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MORITA EQUIVALENCE FOR HOMOGENEOUS
C*~ALGEBRAS OVER LOWER DIMENSIONAL SPHERES

CHUN-GIL PARK®

ABSTRACT. All d-homogeneous C*-algebras T over [[*4 S* x [[®2 S2 x
[1%8 83 x [[°* S* are constructed. It is shown that T are strongly Morita
equivalent to C([]%4 S* x []°2 8% x [1°3 S3 x [[°* SY).

1. Introduction

An important problem, in the bundle theory, is to compute the set
[M, BPU(d)] of homotopy classes of continuous maps of a compact CW-
complex M into the classifying space BPU(d) of the Lie group PU(d). The
set [M, BPU(d)] is in bijective correspondence with the set of equivalence
classes of principal PU (d)-bundles over M, which is in bijective correspon-
dence with the set of d-homogeneous C*-algebras over M (see [5, 7]).

In [4], the authors showed that two separable C*-algebras A and B are
stably isomorphic if and only if they are strongly Morita equivalent, i.e.,
there exists an A-B-equivalence bimodule defined in [8]. All d-homogeneous
C*-algebras T over [[*2 S? x [][** S* were constructed in [1, Theorem 2.5],
and it was shown in [1, Theorem 3.3] that T are strongly Morita equivalent
to C(IT°% 82 x [T™ SY).

In this paper, all d-homogeneous C*-algebras T over []* S* x []** S% x
[T°% S x [T S! are constructed. It is shown that T are stably isomorphic
to C([T°* S* x 1% 5% x [1™ S2 x [T°* S*). Thus T¢ are strongly Morita
equivalent to C(J]* S* x [I™ S? x [1** 83 x []** S'). By modifying the
construction given in [1, Theorem 3.3], we are going to construct a T-
C(IT** S* x [%* 82 x []** 83 x []** S')-equivalence bimodule.
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2. Morita equivalence for homogeneous C*-algebras over lower
dimensional spheres

Krauss and Lawson [7, Proposition 2.10] proved that each d-homogeneous
C*-algebra over S? is isomorphic to one of the C*-subalgebras Dy =
Cy.(e2 1L €2, My(C)), k € Zq, given as follows: if f € Dgy, then the

following condition is satisfied

for all z € S* C C, where U(z) € PU(d) = Inn(M4(C)) is defined as
1 ... 00

10
0 =z

and e} (resp. e”) is the n-dimensional northern (resp. southern) hemi-
sphere.

In [3, Theorem 3], an A-C (T?)-equivalence bimodule was constructed
for A koA rational rotation algebra, and in [1, Theorem 3.3|, by modifying
the construction given in [3, Theorem 3], a D4 x-C(S?)-equivalence bimod-
ule was constructed. But using a slightly different trick, we are going to

construct a Dy ,-C(S?)-equivalence bimodule.

LEMMA 1. Each d-homogeneous C*-algebra Dy over S? is strongly
Morita equivalent to C(S?).

1
0

S? can be realized as the C*-algebra of matrices ( fij)ﬁ j=1 of functions f;;
with

Proof. Let V(2)k = ( Zok > . The d-homogeneous C*-algebra Dy j, over

fij €C(S?)ifi,je{l,---,d—2}
<f(df_'1)i>€Q & (fia—ry fia) €eQ ifie{l, - ,d—2}

di
<f(d—1)(d—1) f(d—1)d> € Q.

Ja(a-1) fdd
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where Q, Q* and Q) are the C(5?)-modules defined as

a=(])1£oecneN (] )lane) e

—VEH(]) lana)-() vees)
O ={(f 9)|figeC(E Ue)), (f g) €}
(i £)1nssicc@uen (£l

V(B B )laue)-@ve* wes.

