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SOME RESULTS ON GAMMA NEAR-RINGS

Yonc Uk Cuo*

ABSTRACT. In this paper, we introduce some concepts of I'- near-
ring and obtain their properties on I'-near-rings through regularity
conditions.

1. Introduction

Throughout this paper M stands for a I'-near-ring. For basic defi-
nitions in near-ring theory one may refer to Pilz [2] and in I-near-ring
one may refer to [3].Now we introduce the concept of P(r,m) I'-near-
rings and obtain some characterization of the same through regularity
conditions. Further we obtain some properties of P(1,2) and P(2,1) T-
near-rings.

2. Some results

A T-near-ring is a triple (M, +,T") where
(i) (M,+) is a group,
(ii) T is a non-empty set of binary operations on M such that for each
veTl, (M,+,7) is a right near-ring,
(iii) xy(ypz) = (zyy)pz for all z,y,z € M and v, € T
For z € M and a positive integer m, by ™ we mean xy1xvs...TYm-12,
where v; € I' for 1 <47 <m —1. M is said to be a P(r,m) I'-near-ring
if there exist positive integers r, m such that "T'M = MTz™ for all
x € M. M is called a left unital I'-near-ring (right unital I"-near-ring)
if v € 2aI'M (x € MT'z) for all x € M. M is said to be regular if for
each a € M, there exists b € M such that a = avy1bya for every pair of
non-zero elements 71,9 of I'. A non-empty subset A of M is called left
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I-subgroup (right I'-subgroup) of M if A is a subgroup of (M,+) and
MTACA (ATM C A).

M is said to fulfill the intertion of factors property (IFP) provided
that for all a,b € M, ayb = 0 for all v € " implies ayiny2b = 0 for every
pair of non-zero elements 71,7 of I and for all n € M. A I'-near-ring
M is said to be zero symmetric if z4y0 =0 for all z € M and y € T. A
I'-near-ring M is said to be sub-commutative if xvy{ M = M~z for all
x € M and 1,72 €T

M is said to be left permutable or right permutable [1] according as
(x71Y)722
= (yy12)y2z or (xy1y)vez = (xy12)y2y for all z,y,z € M and for every
pair of non-zero elements 71,7y of I'. For A C M, we define the radical
VA of Atobe {x € M/zF € A for some positive integer k}. A regular
I'-near-ring M is called Ps regular if for each a € M, ayb = bya for all
v € I', where b is an element M satisfying the property a = ay1byq2a for
every pair of non-zero elements 7,2 of I'.

M is said to have strong IFP if for all ideals I of M and for all
a,byn € M,avb € I for all v € T implies ayinvys € I for every pair of
non-zero elements ~1,v2 of I'. M is said to be a generalized gamma-
near-field (GGNF) if for each a € M, there exists a unique a’ € M
such that ayia’y9a = a and a’yiay2a’ = a' for every pair of non-zero
elements 71,72 of T' [4]. It is easy to see that a P(r,m) I'-near-ring is
zero-symmetric. An element a € M is called idempotent if aya = a
for all v € T'. F denotes the set of all idempotents in M. An ele-
ment a € M is said to be nilpotent if a™ = 0 for some positive integer
n. Throughout this paper by M, we mean a zero-symmetric I'-near-ring.

In this section we establish certain preliminary results for future use.

ProrosiTION 2.1. If M is without non-zero nilpotent elements, then
M is a IFP TI'-near-ring.

Proof. If xyy = 0 for z,y € M and for all ¥ € T', then (yyx)?
(yyz)(yyx) = yy(zyy)yr = yy0 = 0. This implies that yyx =
Now, for 71,72 € I',n € M,(zyinyy)® = (zminy2y)y(zyinyey)
xy1ny2071 (ny2y) = (xy1n)y20 = 0. This implies that xyinyy =
Therefore M is an IFP I'-near-ring.

I |

PROPOSITION 2.2. Let M be a P(1,2) I'-near-ring.
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(i) If M has no non-zero nilpotent elements, then M is a right unital
I'-near-ring.

(ii) If Mis a left unital I'-near-ring, then M has no non-zero nilpotent
elements.

Proof. (i) Since M is a P(1,2) T-near-ring, we have 2I'M = MT'z?
for all x € M. Now x? = 2y € 2I’'M = MT2? which implies that 22 =
myz? for some m € M and for all v € T'. This implies (z —myz)yx = 0.
Since M has no non-zero nilpotent elements and M is zero symmetric,
ry(z — myx) = 0 and myzy(r — myz) = my0 = 0. Now (z — myx)? =
(x —myz)y(x —myx) = zy(x — myx) — myxy(z —myz) = 0. From this
and M has no non-zero nilpotent elements, we get that + — myx = 0
and so x = myx € MT'z. Thus M is a right unital I'-near-ring.

(ii) For all x € M,z € aT'M = MT2? for some m € M and for all
v €T. Thus 22 = 0 implies z = 0. Hence M has no non-zero nilpotent
elements. O

Similar to the above, one can prove the following result.

PROPOSITION 2.3. Let M be a P(2,1) I'-near-ring which is also right
permutable.

(i) If M has no non-zero nilpotent elements, then M is a left unital
I'-near-ring.

(ii) If Mis a right unital I'-near-ring, then M has no non-zero nilpotent
elements.

PROPOSITION 2.4. Any homomorphic image of any P(r,m) I'-near-
ring is also a P(r,m) I'-near-ring.

