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THE HENSTOCK-PETTIS INTEGRAL OF BANACH
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ABSTRACT. In this paper, we study the Henstock-Pettis integral of
Banach space-valued functions mapping an interval [0, 1] in R into a
Banach space X. In particular, we show that a Henstock integrable
function on [0, 1] is Henstock-Pettis integrable on [0, 1] and a Pettis
integrable function is Henstock-Pettis integrable on [0, 1].

1. Introduction and Preliminaries

Let [0, 1] be the unit interval of the real line with the Lebesgue mea-
sure. If E is a measurable set, then |E| denotes the Lebesgue mea-
sure of E. A tagged partition of [0,1] is a finite collection of pairs
P = {(I1,t1), (I2,t2), - (In,t,)}, where I,--- I, are nonoverlapping
subintervals in [0, 1] and ¢; is a point of I;,i = 1,--- ,p, and Ul ;I; =
[0,1]. A gauge on E C [0,1] is a positive function on E. For a given
gauge J, we say that a partition {(I1,t1), (I2,%2), -+ (In,tn)} is d-fine if
I; C (ti — (5(ti),ti + (5(752)), i=1,---.,n.

Throughout this paper, X is a Banach space with dual X*.

A function f :[0,1] — X is said to be weakly measurable if for each
x* € X* the real function z* f is measurable; strongly measurable, or
simply measurable if there is a sequence of simple functions f, with
limy, || fn(t) — f(¢)|| = 0 for almost all ¢ € [0, 1].

Let f:]0,1] — X be function. We set

n

F(P) =Y ()L

i=1
for each partition P = {(I1,t1), ({2,t2), - (In,tn)} of [0, 1].
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2. The Henstock-Pettis Integral

Recall that a function f : [0,1] — X is said to be Henstock integrable
on [0,1] if there exists w € X with the following property: for every
e > 0 there exists a gauge ¢ on [0, 1] such that

IF(P) —wl| <e
for each ¢-fine partition P of [0,1]. We set w = (H)fo1 f

DEFINITION 2.1. A function f : [0,1] — X is said to be Henstock-
Pettis integrable on [0, 1] if for each z* € X* z* f is Henstock integrable

on [0, 1] and for each subinterval [a, b] of [0, 1] there exists a vector wy, 3 €
X such that

b
2 (wpay) = (H) / 2.

a

We set wpgp) = (HP)f: f.

THEOREM 2.1. Let f and g be functions mapping [0, 1] into X.

(a) If f is Henstock-Pettis integrable on [0,1], then f is Henstock-
Pettis integrable on every subinterval I of [0, 1].

(b) If f is Henstock-Pettis integrable on each of the intervals I; and
Iy in [0,1], where I; and Is are nonoverlapping and I U Iy = I is an
interval, then f is Henstock-Pettis integrable on I and

(HP) /, r=wp)f s+p)f

(c) If f and g are Henstock-Pettis integrable on [0, 1] and «, 3 € R,
then af + (g is Henstock-Pettis integrable on [0, 1] and

I

1 1 1
(HP)/0 (af+5g)=a(HP)/0 f+ﬂ(HP)/O 0.

Proof. (a) follows easily from the definition of the Henstock-Pettis
integration.

(b) Since f is Henstock-Pettis integrable on each of the intervals I;
and Iy in [0, 1], for each z* € X* z* f is Henstock integrable on each Iy
and Io,

v (P [ = () / kS

and
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v () [ = () / R

Hence for each z* € X*, x* f is Henstock integrable on I and
(@r)f s+@p) =] cref o
L n L I
— [ a*f
I

It follows that f is Henstock-Pettis integrable on I and

(HP) /, r=wp)f s+ .

I

(¢) Since for each z* € X* z* (a(HP)fol f+ ﬁ(HP)fol 9)
1 1
o (HP)/O f+ B (HP)/O g
1 1
—atmn [+ p[ o'

1
— ()] a*(af + 59)
0
af + (g is Henstock-Pettis integrable on [0, 1] and

1 1 1
(HP)/0 (af+ﬂg)=a(HP)/0 f+ﬁ(HP)/O 0.

233

O]

THEOREM 2.2. Let f : [0,1] — X be Henstock-Pettis integrable on

[0,1], and let F(z) = (HP)[; f for each x € [0,1].
(a) The function f is weakly measurable.

(b) If f = 0 almost everywhere on [0, 1], then f is Henstock-Pettis

integrable on [0, 1] and (HP)fO1 f=0.

(c) If f = g almost everywhere on [0, 1], then g is Henstock-Pettis

integrable on [0, 1] and

) [ s = e[

Proof. (a) Since z* f is Henstock integrable for each z* € X* z* f is

measurable. Hence f is weakly measurable.
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(b) For each z* € X*, 2*f = 0 almost everywhere on [0, 1]. Hence,
x* f is Henstock integrable on [0, 1] and (H)fo1 x*f = 0. For each subin-
terval [a,b] of [0,1], z*(0) =0 = (H)f;7 z*f. Hence, f is Henstock-
Pettis integrable on [a, b] and (HP)fO1 f=0.