Let X be the complex vector space (@{ 2C(S?)) @ Q. We will consider
the elements of X as (d,1) matrices where the first (d — 2) entries are in
C(S?) and the last 2 entries are in 2. If # € X, denote by x* the (1, d) matrix
resulting from = by transposition and involution so that x* € (69‘11720(5’2)) S5)
Q*. The space X is a left Dy p-module if module multiplication is defined
by matrix multiplication F' - x, where F' = (gij )j,j:l € Dy and z € X.
If g € C(S?) and x € X, then x - g defines a right C(S?)-module structure
on X. Now we define a Dy j-valued inner product (-,-)p,, on X and a

C(S?)-valued inner product (-, co(s2y on X by

(T, Y)pa,, =2 y" and (2,y)c(sz) ="y
for all z,y € X, we have the matrix multiplication on the right. By the
same reasoning as the proof given in [3, Theorem 3], equipped with this
structure, X becomes a Dd,k—C(S2)—equivalence bimodule, and hence Dy

is strongly Morita equivalent to C'(S?), as desired. O

Krauss and Lawson [7, Proposition 2.13] proved that each d-homogeneous
C*-algebra over S* is isomorphic to one of the C*-subalgebras By =
Cy. (et Met, My(C)), k € Z, given as follows: if f € Bgy, then the fol-

lowing condition is satisfied

f+(Z7w) = U(Z7w)kf—(za w)U(za w)_k
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for all (z,w) € S C C2%, where U(z,w) € PU(d) = Inn(My(C)) is defined

as

1 ... 0 O 0
U(sz) = 0 1 O O
0 0 z w
0 0 —w =z

Each d-homogeneous C*-algebra over S3 x S! corresponding to each ele-
ment of [S? x S, BPU(d)] can be constructed.

LEMMA 2. Each d-homogeneous C*-algebra over S® x S is isomorphic
to one of the following C*-subalgebras A 4, k € Z, of C(S3 x [0,1], M4(C))

given as follows: if f € Aq, then the following condition is satisfied

F(zw), 1) = U(z,w)* f((z,w), 0)U (2,w) "
for all (z,w) € S3, where U(z,w) € PU(d) is the unitary given above.

Proof. By the Woodward theorem [9], [S®x St BPU(d)] is embedded into
H?(S3x S, Zq)® H*(S3 x S',7Z) = Z. Since there is a map of degree 1 from
53 xS to S%, the composite of the map of degree 1 and the map representing
each element of [S*, BPU(d)] gives an element of [S?® x S, BPU(d)]. Hence
each element of [S*, BPU(d)] = [S3, PU(d)] representing a d-homogeneous
C*-algebra over S* induces an element of [S3, PU(d)] C [S® x S, BPU(d)],
and the d-homogeneous C*-algebras Ag x over S3 x S! corresponding to the
d-homogeneous C*-algebras By over S* are constructed in the statement,
as desired. g

For a d-homogeneous C*-algebra A over S° there is a matrix algebra
M,(C) such that A ® M, (C) is isomorphic to C(S°) ® My,(C). Since there
is a map of degree 1 from S° to S*x.S!, there are d-homogeneous C*-algebras
over S x 8! induced from d-homogeneous C*-algebras over S°. Also there
are d-homogeneous C*-algebras over S* x S! induced from d-homogeneous
C*-algebras over S*. But the tensor product of each d-homogeneous C*-
algebra over S* x S! induced from a d-homogeneous C*-algebra over S°

with M,(C) has the trivial bundle structure for some integer ¢ greater
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than 1 since [S°, BPU(dq)] = {0} (see [7]). And by the Woodward the-
orem [9] [S? x S1, BPU(d)] is embedded into H?(S? x S',Zy) & H*(S? x
S1.Z) = H?(S? x SY,Zy) = H?*(S?,Zq) = Z4. This implies that each d-
homogeneous C*-algebra over S? x S! is isomorphic to the tensor product of
a d-homogeneous C*-algebra over S? with C'(S'). From now on, we assume
that each d-homogeneous C*-algebra over S* x S* is isomorphic to the ten-
sor product of a d-homogeneous C*-algebra over S* with C'(S!), and that
each d-homogeneous C*-algebra over S? x S' is isomorphic to the tensor

product of a d-homogeneous C*-algebra over S? with C'(S1).

