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ESTIMATION OF THE SECOND ORDER PARAMETER
CHARACTERIZING THE TAIL BEHAVIOR OF
PROBABILITY DISTRIBUTIONS: ASYMPTOTIC
NORMALITY'

SEOKHOON YUN!

ABSTRACT

Yun (2005) introduced an estimator of the second order parameter char-
acterizing the tail behavior of probability distributions and proved its con-
sistency. In this paper we prove its asymptotic normality under a third order
condition.
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1. INTRODUCTION

Let X1,...,X, be an independent and identically distributed (iid) sample
from an unknown distribution function (d.f.) F. Suppose F' belongs to the
domain of attraction of an extreme value d.f. G for some 3 € R [F € D(Gp)],
where

Gp(z) == exp{—(1+ Bz) P}, 1+ Bz > 0.

Throughout the paper the case 8 = 0 is interpreted as the limit when 8 — 0, so
that Go(z) = exp(—e ™), z € R.

The parameter 3 is called the extreme value index (or tail index) of F', which
represents how heavy the right tail of F' is. F'is said to have a short, medium or
heavy tail, respectively, if 3 < 0, 8 = 0 or 8 > 0. There is a rich literature on
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the estimation of § using the sample Xj,...,X,. For example, see Hill (1975),
Pickands (1975), Dekkers and de Haan (1989), Dekkers et al. (1989), Drees (1995)
and Yun (2002). To prove asymptotic normality of the estimators of 8 introduced
in these papers, one needs to consider a second order condition which contains
another parameter p < 0 called the second order parameter.

Those estimators of 3 are typically defined using m, say, upper order statis-
tics from Xj,...,X,. The optimal value of m minimizing the asymptotic mean
squared error of the estimator of # depends on p, and therefore one needs to
estimate p using the sample Xi,...,X,. For the estimation of p, Gomes et al.
(2002) dealt with the case of § > 0, i.e. heavy tail.

Yun (2005) considered the general case of 8 € R and introduced an estimator
of p under § € R. In this paper we prove asymptotic normality of the Yun
estimator for p. For this we need to assume a third order condition.

2. MAIN RESULTS

Let the function U be defined by U(z) := F~1(1 —1/z), x > 1, where F~!
denotes the quantile function of F'. Then a necessary and sufficient condition for
F € D(Gp) for some (3 € R is the existence of a function a(t) > 0 such that, for
x>0,

— B _
lim U(tz) - U(2) _ -1
e a() 3
(¢f. de Haan, 1984). In this case the function a(t) is regularly varying at infinity
with index g [a(t) € RVj]. If (2.1) holds and zp := sup{z : F(z) < 1} > 0, then
it also holds that, for x > 0,
. logU(tz) —logU(t) 2P -1
l = =: D(z; B-), 2.2
e T at)/U) 8- (#:-) 22
where 8_ := min{g, 0}.

For asymptotic normality of estimators of 8 appeared in the literature, one

needs to consider a second order condition that, for z > 0,

log U(tz) — log U(t)
a(t)/U(t)

where A(t) is a function of constant sign for large values of ¢, satisfying A(t) = o(1)

1 (zf-+p—1 of-—1

(2.1)

= D(z;-) + A()H(z; B-, p) + 0o(A(t)) ast— o0, (2.3)

as t — oo, and
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for some p < 0 (c¢f. de Haan and Stadtmiiller, 1996). In this case we must have
|A(2)| € RV,. Throughout the case p = 0 is interpreted as the limit when p — 0.
Some examples of F' with the corresponding 3, A(t) and p are given in Table 2.1.

TABLE 2.1 Examples of F with the corresponding 8, A(t) and p

F(z) | B A(t) P
>1 —(1/2)t7! -1
1 —(3/2)t™! -1
(0,1) -pt~° -8
Gs(z) 0 —~(logt)~! 0
(-1,0) Bt 8
-1 -2t 1 -1
<-1 ((B=1p/2t™" -1
Cauchy 1 —(4/3)n%t™2 -2
Normal 0 ~(logt)~! 0
Uniform(0,1) -1 —t1 -1
>0 —pt=8 -5
1—-(1+82)" Y8, 2>0,14+8z>0 0 —(ogt)~! 0
<0 Bt Jé]

Under (2.3) which is clearly a stronger condition than (2.2), Yun (2005) in-
troduced an estimator of the second order parameter p, based on the sample
Xi,...,X,. Specifically, let Xf") > Xén) > ... > X denote the descending
order statistics of X3,...,X,,. For k=1,2,..., we define

