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SOME RESULTS ON GAMMA NEAR-RINGS

Yong Uk Cho*

Abstract. In this paper, we introduce some concepts of Γ- near-
ring and obtain their properties on Γ-near-rings through regularity
conditions.

1. Introduction

Throughout this paper M stands for a Γ-near-ring. For basic defi-
nitions in near-ring theory one may refer to Pilz [2] and in Γ-near-ring
one may refer to [3].Now we introduce the concept of P(r,m) Γ-near-
rings and obtain some characterization of the same through regularity
conditions. Further we obtain some properties of P(1,2) and P(2,1) Γ-
near-rings.

2. Some results

A Γ-near-ring is a triple (M, +, Γ) where
(i) (M, +) is a group,
(ii) Γ is a non-empty set of binary operations on M such that for each

γ ∈ Γ, (M, +, γ) is a right near-ring,
(iii) xγ(yµz) = (xγy)µz for all x, y, z ∈ M and γ, µ ∈ Γ.

For x ∈ M and a positive integer m, by xm we mean xγ1xγ2...xγm−1x,
where γi ∈ Γ for 1 ≤ i ≤ m − 1. M is said to be a P (r,m) Γ-near-ring
if there exist positive integers r, m such that xrΓM = MΓxm for all
x ∈ M . M is called a left unital Γ-near-ring (right unital Γ-near-ring)
if x ∈ xΓM (x ∈ MΓx) for all x ∈ M . M is said to be regular if for
each a ∈ M , there exists b ∈ M such that a = aγ1bγ2a for every pair of
non-zero elements γ1, γ2 of Γ. A non-empty subset A of M is called left
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Γ-subgroup (right Γ-subgroup) of M if A is a subgroup of (M,+) and
MΓA ⊆ A (AΓM ⊆ A).

M is said to fulfill the intertion of factors property (IFP) provided
that for all a, b ∈ M , aγb = 0 for all γ ∈ Γ implies aγ1nγ2b = 0 for every
pair of non-zero elements γ1, γ2 of Γ and for all n ∈ M . A Γ-near-ring
M is said to be zero symmetric if xγ0 = 0 for all x ∈ M and γ ∈ Γ. A
Γ-near-ring M is said to be sub-commutative if xγ1M = Mγ2x for all
x ∈ M and γ1, γ2 ∈ Γ.

M is said to be left permutable or right permutable [1] according as
(xγ1y)γ2z
= (yγ1x)γ2z or (xγ1y)γ2z = (xγ1z)γ2y for all x, y, z ∈ M and for every
pair of non-zero elements γ1, γ2 of Γ. For A ⊆ M , we define the radical√

A of A to be {x ∈ M/xk ∈ A for some positive integer k}. A regular
Γ-near-ring M is called P3 regular if for each a ∈ M,aγb = bγa for all
γ ∈ Γ, where b is an element M satisfying the property a = aγ1bγ2a for
every pair of non-zero elements γ1, γ2 of Γ.

M is said to have strong IFP if for all ideals I of M and for all
a, b, n ∈ M, aγb ∈ I for all γ ∈ Γ implies aγ1nγ2 ∈ I for every pair of
non-zero elements γ1, γ2 of Γ. M is said to be a generalized gamma-
near-field (GGNF) if for each a ∈ M , there exists a unique a′ ∈ M
such that aγ1a

′γ2a = a and a′γ1aγ2a
′ = a′ for every pair of non-zero

elements γ1, γ2 of Γ [4]. It is easy to see that a P(r,m) Γ-near-ring is
zero-symmetric. An element a ∈ M is called idempotent if aγa = a
for all γ ∈ Γ. E denotes the set of all idempotents in M . An ele-
ment a ∈ M is said to be nilpotent if an = 0 for some positive integer
n. Throughout this paper by M , we mean a zero-symmetric Γ-near-ring.

In this section we establish certain preliminary results for future use.

Proposition 2.1. If M is without non-zero nilpotent elements, then
M is a IFP Γ-near-ring.

Proof. If xγy = 0 for x, y ∈ M and for all γ ∈ Γ, then (yγx)2 =
(yγx)(yγx) = yγ(xγy)γx = yγ0 = 0. This implies that yγx = 0.
Now, for γ1, γ2 ∈ Γ, n ∈ M, (xγ1nγ2y)2 = (xγ1nγ2y)γ(xγ1nγ2y) =
xγ1nγ20γ1(nγ2y) = (xγ1n)γ20 = 0. This implies that xγ1nγ2y = 0.
Therefore M is an IFP Γ-near-ring.