LeEMmMA 3. Let n and m be integers greater than 1. Each d-homogeneous
C*-algebra over S™ x S™ is isomorphic to a d-homogeneous C*-algebra char-

@ over S~ in a d-homogeneous C*-algebra

acterized by the unitary U(Z)
B, over el} x S™ and e x S™, where U(Z) € PU(d) or PU(p) if M,(C) is

factored out of B,.

Proof. Since e’} and e” are contractible, each d-homogeneous C*-algebra
over e/f x S™ and e x S™ is essentially induced by a d-homogeneous C*-
algebra over S™. Each d-homogeneous C*-algebra over S™ x S™ is charac-
terized by a projective unitary over the boundaries S™~! x S™ of et x S™
and e” x S™. But m1(S™) = {0} and so the identification of the boundaries
S™ e et x 8™ and S™ — e x §™ does give the trivial bundle struc-
ture. Hence the d-homogeneous C*-algebra over S™ x S™ is characterized
by the unitary U(Z)?, a € Z or a € Zg4, over S"~! in the d-homogeneous
C*-algebra over e’} x S™ and e x S™, where U(Z) € PU(d) or PU(p). O

All d-homogeneous C*-algebras T over []**7** §2 x []***** ST were con-
structed in [1, Theorem 2.5]. Combining Lemma 2 and Lemma 3 yields
that each d-homogeneous C*-algebra over []* S* x [[™ S? x [[™ S? x
[T** S* can be constructed by canonically replacing some d-homogeneous
C*-subalgebras over S? and some d-homogeneous C*-subalgebras over S* x
S1in T¢ with d-homogeneous C*-algebras over S* and d-homogeneous C*-

algebras over S3 x S'. If s34 51 is odd, then one can make the integer even



116 C. PARK

by tensoring with C(S1). So one can assume that s3 + s; is even, and that

s1 is greater than or equals to s3 and big enough if needed.

THEOREM 1. FEach d-homogeneous C*-algebra T over [[** S* x[[** S% x

[1°% 82 x [1** S* is isomorphic to one of the C*-subalgebras E(( ))((b)) of

C([J(ed met) x H edTe) x [J(s* x [0,1]) x [] (8" x[0,1]), Ma(C))

consisting of those functions f that satisfy

(flet e )+(Zi) = U(Zi)" (fleamier ) - (Z:)U(Z:) ™
(flez ez )+ (wi) = U (wi)” (fle2 ez ) (wi) U (w;) ="
(flssxjo,1)(Xiy 1) = U(X:)“ (f]s3x0,1) (X3, 0)U (X;) ™

(flsrx0,1)) (wir 1) = Ulwi)"™ (fls2x10,17) (%3, O)U (i) ™"

for all (Zl7"' 7Z$47w17"' 7w827X17"' 7X5372/1"" 7y51_53,> S HS4 SS X
2

IT72 St < [T 8% x I o S, one of the tensor products of homogeneous

C*-algebras of the type above, or one of the C*-algebras given by replac-
ing C([T** S* x [T 8% x [1*® S x [T** SY) in E((a))((b)) or the tensor prod-
ucts with suitable d’'-homogeneous C*-algebras in the same sense as above,
when Mg (C) are factored out of E((a))((b)) or the tensor products, where
(a) = (a1, ,as,) € 2%+, (b) = (b1, - ,bs,) € Z*2, (¢) = (c1,- ,Cs4) €
z%, and (r) = (r1,-- ,7ou) € 277" and U(Z;),U(w;),U(X;) and

U(y;) € PU(d) are as defined before.