1 m
M, = — 3 (log X" ~log X7),)* and

) J=1
)
N & - n,m
n,m Mr(l]fm

provided that X,(:J)rl > 0, where 1 <m < n. For k = 2,3,..., we also define the
function ¢y : (—o0,1/k) — (0,1) by

I?_ 1—-74 1
qbk(:c)::—l;cl!—J(%al—cj—j—), z <

which is strictly decreasing, and let ¢; ' : (0,1) — (—o00,1/k) denote its inverse
function. Let the functions ¢;, ¢ = 1,2, 3,4, be defined by

ci(x) == 2(1 — 4z)(3 — 17z + 232?),
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ea(z) = —(1 — 32)(6 — 33z + 462%),
c3(x) := 2(3 — 17z + 23z%),
ca(z) = —(1 — 3z)(3 — 8z).

Yun (2005) defined an estimator pnm of p by

B = 61(?:) + C2(Bi)an,m
" e3(B2) + calBo) Rogm

where 1 <m < n and
B = 03 (N,
R o $2M (Vi) — 67t (Vi)

and proved its consistency.
In this paper we prove asymptotic normality of pn y,. For this we here assume

a third order condition, a stronger condition than (2.3), that, for x > 0,

logUltz) _1oeUt) _ 1. ) 1+ A(t)H(z; B, p) + A() AL () H(: B, ps 1)

a(t)/U ()
+o(A(t)A1(t)) ast— oo, (2.4)

where A;(t) is a function of constant sign for large values of t, satisfying A;(t) =

o(1) as t — oo, and

Hl(ZE;/B—,P:pl)
._i{ 1 (a:/’—+p+m—1_xﬁ——1)_3(%—”—1_#—-1)}
S e+t \B-+p+pm B- p\ B-+p B-
1
= E{H(w;ﬂ—,ﬁpl)—H(m;ﬂ-,p)}

for some p; < 0. In this case we must have |4;(t)] € RV,,. As in the case of
B =0 and p =0, the case p; = 0 is also interpreted as the limit when p; — 0.
For k=0,1,2,... and for « < 0 and § € R, define
k!

; — = a=2nk(.. —
s(k:,oz,,B_).—/1 7 *D"(z; f-) dzx = ?zo(l—a—jﬁ_)'

Notice that s(k;a, 8_) = E(Z*D*(Z;3-)) if Z is a random variable with d.f.
1~ 1/x, x > 1. The following lemma, an extension of Lemma 5.1 of Draisma
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et al. (1999), is needed to prove asymptotic normality of pn . For the proof,
the reader is referred to Lemma 2.1 of Yun (2005). By < and B we denote
convergence in distribution and convergence in probability, respectively.

LEMMA 2.1. Let Yl, ..., Yy be iid random variables with d.f. 1 —1/z, z > 1,
and let Yl(n) > Y2(n) > e > Y(") be their descending order statistics. Let m =
m(n) be any sequence of integers such that 1 <m < n and m — o0 as n — oo.

(i) For k=1,2,... and for B € R, define

1 m Y(n)
QEn(B-) = —> D* (Y(n) ,ﬂ-> ~ 5(k;0,8-).

j=1 m+1

Then, for k=1,2,... and for 3 € R,

V(@D (B-), -, QFL(B-)) —% (Qu(B-), - -, Qu(B-)) as n — oo,

where (Q1(8-),...,Qr(B=)) has a k-variate normal distribution with mean
vector (0,...,0) and covariance matriz (v;j(6-)) given by

vij(B-) == s(i +J;0,6-) — s(5;0,8-)s(5;0,6-), &ji=1....k

(ii)) Fork=1,2,... and for BeR, p<0 and p1 <0, asn — oo,

m (") Y(n)
k—1 p
Z n) a/B—$p D 7ﬂ _ﬁbl(k;ﬁ—ap)a
J=1 m+1 Ym+l

Y(n) Y_(”)
( 3 P- p,pl) Dt (Yj(m ;5-> - ba(k; B, p, 1),

m+1 m+1

1 m ) Y(n) s Y(")
_E H ,/8— D 7/8—' _')b3(kﬂ p) k>2
J:

m+1 m+1

1
m

where

by(k; B, p) = /1 " e H(w; B, 0) D* (a3 ) da

1 {s(k — LB+ b)) —sk=1:0.8-) B_)}

P B—+p
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ba(k; B, p, p1) := /100 z 2 Hy(z; 8-, p, p1)D* }(z; B-) d
! _
= E{bl(k;ﬁ-,ﬁm)—bl(k;ﬂ—,p)},

bolki Bovp) 1= [ a7 H (@3B, p) DV (03 o) do

= ;}2' [m{s(k —2;20- +2p,8-)

~2s(k =2 B- +p,f-) + sk = 2,0,6.) }

~2pb(kiB-.p) - (0:0,6.)|

In the following theorem we establish asymptotic normality of . A se-
quence of positive integers m = m(n) is called an intermediate sequence if m — oo
and m/n — 0 as n — oo.