Proof. Let M be a P(r,m) I'-near-ring and let f : M — M’ be a
[-near-ring epimorphism. Since M is a P(r,m) I'-near-ring, 2" T'M =
MTz™ for all z € M. Now, for y,z € M’ and v € T', consider y"vz =
f@yvfm) = f@mym) = f(mr'a™) = f(m')y f(@™) € MTy™.
Therefore y"T'M' C M'T'y"™. Similarly one can prove the other inclusion
and hence y"T'M' = M'Ty™. O

PROPOSITION 2.5. Every left I' subgroup of a P(1,2) I'-near-ring is
also right I" subgroup.

Proof. Let A be a left I' subgroup of a P(1,2) I'-near-ring M. For
acA meM,yeTl, aym € al'M = MTa? implies aym = m'v'a? €

MTa C MT'A C A and so A is a right I'-subgroup. ]

The following is an immediate corollary of the above result.
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COROLLARY 2.6. Every left ideal of a P(1,2) I'-near-ring is an ideal.

ProPOSITION 2.7. If M is a P(1,2) or P(2,1) I'-near-ring, then M
has strong IF'P.

Proof. Let I be an ideal and ayb € I for a,b € M and v € I". (i)
Suppose M is P(1,2) I'-near-ring. Since M is zero-symmetric, MT'T C I.
Now ayiym € al'M = MTa? implies ayym = m/ya? for some m’ € M
and for all v € I'. This further implies that ayymy2b = (ayim)y2b =
(m/ya?)yeb = (m'ya)y(ayeb) € MTI C I. Hence ayymysb € I. Thus M
has strong IF'P. (ii) Let M be a P(2,1) I'-near-ring. Consider myb €
MTb = b’I'M. From this we get that mysb = b?>ym’ for some m' €
M and for all ¥ € T. Now ayymyb = ayi(myb) = ay(b*ym') =
(ay1b)y(bym') C ITM C I. Hence M has strong IFP. O

PRrOPOSITION 2.8. If M is a P(r,m) I'-near-ring for some positive
integers r and m, then every idempotent is central.

Proof. Let M be a P(r,m) I'-near-ring for some integers r and m.
For e € E, e T'M = MTe™ implies e'M = MTe. Now e['MTe =
el'(MTe) = eI'M. Hence eI'M = MTe = eI'MTe. For m € M,
there exists u,v € M such that myse = eyiuyze and eyym = eyvyee.
Now eyimmye = eyi(myze) = evi(eyiuyze) = eyiuye = myze and
eyimyze = (ey1m)yze = (ey1vy2e)y2e = eyrm. Thus eyym = eyymyze =
mryqe for all m € M. Therefore every idempotent is central. O

PROPOSITION 2.9. (i) Let M be a P(1,2) T'-near-ring. Then M is
regular if and only if M is a right unital I'-near-ring.
(ii) Let M be a P(2,1) I'-near-ring which is right permutable. Then M
is regular if and only if M is a left unital I'-near-ring.

Proof. (i)Assume that M is a P(1,2) [-near-ring and regular. For all
x € M, there exists y € M such that x = zyyyex € xI'M. Therefore
M is a right unital [-near-ring. Conversely, let M be a right unital
I'-near-ring. For each x € M, x € 2I'M = MT'z?. From this we get that
x = mygx? for some m € M and for all v € ' and so 2% = zymy2?.
This further implies that (z — xy1mYy2x)y12 = 0. From this we get that
xy1(x — zyimyaz) = 0 and zyymyszyi(z — xyymyx) = 0. Consider
($—9071m’72$)2 = (z—zyimyex)yi(z—2y1myex) = xy1 (T —Ty1MY2T) —
xyymyaxyi(x — xyymy2z) = 0. Since M has no non-zero nilpotent
elements, we get that x — xyymyx = 0. Hence x = zyimyex. ie.,
M is regular. (ii) Let M be regular. Then, for each z € M, there
exists y € M such that x = xvyiyyx € MI'z. Therefore M is a left



Some results on gamma near-rings 229

unital I'-near-ring. Conversely let M be a P(2,1) left unital I'-near-
ring, which is also right permutable. Then x € MT'z = 2?I'M which
implies that 2 = z?yym for some m € M and for all 45 € G. Thus
12 = 22yomyer = y1272(MmY2x) = Y1 (MY2x) Y22 (since M is of right
permutable), which implies that (z — xymy2x)y2x = 0. From this
we get that zvy2(z — yymy2z) = 0 and xyymyxy2(xr — xy1MY22) = 0.
Consider (z—xy1mYx)? = (x—2y1mY02) Y2 (T — 2y1My —27) = 272(2 —
xyymy2x) — xyymy2xy2(x — xyimysz) = 0 and so x = zyymysz. Thus
M is regular. O

PROPOSITION 2.10. Let M be a right unital P(1,2) I'-near-ring. Then
M is Ps regular.

Proof. By Proposition 2.9, M is regular. Thus, for x € M, we have
r = zyymyex for some m € M. Hence xyimysx = (my12?)yimysx =
(my12)y2 (zy1mY2x) = my12yex = myi2?, which implies that zvyo (v, m—
my1x) = 0 and
zyymya(xyym —mryix) = 0 for all m € M. Consider (zy;m —my2)? =
(xyym—my1x)y2 (zyim—my1z) = zyimyz(zyim—my1z) —my1zys(zy1m—
m~y1x) = 0 which implies that xy;m = myz for all v3 € T'. Hence M is
Pj5 regular. O
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