Proof. By Lemma 2, each d-homogeneous C*-algebra over S2 x S* cor-
responds to a d-homogeneous C*-algebra over S*. By Lemma 3, each d-
homogeneous C*-algebra over the product space of two even dimensional
spheres can be constructed. Combining Lemma 2 and Lemma 3 yields that
replacing $* and S® with S? and S' does not give any change in the relation,
associated with bundle structure, among the factors of []* S x []* S? x
[1°% S3 x []** S', and among the factors of []****2 52 x [[****' S'. Hence
each d-homogeneous C*-algebra over [[* S* x []* 5% x []** S% x []** S*
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can be given by [1, Theorem 2.5], which is exactly the same as the statement

for the case s, = 0 and s3 = 0. O

For a compact CW-complex M, the Cech cohomology group H?3(M,7Z)
classifies the tensor products of d-homogeneous C*-algebras over M with the
C*-algebra K(H) of compact operators on a separable Hilbert space H (see
[6]). The Cech cohomology group H?(M,Z) is isomorphic to the singular
cohomology group H?*(M,Z), when M is a triangularizable C'W-complex
(see [2, Theorem 15.8]).

THEOREM 2. Each d-homogeneous C*-algebra over []* S* x []* S2 x
I1°% 82 x []°* 8! is stably isomorphic to C(J]* S* x []* S2% x [[™ S® x
1" 5"

Proof. Each non-trivial element in the cohomology group H3(J]* S* x
[T°2 S2x[T7® S <[] S%,Z) is given by a non-trivial element in H3((S*)3,7Z),
H3(S? x SY,7Z), or H3(S3,Z) if there exist such factors.

H3(S? x §',7Z) = 7. By the Woodward theorem [9], [S? x S, BPU(d)]
is embedded into H?(S? x S',Z4) ® H4(S? x S1,Z) = H?(S? x S',Z4) =
H?(S%,Z4) = Zg4. So each d-homogeneous C*-algebra over S? x S is
isomorphic to the tensor product of a d-homogeneous C*-algebra over S?
with C(S'), which is stably isomorphic to C(S?) ® C(S') ® My(C), since
H3(S%,Z) = {0}. Thus each d-homogeneous C*-algebra over S? x S! is
stably isomorphic to C'(S? x S1) ® My(C).

Similarly, one can obtain the same result for the other cases.

Hence each d-homogeneous C*-algebra over []* S§* x []*2 92 x []* S3 x
[T°* St is stably isomorphic to C([T™* S* x ] S% x [T S3 x [T™ SY). O

For each k € Z, let

1 ... 0 0 o0\" [1 0 0 0
Ulz,w)* = 0 1 0 0 —|o 1 0 0

0 0 z w 0 0 gk(z7w) hk(zaw)

0 0 —w =z 0 0 —hr(z,w) gi(z,w)
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for all (2,w) € 53 C C2. Tet V(z,w)t = | (W) hu(zw) )
_hk(z7 w) gk(27 w)

LEMMA 4. Each d-homogeneous C*-algebra Bgy over S* is strongly
Morita equivalent to C'(S*).

Proof. The d-homogeneous C*-algebra By over S* can be realized as

the C*-algebra of matrices ( fij);-{ j—1 of functions f;; with
fis €C(SY)ifi,je{l,---,d—2}
(f“;;l)") €eQ & (fiamry fia)eQ ifie{l,--,d—2}

di
Ja—-1ya—-1)  fra—1yd
Q
( Ja(@-1) Jdd € 2o,

where Q, Q* and Qg are the C(S*)-modules defined as
a=((4)119ece ey,
<( Yl o) =V (§) e - w) i) € 5°)
(] 9) | fgeCetTet)), (f g) €9}
{(g )1 ftafre A men. (£ )l ) v)