THEOREM 2.2. Suppose F' € D(Gg) for some B € R and zr > 0 and that
(2.4) holds for some p < 0 and py < 0. Let m = m(n) be an intermediate sequence
such that \/m|A(n/m)| — oo, ymA(n/m)Ai(n/m) — A\ and v/mA%(n/m) — g

as n — oo for some A\; € (—00,00) and Az € [0,00). Then we have
A d
\/EA(n/m)(pn,m - P) - N(GO(/\la AZaIB——)papl)adQ(ﬂ—ap)) as n — 00,
where

a*(B-,p) = <H?=1(1 — B — p)?

P2 [T5=o(1 — §B-)
+1982 (7 — 2p + 2p%) — 36 (241 — 28p + 280°)

) {(1 —2p+2p") — B_(13 — 4p + 4p%)

+26" (1129 — 48p + 485%) — 37206° + 24960° |

and the formula for the bias term eg(A1, A2, B—, p, p1) is given in the proof.

PROOF. Let m = m(n) be any intermediate sequence. Let Yi,...,Y, be
itd random variables with d.f. 1 — 1/z, z > 1, and let Yl(") > Yz(") > >
d n 4

Y™ be their order statistics. Then (X;3)7=1 = (U(Y;))}=; and so (XJ("));-L=1

(U(Yj(")));?zl. By (2.4), we have, for k =1,2,... and for £ > 0, as t — oo,
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<log U(tz) — log U(t) ) b
a(t)/U(t)

= D*(z; 6-) + k{ A H(5; 6, p) + A() A1 () H (3 B, p, p1) } D" B-)

L) )2 5, p) DF 2w 6) + 10 2 3) - o(43(9)

+o(A(t)A1(?)),

where I(k > 3) denotes the indicator function of the set {k > 3}. Replacing ¢ by
Y,SZ le and z by Y(") / o +1’ adding the equalities for j = 1,...,m and dividing
by m, we have, fork——l 2,...,as . — 00,

Z (logU Y( )) logU(YTSngl))
YUy

- EZ () Y PO— + ( m+1) )/(—n)aﬂ—ap

m+1 m+1

(n) (n) v, o [ 1
n n J .
+A(Ym+1)A1(Ym+1)H1 (Y(n) ,ﬁ——:P;Pl) }D (Y(n) ?ﬂ )

m+1 m+1
(n) (n)
k(k — 1 . Y, Y}
+L2—)A2(Y§1+>1)H2< ORL )D’“ "'( = ,B-)]
Y Y
m+1 m-+1

+I(k > 3) - 0p(A2(Y, 7)) + 0p (A A (Y,
which can be written by Lemma 2.1 as

s(k;0,6-) + Q¥ (B-)

it (2) bt noa () e (2)

+k(k2— 1)

bo(k: B, p) A () +1(k 2 3) - 0 (42 (2))

ror (4 () 4 (5))
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since erf_?l X n/m and so since A(Yrgil) A(n/m) and Al(Yﬂl) ~ Ai(n/m)
by applying the uniform convergence theorem to |A(t)| € RV, and |A1(t)| € RV,,,
respectively. Thus we have, for k =1,2,..., as n — oo,
) 4 <a< Al )) 1 (long("’) logU<Y,Sf21>>
n,m n n n
vy A\ ea@E)/uEh)
y ™
iy n
( L (,131)) [s(k:0, 82) + QU (B-) + k{ba (ki -, p)4 (=)
(Ym+l)
' n n k(k—1) _ AL
+baks B-,p, ) A (22) Ar (2) }+ =5 Lb (s o, )42 ()
2 (1 n n
R ) RN T PNES)

For k = 2,3, ..., define
k{b1(1; B, p)s*"1(1;0, 8_) — bi(k; B, p)¢x(B-)}

Bulk: f-p) = 7(8)5(k:0,5) /
. _ k{b2(1; 8-, p,01)s*71(1;0,8) — ba(k; B, p, p1)bk(B-)}
Pellif ) = R ACRE IR ’
1 k(k=1) (.o $E=2(1.
(k ﬂ—:p) ¢/ (,3 )S(k‘;o,ﬂ_) |: 9 {bl(l,ﬂ_,p) (170,ﬂ—)