Proposition 2.2. Let M be a P(1,2) Γ-near-ring.
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(i) If M has no non-zero nilpotent elements, then M is a right unital
Γ-near-ring.

(ii) If M is a left unital Γ-near-ring, then M has no non-zero nilpotent
elements.

Proof. (i) Since M is a P(1,2) Γ-near-ring, we have xΓM = MΓx2

for all x ∈ M . Now x2 = xγx ∈ xΓM = MΓx2 which implies that x2 =
mγx2 for some m ∈ M and for all γ ∈ Γ. This implies (x−mγx)γx = 0.
Since M has no non-zero nilpotent elements and M is zero symmetric,
xγ(x−mγx) = 0 and mγxγ(x−mγx) = mγ0 = 0. Now (x−mγx)2 =
(x−mγx)γ(x−mγx) = xγ(x−mγx)−mγxγ(x−mγx) = 0. From this
and M has no non-zero nilpotent elements, we get that x − mγx = 0
and so x = mγx ∈ MΓx. Thus M is a right unital Γ-near-ring.
(ii) For all x ∈ M, x ∈ xΓM = MΓx2 for some m ∈ M and for all
γ ∈ Γ. Thus x2 = 0 implies x = 0. Hence M has no non-zero nilpotent
elements.

Similar to the above, one can prove the following result.

Proposition 2.3. Let M be a P(2,1) Γ-near-ring which is also right
permutable.

(i) If M has no non-zero nilpotent elements, then M is a left unital
Γ-near-ring.

(ii) If M is a right unital Γ-near-ring, then M has no non-zero nilpotent
elements.

Proposition 2.4. Any homomorphic image of any P(r,m) Γ-near-
ring is also a P(r,m) Γ-near-ring.

Proof. Let M be a P(r,m) Γ-near-ring and let f : M → M ′ be a
Γ-near-ring epimorphism. Since M is a P(r,m) Γ-near-ring, xrΓM =
MΓxm for all x ∈ M . Now, for y, z ∈ M ′ and γ ∈ Γ, consider yrγz =
f(x)rγf(m) = f(xrγm) = f(m′γ′xm) = f(m′)γ′f(xm) ∈ M ′Γym.
Therefore yrΓM ′ ⊆ M ′Γym. Similarly one can prove the other inclusion
and hence yrΓM ′ = M ′Γym.

Proposition 2.5. Every left Γ subgroup of a P(1,2) Γ-near-ring is
also right Γ subgroup.

Proof. Let A be a left Γ subgroup of a P(1,2) Γ-near-ring M . For
a ∈ A, m ∈ M , γ ∈ Γ, aγm ∈ aΓM = MΓa2 implies aγm = m′γ′a2 ∈
MΓa ⊆ MΓA ⊆ A and so A is a right Γ-subgroup.

The following is an immediate corollary of the above result.
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Corollary 2.6. Every left ideal of a P(1,2) Γ-near-ring is an ideal.

Proposition 2.7. If M is a P(1,2) or P(2,1) Γ-near-ring, then M
has strong IFP.

Proof. Let I be an ideal and aγb ∈ I for a, b ∈ M and γ ∈ Γ. (i)
Suppose M is P(1,2) Γ-near-ring. Since M is zero-symmetric, MΓI ⊆ I.
Now aγ1m ∈ aΓM = MΓa2 implies aγ1m = m′γa2 for some m′ ∈ M
and for all γ ∈ Γ. This further implies that aγ1mγ2b = (aγ1m)γ2b =
(m′γa2)γ2b = (m′γa)γ(aγ2b) ∈ MΓI ⊆ I. Hence aγ1mγ2b ∈ I. Thus M
has strong IFP . (ii) Let M be a P(2,1) Γ-near-ring. Consider mγ2b ∈
MΓb = b2ΓM . From this we get that mγ2b = b2γm′ for some m′ ∈
M and for all γ ∈ Γ. Now aγ1mγ2b = aγ1(mγ2b) = aγ1(b2γm′) =
(aγ1b)γ(bγm′) ⊆ IΓM ⊆ I. Hence M has strong IFP .

