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Abstract

In this paper, we have proposed a new adaptive fuzzy control algorithm based on Takagi-Sugeno fuzzy model. The regulation
problem for the uncertain SISO nonlinear system is solved by the proposed algorithm. Using the advanced stability theory, the
stability of the state, the control gain and the parameter approximation error is proved. Unlike the existing feedback linearization
based methods, the proposed algorithm can guarantee the global stability in the presence of the singularity in the inverse
dynamics of the plant. The performance of the proposed algorithm is demonstrated through the problem of balancing and

swing-up of an inverted pendulum on a cart.
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1. Introduction

Since Mamdani has applied fuzzy control to a steam en-
gine, many successful applications have been reported [1]-[4].
In the early stage of fuzzy control, fuzzy control was a direct
method for controlling a system without the need of a mathe-
matical model, in contrast to the classical control which is an
indirect method with a mathematical model. However, the sta-
bility analysis of the indirect or 'model-free' method is diffi-
cult and apt to yield a very conservative result. For this rea-
son, the latest fuzzy control researches have been focused on
the indirect fuzzy control method.

In the indirect fuzzy control method, the fuzzy system is
used to estimate and approximate the plant dynamics. For
mathematical simplicity of analysis, singleton fuzzy system or
Takagi-Sugeno fuzzy model is frequently used [5]
Theoretically, the fuzzy system can exactly approximate the
dynamics of a class of nonlinear plants with the large or in-
finite number of rules. However, in the practical situations of
limited number of rules and incorrect approximation, un-
certainties are inevitably produced. To overcome the effect of
uncertainties on stability, the various adaptive fuzzy control al-
gorithms are proposed [6]-[15].

Most of the existing adaptive fuzzy control algorithms are
based on the feedback linearization method [9]-[15]. However,
the feedback linearization method can not be applied to the
plant with the singularity in the inverse dynamics. The adap-
tive fuzzy control algorithms based on the feedback lineariza-
tion method need the infinite control input, when the state is
at singularity of the inverse dynamics or- the parameter ap-
proximation error diverges to infinity.

To avoid the need of the infinite control input, the existing
feedback linearization based methods require the assumption
that the state is away from the singularity and the projection
algorithm which prevents the parameter approximation error
from diverging to infinity.
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In this paper, We have proposed the indirect adaptive fuzzy
state feedback regulator using Takagi-Sugeno Kang(TSK) fuz-
zy model. The proposed method is less sensitive to singularity
than the adaptive fuzzy control algorithms based on the feed-
back linearization method. And it can guarantee the bounded-
ness of the state and the parameter approximation error di-
rectly in the face of the bounded approximation error and ex-
ternal disturbance and we have also proved that the system
state converges to equilibrium.

2. Problem Formulation

Consider the regulation problem of the following #-th or-
der nonlinear SISO system.

2 = fx) + glx)u+ d) m

where f and g are unknown (uncertain) but bounded

continuous nonlinear functions and J(¢) denotes the ex-

ternal disturbance which is unknown but bounded in
magnitude. Also, « denotes the control input. Let
x =[x, % -, 2" V]T € R* be the state vector

of the system which is assumed to be available.

In this paper, well-known Takagi-Sugeno-Kang fuzzy model
is used to identify the unknown nonlinear system (1).
Takagi-Sugeno-Kang fuzzy model is available in IF-THEN
form (2) or Input-Output form (3).

- IF-THEN form
plant rule ;:

IF x is My and ¥ is My and - and x"70 is M,

THENx™ = a7 x + b, u, i=1,2,»,7 @
where x = [ x, # -, x* V]T e R", a; € R,
b; € R

M;; is the fuzzy set and » is the number of rules.

