=

The equation (10) has one and only one 27-periodic solution for fixed j:

' N(e,k)
(11) Z((,Q = Y from(e+a) sexp(imt),j =1,2,

Im|=1

if (9) holds true.

4. Periodic solution u(t) of (3)

Let
(12) WDty ="z, 5 =12
Let A be the Banach space of 2m-periodic functions with the norm

o
loll == > Joml < oc

|m|=0
1 2

Um = 5 v(t)exp(—imt)dt.

It is clear that

©) - _
23 €A =12k=273,-.
k—1
Lemma 2. [, = Z 22 i p)2<6/<:—23
p_
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Proof. Tt is easy to calculate that lo = 4,13 = 4.5,14 =~ 4.555,15 ~
4.514,1g ~ 4.449, 17 ~ 4.383,lg ~ 4.320, 19 ~ 4.263.
If £ > 10, then we have
k2 100 k2 100 k2
T S o S e :
(k—1)2 — 817 (k—2)2 — (64" (k—3) 49
It follows that

2

k—1
k-1 255~
=Y hEke < Y A
k= 2 p? k—p)? = p? (k—p)?
p=0 p=1
2k—1
2
100 4 1100 4 1 . 100 1 k2
<Asr+ti @ to wt . R
p:

(o ¢]
s Ha e Tooa T4 - (Ul

e
<2{4-T—[p+4— 10 _2_ 101} ~ 5974 <6, (k> 10)

The proof of the lemma is complete. O
Let

3By = min |eim + (~1Yal, BY = || 2{7).
o meZ
Lemma 3. If 6\5\3@ < B(()j), then the series (12) is uniformly
converges in (—oo, +00).
Proof. Assuming that for p € [1,k — 1], the estimation
: N
(13) 12911 < BY (&5~ /"

holds true, where d; = G‘E‘ng)/B(()j), we will prove that (13) is valid for
each positive integer k.
By (11),(12)and Lemma 2, we have

20 < 1 < 1o 5300 40

H k H _@Hf(k)”_ B(()j) p;\l p ”H k—p”
; B(J) _ - _ _

< BY(Z5)ds 2 (S (072 (k — p)7?)

0 p—l

N @ - :
< B (625)d 72 /w2 = BY di k2.
0
Since (13) is obviously true for £ = 1, it follows by induction that (13)
is valid for every positive integer k.
Therefore, the series (12) converges in norm of A, that is, it converges
absolutely and uniformly. O
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Let uU)(t)j = 1,2, be the limit function of the series (12).
Lemma 4. If 6|5]B§]) < B( 7) , then ©9(t),j = 1,2 is a 27-periodic
solution of equation (3).

Proof. Let
U =325 =12
k=0

We have

n k

U +e> 3 7202 +pUD =ps+est),n > 2.

k=0 p=0
Then
(14)
U (t) = eUA(0) + [i{[p2 + c2(s)] — ;U (5) — & Z Z Z9(5)2 (s)}ds

=0p=0
—eUTS +f0 [p2 + ca(s)] — pLUY () — [(U,S”)( ))?

£33 29 Z}_(s) — (U (5))?]}ds
k=0 p=0

One can check that

n ( n k () R n () p—1 ()
(207 - % > 22,1 <1 2127 (3 22l
inzmzwzu )
%_-1—1] G) ~ p—1 .
< zuzwzrzﬁ N+ 2 129108 129,)
p=1 :7—‘,—1] k=0
n (5] .
= (21257 - (L1217
) (3] A
— (21292 = (% 129))
p=1 p=1
By Lemma 3 we have
(31252 - <i| G20, n—ooo
p=1 p=1

It follows that

00 . k X
() 292 =3 297 | =0, n— o
p:

k=0 p=0
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From (14), letting n — oo, we get
. t . .
VP 0) = U9 + [ {2+ ex(s)) ~ mUP () — (U (3))?)ds.
0

Hence, UY) is a solution of equation (3), and it is obviously 27-periodic.
The proof is complete. O

5. Approximate calculation of LCI

By Lemma 1 we assert that

Z / Rez (tydt,j = 1,2,
k027r

is a LCI for equation (1), if 6\5|B§j) < B(()j),j =1,2. We can take
L0
J o
(15) 2277/0 ReZ) (t)dt,j = 1,2,

as an approximate value of LCIL.
Assume that

Zi(t ZZ”) expimt, k=0,1,2,-
jml=0

where

km It

By (15) the approximate value of LCI is
M .

(16) Re(Y" 2)).
k=0

From (8) we have Zf% =0 for |m| € [1, N(¢)]. Therefore, the sequence
{ny)n :m € Z} is known. From (11) we get

1 27 i
70 _ & ZIE:J) expimt(t)dt,j = 1,2, k,m =0,1,2,--- .
0

k—1 N(ep)

(17) (eim + (—1)a =) Z Z9z29 k=23
p=1 i|=0

Since there are only finite members deferent from zero in the sequence

{Z&)n :m € Z}, all sums in the formula (17) are finite. Thus, from the
point of view of approximate calculation, it is not difficult to find all
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sequences {Z,gjzn :m € Z},k=2,3,---, M, and then calculate the value

M
of Re( ) ), the approximate value of LCI for equation (1).
k=0
Since equation (1) has two and only two LCIs, by our method we can
find the approximate values of the LClIs of equation (1).

6. The error of approximate calculation

We assume that d; = 6]5\B§j) < B[()j) <l,7=1,2.
o0

Lemma 5. > p2<4

p=M+1
Proof.
o o o0 oo
1 1 1 1 1
-2
Sore S he P chos S bl
p=M+1 MR A R RO . v
Since HZI?)H < B%j)dg? ! we have
L [T R0 L0
!Zg ReZy (t)cht—zz7T ReZ) (t)dt| <
k=0 0 k=0
[0 (1 0)
<> o[ 1E e Y 122
k=M+1 k=M+1
<B4} Y pt< =12
p=M+1
The error of approximate calculation is estimated. O
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