Proposition 2.8. If M is a P(r,m) Γ-near-ring for some positive
integers r and m, then every idempotent is central.

Proof. Let M be a P(r,m) Γ-near-ring for some integers r and m.
For e ∈ E, erΓM = MΓem implies eΓM = MΓe. Now eΓMΓe =
eΓ(MΓe) = eΓM . Hence eΓM = MΓe = eΓMΓe. For m ∈ M ,
there exists u, v ∈ M such that mγ2e = eγ1uγ2e and eγ1m = eγ1vγ2e.
Now eγ1mγ2e = eγ1(mγ2e) = eγ1(eγ1uγ2e) = eγ1uγ2e = mγ2e and
eγ1mγ2e = (eγ1m)γ2e = (eγ1vγ2e)γ2e = eγ1m. Thus eγ1m = eγ1mγ2e =
mγ2e for all m ∈ M . Therefore every idempotent is central.

Proposition 2.9. (i) Let M be a P(1,2) Γ-near-ring. Then M is
regular if and only if M is a right unital Γ-near-ring.
(ii) Let M be a P(2,1) Γ-near-ring which is right permutable. Then M
is regular if and only if M is a left unital Γ-near-ring.

Proof. (i)Assume that M is a P(1,2) Γ-near-ring and regular. For all
x ∈ M , there exists y ∈ M such that x = xγ1yγ2x ∈ xΓM . Therefore
M is a right unital Γ-near-ring. Conversely, let M be a right unital
Γ-near-ring. For each x ∈ M , x ∈ xΓM = MΓx2. From this we get that
x = mγ2x

2 for some m ∈ M and for all γ2 ∈ Γ and so x2 = xγ1mγ2x
2.

This further implies that (x− xγ1mγ2x)γ1x = 0. From this we get that
xγ1(x − xγ1mγ2x) = 0 and xγ1mγ2xγ1(x − xγ1mγ2x) = 0. Consider
(x−xγ1mγ2x)2 = (x−xγ1mγ2x)γ1(x−xγ1mγ2x) = xγ1(x−xγ1mγ2x)−
xγ1mγ2xγ1(x − xγ1mγ2x) = 0. Since M has no non-zero nilpotent
elements, we get that x − xγ1mγ2x = 0. Hence x = xγ1mγ2x. i.e.,
M is regular. (ii) Let M be regular. Then, for each x ∈ M , there
exists y ∈ M such that x = xγ1yγ2x ∈ MΓx. Therefore M is a left
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unital Γ-near-ring. Conversely let M be a P(2,1) left unital Γ-near-
ring, which is also right permutable. Then x ∈ MΓx = x2ΓM which
implies that x = x2γ2m for some m ∈ M and for all γ2 ∈ G. Thus
x2 = x2γ2mγ2x = xγ1xγ2(mγ2x) = xγ1(mγ2x)γ2x (since M is of right
permutable), which implies that (x − xγ1mγ2x)γ2x = 0. From this
we get that xγ2(x − γ1mγ2x) = 0 and xγ1mγ2xγ2(x − xγ1mγ2x) = 0.
Consider (x−xγ1mγ2x)2 = (x−xγ1mγ2x)γ2(x−xγ1mγ−2x) = xγ2(x−
xγ1mγ2x)− xγ1mγ2xγ2(x− xγ1mγ2x) = 0 and so x = xγ1mγ2x. Thus
M is regular.

Proposition 2.10. Let M be a right unital P(1,2) Γ-near-ring. Then
M is P3 regular.

Proof. By Proposition 2.9, M is regular. Thus, for x ∈ M , we have
x = xγ1mγ2x for some m ∈ M . Hence xγ1mγ2x = (mγ1x

2)γ1mγ2x =
(mγ1x)γ2(xγ1mγ2x) = mγ1xγ2x = mγ1x

2, which implies that xγ2(xγ1m−
mγ1x) = 0 and
xγ1mγ2(xγ1m−mγ1x) = 0 for all m ∈ M . Consider (xγ1m−mγ1x)2 =
(xγ1m−mγ1x)γ2(xγ1m−mγ1x) = xγ1mγ2(xγ1m−mγ1x)−mγ1xγ2(xγ1m−
mγ1x) = 0 which implies that xγ1m = mγ1x for all γ1 ∈ Γ. Hence M is
P3 regular.
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