~b3(k;ﬂ—,p)¢k(ﬁ-)} — kb (k: B p)B4(B-) B (ks B, p) |

By the Taylor expansion, we have, for k = 2,3,..., as n — oo,

S (N - B- = 7 (ﬁ )(N(k) — 61(0-)) + 0p (N, — 61(6-))

and thus
¢ (N)) = B = Bu(k; B, p)A (=)

_ (el u( m+1>>( M3, )k
8, (8) M W)/ )

{r(B-) + ¢ (B-)Bi(k; B, p) A (n/m)}Mé’,%J
(V) o))k

+op (N, — 6k (B-)),
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where we have from (2.5), as n — oo,

( MG, )’“_{«sk(ﬁ_) $4(6-)Bu(k; B, p) Aln/m)} MSE)
oY) /ur ) () /U ))»

4 {5(1; 0,8-) + QW (B-) + b1 (1; 8-, p) A (%)
+b2(1; 8-, p, p1)A (%) A, (%) +0op (A (%) 4 (%))}k
B {¢k(ﬁ—) n ¢§c(ﬂ—)31(k§ﬂ—7p)‘4 (%)} [s(k; 0,6-) + Q%’“Qn(ﬂ—)
+k {bl(k; B-.p)A (%) + ba(k; B, p, p1)A (%) A (%)}
D (2) 129 0 (1 (2)
(1) 4 @)
= {ks"71(2;0, )Q 0 (8-) — 46(8-)Qn(8-) }
+k{bz(1;ﬁ—,p, p1)s* (1,0, 8-) — ba(k; B, p, P1)¢k(ﬂ‘)}A (%) A (%)
[k(k ~1)
T

-+

{B(158-,9)8* (150, 82) — by ki B-, )0k (6-)}

~kbi(k: B-, 0)84(B-)Ba(k; B, ) | A% () + 0p(@L1(6-))

+op(QUh(82)) + Ik 23) -0, (42 (Z)) 40 (4 (=) i (=) (27

since s¥(1;0,8-) = ¢x(B-)s(k;0,5-). Now suppose that /m|A(n/m)| — oo,
vmA(n/m)Ai(n/m) — A\ and /mA?%(n/m) — Xy as n — oo for some \; €
(—00,00) and Ay € [0,00). Then, combining (2.5)-(2.7) with Lemma 2.1, we
have, for k = 2,3,..., as n — oo,

(k) |
v (2 )(¢k ) ﬁ‘—Bl(k;ﬁ_,p))

= Vi (67 (V) — 6= - Buks B, )4 (2))
_a, BsF1(10,6-)Q1(B-) — 4u(0-)Qe(5-)
#(B-)s(k;0, 5-)
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+A1Ba(k; B, p, p1) + X2 Ba(k; B, p) =: Li. (2.8)
Applying the Taylor expansion

Ty — 2 — Bl(27,3—7p)_31(3,5-710) $1—31(2§ﬁ—7p)
za—z3 Bi(3;08-,p) — Bi(4;6-,p) Bi(3;6-,p) — B1{4;8-,p)

(B1(4;8-,p) — B1(2; 8-, p))
(B1(3; 8-, p) — Bi(4; B-,p))?

(B1(2; 8-,p) — Bi(3;8-,0)) ,
(B Bap) — Bl gl 0~ D)

+o(z1 — B1(2; 8-, p)) + oz2 = B1(3; 6~ p)) + o(z3 — B1(4; 8-, p))

(z2 — B1(3; 8-, p))

as (5113327503) - (B1(2;ﬁ_,p),31(3;ﬁ_,p),31(4;ﬂ-,p)), we have from (28)7 as
VA () (Rogm = (8-, p))
ny [ (@5 (V) — B2)/A(n/m) — (65 (Nw) = B-)/Aln/m)
— \/HA iad { 2 ) 3
| () (¢g1< “’”) zt)/A(n/ ) — (7 () — =)/ A(n/m)

_Bl(za B-—a p)
B1(3; 6, ) - Bl(4 6—
1

- o7 (Nim) =B— o 0o,
- B1(3;ﬂ—,p) B1(4 6, )\/— ( ){ (n/m) B1(2,/8—7p)}

(Bi(4;8-,p) — Bi(2: 8-, p) N o (V) =B .
B 5~ a2 () { Alnjmy D300
(By(2;8-,p) — B1(3;6-,p)) ny o (Nam) =B
TR0 Bk () { Anjmy  D1EI0)
+op(1) .
d Ly (B1(4;6-,p) — B1(2; 8-,p))L3

Bi3:Arp) -~ B4 Bp) | (Bi(3:8.p) - Bi(4B-,p))?