(¢) Since f—g = 0 almost everywhere on [0, 1], f—g is Henstock-Pettis
integrable on [0, 1] and (HP)fol(f—g) =0 by (b). Hence,g= f—(f—g)
is Henstock-Pettis integrable on [0, 1] and

(HP)/Olf—(HP)/Ong(HP)/Ol(f—g)ZO
O

LEMMA 2.3. Let f : [0,1] — X be Henstock integrable on [0,1]. Then
for each x* € X* the function x*f is Henstock integrable on [0,1] and

([ = s

Proof. Since f is Henstock integrable on [0, 1], for every € > 0 there
exists a gauge ¢ on [0, 1] such that for any J-fine partition P = {(I,?)}
we have

- o] <<
For any z* € X*, we have
= f(P) —x*((H)/Ol N < 1l11||£0P) - (H)/OlfH < lla*lle

for any ¢-fine partition P = {(/.t)}. Hence z*f is Henstock integrable
on [0,1] and

[ wr=r@n] 1
O

The following theorems show that the Henstock-Pettis integral is the
generalization of the Henstock integral and the Pettis integral.

THEOREM 2.4. If f : [0,1] — X is Henstock integrable on [0, 1], then
f is Henstock-Pettis integrable on [0, 1] and

) [ s =] s
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Proof. For each z* € X* 2* € f is Henstock integrable on [0, 1] and
:E*((H)fol f) = (H)fol z*f by lemma 2.3. Hence, f is Henstock-Pettis

integrable on [0, 1] and
1 1
ap)[ r=an s

The following example shows that exists an Henstock-Pettis inte-
grable function, but not Henstock integrable on [0, 1].

O]

EXAMPLE 2.1. Let A, = [an,by] C [0, 1] be a sequence of intervals
such that a; = 0, b, < apyq for all n € N and lim,,_, b, = 1 and define
f:00,1] — ¢o by

1 1 00
1(0) = (g e () = g o)

I, [3]and [6], it is proved that f is a measurable Henstock-Pettis inte-
grable function which is not Henstock integrable.

Recall that a function f : [0,1] — X is Pettis integrable on [0, 1]
if f is weakly measurable such that x*f is Lebesgue integrable for all
x* € X* and if for every measurable set E C [0, 1] there is an element

rgp € X such that
E

THEOREM 2.5. If f : [0,1] — Xis Pettis integrable on [0, 1], then f
is Henstock-Pettis integrable on [0, 1] and

HP/f >/01f

Proof. Since a Lebesgue integrable function on [0, 1] is Henstock inte-
grable on [0, 1], the result is obvious from the definition of Pettis integral
and Henstock-Pettis integral. O

References

[1] S. Cao, The Henstock integral for Banach-valued functions, SEA Bull. Math.
16(1) (1982), 35-40.

[2] L. Di Piazza and V. Marraffa, The McShane, PU and Henstock integrals of Ba-
nach valued functions, Czechoslovak Math. J. 52(127)(3) (2002), 609-633.

[3] L. Di Piazza and K. Musial, Set valued Kurzweil-Henstock-Pettis integral, Set-
valued Anal., to appear.



236 J. M. Park, J. T. Lim, and Y. K. Kim

[4] D. H. Fremlin, The Henstock and McShne integrals of vector-valued functions,
I1l. Math. J. 38(3) (1994), 471-479.

[5] D. H. Fremlin and J. Mendoza, On the integration of vetor-valued functions, Ill.
Math. J. 38(1) (1994), 127-147.

[6] J. L. Famez and J. Mendoza, On Denjoy-Dunford and Denjoy-Pettis integrals,
Studia math. 130 (1988), 115-133.

[7] R. Gordon, Another look at a convergence theorem for the Henstock integral, Real
Anal. Exchange 15 (1989-90), 724-728.

[8] R. Gordon, The McShane integral of Banach-valued functions, Ill. Math. J. 34(3)
(1990), 557-567.

[9] R. Gordon, The integrals of Lebesgue, Denjoy, Perron, and Henstock, Graduate
Studies in Math. 4 Am. Math. Soc. (1991).

[10] J. M. Park, The Denjoy extension of the Riemann and McShane integrals,
Czechoslovak Math. J. 50(125) (2000), 615-625.

[11] J. M. Park, C. G. Park, J. B. Kim, D. H. Lee and W. Y. Lee, The integrals of
s-Perron, sp-Perron and ap-McShane, Czechoslovak Math. J. 54(129) (2004),
545-557.

[12] G. Ye. and S. Schwabik, The McShane and the Pettis integral of Banach space-
valued functions defined on R™, Ill. Math. J. 46(2) (2002), 1125-1144.

*

Department of Mathematics
Chungnam National University
Daejeon 305-764, Republic of Korea
E-mail: parkjm@cnu.ac.kr

kk

Department of Mathematics
Chungnam National University
Daejeon 305-764, Republic of Korea
E-mail: jtlim@cnu.ac.kr

KKk

Department of Mathematics Education
Seowon University

CheongJu 361-742, Republic of Korea
E-mail: ykkim@dragon.seowon.ac.kr