- Input-Output form
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Swlxl a” x+ bu )
x(n) — =] p
glwi(x)
= glhi(x){ a;' x+ b u ) ©)
) Gon hl xy=—E)
where wi{ x )= ll;IlMij(x ), Z;}lwi(x)

M (xY" V) is the grade of membership of xU~1 in M,
It is assumed in this paper that

wlx) 20, =127, Rwlx)) 0
Therefore, the following properties hold.
(%) 20, =127, Bhlx) =1

By defining the parameter vectors @, and @, as
0, =1 al af - af 1T« R™ and
0, = [ b6, b, b, 1" e R,

Input-Output form (3) can be expressed by the following
equivalent equations.

x™ = F(x| 8, + (x| @) u+ dt) @)
Hxl0) = 6 &= Ri(z) a x @)
B(xl0) = 0,7 &, = Shlx) bju (43

=1
where,

E=[ m(x) x" ny(x) 2T b (x) 2T 1T e R
E, = [ Blx) Ry(x) k(x) 1T e R’

3. Indirect adaptive fuzzy state feedback
regulator

First, we define the optimal parameter vectors as

min [ sup

8= arg 0.cR" " xep [ Flxl 0)—F(x)|1] (5-1)
. min sup - —

0,= arg 9, R’[ e R | 2(x| 0,)—g(x)|] (5-2)
where g% = [ a;T a;T a"T 1Te R,
' g, = [ b & b, 1T e R”

Thus ¥( x| 6;) and 2(x| 63)

proximators of f(x) and g(x) , respectively, among all
the fuzzy systems in the form of (4-2) and (4-3). However, in
spite of the optimal approximation, uncertainties are inevitably
produced in the practical application. Considering uncertainties,
the uncertain system (1) can be represented by the optimal ap-
proximations as in the following equations.

are the optimal ap-

2" = Ax)+ glx)u+ dt) (6-1)

flx) = Fxl18) + da(t)" x

= ?_‘;]h,»(x) a,-*T £+ da(t)T x (6-2)
glx) = g(x| 8y) + 4b(8)

z . (6-3)
= 2 h{x) b u+ 4b(2)

where Ag(t) €« R and 4b(¢t) € R denote the

time-varying uncertainties which are assumed to be bounded
by some known Ag and Ab as follows.

da = [ da, da, - da, 1T e R"*
[ da;(t) | < da;, for all j

ab = R

[ 4b(t) | < 4b

Also, the external disturbance is assumed to be bounded by
some known 4 .

de R, |ld#)l<d

To regulate the uncertain system (6-1) - (6-3), we propose
the following indirect adaptive fuzzy state feedback regulator
(7-1) - (7-4).

u= k" x (7-1)
with
k= —-AT(xk7a b ,t)Px (7-2)
'al-T = a h{x) xT P wx” (7-3)
b; = a h{x) xT P w k'x (7-4)
where,
i) ; and B, are the parameter approximation errors
defined as
‘a; = a; — a,;, T = b, — b for all i,
respectively.
il) B e R* is the adaptive state feedback gain vector.

A is any pxxz symmetric positive definite adaptation gain
matrix. @; and @, are the positive adaptation gain constants.

ili) P is the nxn symmetric positive definite solution of
the Lyapunov equation

AP+ PA=-@Q;

with @ any symmetric positive definite matrix.
In this paper, A is chosen to satisfy that

0 1 0 -0
0 0 1 -0
A= i - 1| is any Hurwitz matrix,
0 0 0 1
@ ;@ g,
As R™
v) w= [0 011" rR".

V) T(x,k a;.5,,t)15a nxn matrix which can be
computed as (8-1) and (8-2).
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T(x,k,?i,- ,-52' ,t) = ’5’ wT
Ye R (8-
- r kxT(a; +R da —
¥ = Sl (— Ca; o 2)
= k™ k (8-2)
sgn(x,) d k

+ (b, + 4b S +
( ) x) o

In (8-2), g is the transpose vector of the last row of
A . That is,

a=1la aa gl R
Also, R and & are the diagonal matrixes defined as
follows.
sgn(x,x,) 0 0 0
0 sgn(xyx,) 0 0
R = i : : :
0 0 < sgnlx,_,x,) 0
0 0 0 sgnlx,x,)
' -
sgn{kyxx,) 0 0 0
sgn(kyxox,) 0 0
S = : : : :
0 0 - sgnlb, %, 1x,) 0
0 0 sgn (k%% ,)
(9-2)
sgn in (9-1) and (9-2) is the sign function:
sgn(x) = +1 if x>0
sgn(x) = —1 if x<0