4

Qo

Vit (f ) )GVt e €5,

Let X be the complex vector space (69‘1#20(54)) @ Q. We will consider
the elements of X as (d,1) matrices where the first (d — 2) entries are in
C(S*) and the last 2 entries are in . If z € X, denote by z* the (1, d) matrix
resulting from x by transposition and involution so that x* € (@f_2C(S4)) @
*. The space X is a left By i-module if module multiplication is defined
by matrix multiplication F' - x, where F' = (g” )” , € By and z € X.
If g € C(S*) and = € X, then x - g defines a right C(S%)-module structure
on X. Now we define a By j-valued inner product (-,-)p,, on X and a
C(S*)-valued inner product (-,-)c(s4) on X by

*

(#,9)By, =2 -y" and (z,y)cs9) =27y
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for all z,y € X, we have the matrix multiplication on the right. By the
same reasoning as the proof given in [3, Theorem 3], equipped with this
structure, X becomes a B, -C(S%)-equivalence bimodule, and hence By

is strongly Morita equivalent to C'(S*), as desired. O

THEOREM 3. Fach d-homogeneous C*-algebra T over []** S*x ]** 52 x
I1°% 82 x []* St is strongly Morita equivalent to C(J]* S* x [[°*S? x
HSs S3 X HSI Sl).

Proof. Let S =T]™ 8% x []™ 5% x []* 5% x []™ S, and M = [[* (el II
et )x[T% (2 e ) x[T** (53[0, 1})><1_[51;S3 (S1x[0,1]). The d-homogeneous
C*-algebra E((g))((f)) over S can be realized as the C*-algebra of matrices

(fij)f’jzl of functions f;; with

fij EC(S) if Z?]E{la 7d72}

(f(df_})i>€F & (fi(d—l) fid)ef*ifie{l,---,d—Q}

di

(f(d—l)(d—l) f(d—l)d) €Ty,

Ja@-1) fad

where I', I'* and T'y are the C'(S)-modules defined as

r={(])1rgecon, v
() lmerst@) =v@r(§) lane)- @), vzies®
() emenrstw = v () lmen)-(w, vus e s°
(1) o061 = VX (] ) somioa)(Xi0), Wi 5°
() Istt0a000 = VG (4 ) lstmioa) (1,0 v € ')
T =1 g) [ fgeC(), (f g) eT)
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V@ (o F) )@V (@) vz e 8

(B ) et
V() lgne)- v ) vu e '
((}2 ﬁ)\sw[og])(Xi,l)

= V(XZ»)Ci((;; }E) |59 x(0.1]) (X5, 0V (X;) ™% VX, € 5°

(<§; ﬁ) |s1x0,1]) (%> 1)

= V(w)”((? Jjj) [s10.)) (i, O)V ()™, Vi € ST},

3

Let Y be the complex vector space (& *C(S)) @T. We will consider the
elements of Y as (d, 1) matrices where the first (d—2) entries are in C(S) and
the last 2 entries are in I'. If y € Y, denote by y* the (1, d) matrix resulting

from y by transposition and involution so that y* € (@Cll_QC(S)) @ TI'*. The
space Y is a left E((g))((rb)) -module if module multiplication is defined by matrix
ijl € E((Z))((f)) andy e Y. If g € C(95)
and y € Y, then y - g defines a right C'(S)-module structure on Y. Now we

define an E((S))((:)) -valued inner product (-,-) e on Y and a C(S)-valued

(e)(r)

multiplication F -y, where F = (gi; )

inner product (-,-)c(s) on Y by

(x,y>E(<;>(<f)> =z-y" and (z,y)cs) ="y
for all z,y € Y, we have the matrix multiplication on the right. By the same
reasoning as the proof given in [1, Theorem 3.3], equipped with this struc-
ture, Y becomes an E((s))((f))—(? (S)-equivalence bimodule, and hence Eég))((rb)) is
strongly Morita equivalent to C'(S). By a finite step of the above process,

one can obtain the result.
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Therefore, each C*-algebra T over [ S* x [ S% x [T 83 x [T** S*

is strongly Morita equivalent to C(J]* S* x []™ S% x [T S x [T™ S). O

*
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