+(Bl(27/6—ap) - Bl(3aﬂ—)p))L4
(B1(3; B=, p) — B1(4; B, p))?
_ Lo—(r(B-,0) + 1) L3 +7(B-, p)1a 2.9)
Bi(3;8-,p) — B1(4;8-,p) ' '
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where

B1(2;8-,p) = Bi(3;8-,p) _ —c1(B-) + pes(B-)
Bi(3;8-,p) = Bi(48-,p)  c2(B-) — pea(B-)

Again, applying the Taylor expansion

ci(zr) + ca(zr)ze  a(B-) + c2(B-)r(B-, p) B
co(m) + ealan)zs  es(B) T ealByr(B,p) T AP @ = 0)

+d2(B-, p)(x2 — 7(B-, p)) + o(z1 — B-) + o(z2 — 7(B-, p))
as (z1,z2) — (B-,7(B-,p)), where

r(B-,p) =

1
hB—P) = oy T 38)@ 7 — T T 335)
x{—3(7 + 5p) + 66_(37 + 32p — p?) — 5 (850 + 855p — 17p?)
49263 (15 + 17p) — 468 (17 + 21p)},
(1 — _ 2 2
(B p) = (1 -3B8_)(6—336_ + 46832 — 3p+86_p)

2(1-28_)(3—T76_)(3—176_ +233%2) ’

we finally have from (2.8) and (2.9), as n — oo,

VA (Z) (bam = 0)

_ c1(B2) + c2(B=)Rum  c1(B=) + ca(B-)r(B-

a ‘/_A< ){c;(ﬁ )+ci(ﬁ )Rﬂm_c( _)+ i(ﬂ r(B-, p)}

_ pWVmA () (B = B-) + da(B, IVmA (= ) (Rum = 7(B-, )

+0p(1)

s NaBy (2o, ) (-, )+ oo P TP D PR )
4

= 60(/\1, A27 )8—,/), pl) +Z ei(ﬂ—: p)Ql(ﬂ—)

z=1

~ N<60()\1»)\2,ﬂ—’P,P1 Zzez — p)e;(B ,P)Uz‘j(ﬁ—)>,

=1 j=1

where

Ada (B, p)

eO(Alv/\Z,ﬁ—apipl) = N R B (k;/g—apvp )
Bl(3’/8—7p)—B1(4,ﬂ__,p)fi_4; 2 1
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+A2 {31(2; B, p)d1(B-, P)

+ LICRY) 24:33 k: B, }
Bl(?"ﬂ— p) Bl 4aﬁ—’ ) —9 -

$(1;0,8-)da(8-, p)

18-0) = BB B 0 - B4 6. p) | B 2 0, 6_)
_3(r(B-,p) +1)5(150,8.)  4r(B-,p)s*(1;0,6-)
¢5(B-)s(3;0,6-) P4(B-)s(4,0,6-) [
es(B..p) = — da(B-, p)p2(B-)
T (Bu(3; 8-, p) — Bi(4; 8-, p))dh(B-)s(2;0,8-)
e (ﬂ p) — (T(ﬂ—7p) + 1)d2(16—7 p)¢3(/8—-)
SV Pl (B (3; 8-, p) — Bi(4; 8-, p))5(B-)s(3;0, B_)
64(,3_,,0) P T(ﬁ—vp)d2(ﬂ—’p)¢4(ﬂ—)

(B1(3;8-,0) — B1(4; 8-, p))#3(6-)s(4;0,8-)
With an extra effort one can show that

4-96-—p)I1;_1(1 — jB- — p)

el(ﬂ“’p) = - P ]
2B ) = (6 — 336 + 4682 — 3p +88_p) [T;—,(1 — 58— — p)
2(P—,pP) = 2P )
es(f_.p) = (1-36-)(4 —276- + 4662 — 3p +106-p) [T;-1(1 — jB- — p)
3\P—,P) = 6p ’
g - (L7360 - 46)*(1—48_ — p)* T3, (1 — 3B~ — p)
64( -—,p) - 24p )
and thus that
4 4
Z Zei(ﬂ—, p)e;(B—, p)vij(B-) = c*(B-, p),
i=1 j=1
which completes the proof. 4 O
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