Substituted in (6-1) - (6-3), the adaptive control laws (7-1)
- (7-4) give the following closed loop dynamic equation.

x= Ax+ I'(x kt)k (10-1)
k= —-AT(x k7a 5 ,t)Px (10-2)
-~ T
a; = —a h{x) xT P wx” (10-3)
b= —a, h{x) xT P w k'x (10-4)
where G, = — @,, B, = — b, .

I'(x, k,t)is a nxn matrix which can be computed as
(11-1) and (11-2).

I'(x, kt) = yw’ re R" 11-1)
kxT(ai+ da(t)— a)

ET R

= h{ ) {
(11-2)

Theorem 1 : For the above closed loop dynamic equation
(10-1) - (10-4),
s Pan 2 0

if Pw= p, w (12)

+( Bi+ 4b(t) )x)

is satisfied, then the following statements hold.
(a) the equilibrium point (x, k,72;,5,) = ( is uni-
formly stable.

® x ka7,
Vx(t) e R*, V() € R, V7a,(t) € R,

VB,(4) e R .

are uniformly bounded Vi = ¢ |,

© mll a6 =0, Va(s) e R, Vi)
S5 Rﬂa v’z,(to) < Rn, V’E,(to) € R .
Proof : Let us choose a Lyapunov function
V= 2TPx+ kT A ' k+ —al—-z",l“a'f G+
1 i=
R SR
LE®

The time derivative of V is
V=xT( ATP+ P A)x+2 xTPI'"k—2 kTA'ATP «

2 ¢ =T = 2 <
+ 2 a; a; + Z ’bi ’51'
1 ay =1

al 1= z

Now Since is scalar

-2k A AT Px
—2 kRTATVATPx=(-2 kT AVATP T

=—2 TP T &
Therefore V' becomes
V= —2TQx+2+7TP(I" - T )&k
L JNUN I .
a; =1 ! : a, &= °° :
= — 2T Qx+2xTPw( ¢y — ?T)k
l r = T __ l- r ) )
+ 2, ;l a;, ‘a; + o ;1 b, b, (19

From the adaptive laws in (10-3) and (10-4) and 3" and
y in (8-2) and (11-2), we obtain

V=—xTQx

~Txk

, . T
+2 xTPw Zlh"( a— 57— aI;T . +F; xTk

4 _ T T
+ 2xTPw S h{x){ (da(t) RTAa) x_k
=1 k' k
sgn(x,) d} kT
kT R
_221 b £)x"P wx"ad;—2 Z:flhi(x)xTP wk’x T

+ 2xTPw lalt) -

k

After cancellation,
V=-xTQx
+ 22" Pw Z;h,-( x) (da(t)— Rda )T x

v becomes

+2xTPuw Z:lhi(x) (ab(t) — 46 S) xT k
+ 2xT P wil{d(t) — sgn(x,) d} (15)

From the condition of P (12) and the definition of R

(9-1) and S (9-2), the following inequalities hold. (refer to
Appendix)
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22T Pw lz;h,-( x) (da(t)—R4a)T x <0 (16-])

2xT P w Z;lh,-(x)(db(t) — 4 8) 2Tk <0

(16-2)

2xTPwld(t) — sen(x,)d} <0 (16-3)
Thus, ¥ in (15) is bounded as follows.

v — xTQx 17

According to the Lyapunov's Theorem, statement (a) is
proved. Since V is radially unbounded, statement (b) also is

proved. (statement (b) implies x = L., .)

From (8-1) and (11-1),
T (x, k7@, ,t)
every (x, k,a; , b, ) bounded. From (10-1) - (10-4), since
x, k a;, b, ., (x kt),

bounded, it follows that 5

we can easily verify that
and I (x, k,t) are bounded for

T (x, k @, ,t) are
is bounded. ( x = L., )
Let A.,,(Q) denote the smallest eigenvalues of ¢ .

Then, since @
property holds.

Amin(Q) > 0 and A,.(Q)Ixl° < x” Qx
From this property, (17) becomes

is a positive definite matrix, the following

Vs ~ 2T Qx< — 2,,(Q) Ix|? (18)

Dividing both sides of (18) by A,,,(Q) and integrating
them with respect to time, we obtain

t 9 N 1 t
Je@ s s [T v ar
1
= ———( V() — V(&
Amin(Q)( (1) (1))
which implies
lim [ | 2(0) P dr < —L—( V)~ V() )

£ Ji, Amin (@) °

Thus, we have x L, .

Applying Barbalat's Lemma to x(¢) ( [16]: if
x= L, YL, and £ e L., then ltlglo =) |l
= (), we conclude that 1ti{£10 [l (¢) Il = 0, which
proves statement (c). ]

From Theorem 1, we can conclude that the proposed adap-
tive fuzzy control algorithm can regulate the uncertain non-
linear system with the bounded control input and the parame-
ter approximation error.

Remark : If we choose P = [, the Lyapunov equation
becomes

AT+ A = (19)

-Q

If A is a negative definite matrix, then the above
Lyapunov equation (19) holds.

Thus, if 4 = R” is chosen to satisfy that

01 0 - 0
0 0 1 -0
A= |t © i " i]isa negative definite matrix ,
0 0 0
o a4 a4,
A I= R nxn

then the condition of P (12) can be easily satisfied.

4. Conclusion

A new adaptive fuzzy control method is proposed to regu-
late the uncertain SISO nonlinear system. The proposed meth-
od has the dynamic state feedback structure with the adaptive
fuzzy system identification.

Until now, most of the adaptive fuzzy control algorithms
have been based on the feedback linearization method. Unlike
the conventional feedback linearization based methods, the
proposed algorithm does not require any assumption on the
state variable. Thus, the proposed method can guarantee not
only the local stability but also the global stability. Also, the
proposed method can guarantee the boundedness of both the
control input and the parameter approximation error directly
without the additional projection algorithm. Simulation results
have confirmed that the proposed algorithm could achieve the
regulation problem of uncertain nonlinear systems.
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Appendix

Proof of Inequality (16-1) :

Using ;Z;h’( x ) = 1, the condition of P (12) and the
definition of R (9-1), )

22T P w 3 h(x) (da(t)—R4a)" x
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xT p,, w(da(t)—Rda)T x
= 2 P ( da(t) — sgn{ 2 x, ) da, ) x; x,
+ 2 pnn ( AaZ(t) - Sgn( X9 Xy ) Aaz ) X9 Xy

+ o 4+ 2 p,, ( da,(t) — sgn( x, x,) da, ) x, x,
2 Dun ( X1 Xy 401(1‘) —
+ 2 pun (x5 x, day(t) —

| %, x, | da; )

|x2xn|AaZ)

+ o+ 20 (x, x,4da,(t) — | x,%,1 da,) <0

Proof of Inequality (16-2) :

Using Z}lhi( x) = 1, the condition of P (12) and the
definition of § (9-2),

22T P w glh,(x) (4b(t) — ab S) xT &

= 2 xTp,, w(db(t) — 46 S) xT k
= 20w C 4b(t) — sen( by x1 %, ) 4b) ky %y %,
+2 pnn ( Ab(t) - Sgn( k2 X9 xn)Ab )kz X9 Xy

+ o+ 2P, ( Ab(t) — sgn( k, x,x,) 4b) k, x, x,

= 20, Ckyxyx, db(t) ~ | by 2, x, | 4b)
+ 2 Dy C by 2y x, A6(2) — | by x5 x, | 4b)
+ o+ 20, Clyx,x, db(t) — 1 by x,x,146) <0

Proof of Inequality (16-3) :
2 xT P wl{d(t) — sen(x,) d)}
2 bun C d(t) — sgn(x,) d) x,
= 2m (%, d(t) — Ix,0 d) <0
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