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SYMMETRIC BI-(o,7) DERIVATIONS OF
PRIME AND SEMI PRIME GAMMA RINGS

SAHIN CERAN AND MUSTAFA AscCl

ABSTRACT. The purpose of this paper is to define the symmetric
bi-(o,7) derivations on prime and semi prime Gamma rings and
to prove some results concerning symmetric bi-(o, 7) derivations on
prime and semi prime Gamma rings.

1. Introduction

The gamma rings are defined in [2T as follows. Let M and T" be
additive abelian groups. If for a,b,c € M and «a,8 € T the following
conditions are satisfied.

i)aBbe M

ii) (@ + b)ac = aac+ bac

iil) a(a + B)b = aab + afb, aa(b+ ¢) = aab+ aac

iv) (aab)Be = aa(bBc)
then M is called a I'- ring.(in the sense of [1]). Every ring is a I'- ring.
A right (left) ideal of a I'- ring M is an additive subgroup of U of M
such that UTM Cc U(MTU c U). If is both right and left ideal, then
we say U is an ideal of M. If the following condition holds for a gamma,
ring M, then M is called a prime gamma ring [1]

alMThb=0=a=0 orb=0 a,be M.

Throughout this paper all gamma rings will be associative.We shall
denote by Z(R) the center of gamma ring. We shall write [z, y], = zyy—
yyzx for all z,y € M,y € I'. An additive mapping D : M — M is called
a derivation if D(zvyy) = D(z)vy + zyD(y) hold for all z,y € M,y € T.

A derivation D is inner if there exists a € M such that D(z) = [a,z],
hold for all x € M,~ € T'. A mapping B(.,.) : MaM — M is said to be
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symmetric if B(z,y) = B(y, ) holds for all pairs z,y € M. A mapping
f: M — M defined by f(z) = B(z,z) where B(,,.): MaM — M is a
symmetric mapping, is called the trace of B. It is obvious that, in case
B(.,.) : MM — M is a symmetric mapping which is also bi-additive,
then trace of B satisfies the relation f(z +y) = f(z) + f(y) + 2B(z,y),
x,y € M. We shall use also the fact that trace of symmetric bi-additive
mapping is an even function. Let ¢, 7 be gamma ring-automorphisms of
M. D(.,.): MzM — M is called a symmetric bi-(o, ) derivation, if
D(zvy, z) = D(z, 2)yo(y) + 7(z)yD(y, 2)
is fulfilled for all z,y,z € M,~ € T',0,7 automorphisms. Obviously, in
this case also the relation
D(z,yvz) = D(z,y)vo(2) + 7(y)yD(z, 2)
holds for all z,y,2 € M,y € I, 0, 7 automorphisms.

2. The results

The following lemmas are useful for us.

LEMMA 1. Let D : M — M be a derivation where M is a prime
gamma ring. Let U be a nonzero right ideal of M. Suppose either

(i) eyD(z) =0, ze€U,veT.

(ii) D(z)yx =0, z € U,y € I' holds. In both cases we have a =0
or D=0.

Proof. (i) Writing zvy instead of z in ayD(z) = 0 for all z € R we
get
0 = ayD(zvy)
= ay(D(z)yy + zvD(y))
= ayD(z)yy + ayzyD(y)
for all z,y € R. Since ayzyD(y) =0 then ayRyD(z) =0=a =0 or
D =0.
(ii) Writing 2y instead of z in D(z)ya =0 z € U,y € T then we get
D(zyy)yva = (D(z)vy+zyD(y))ve
= D(z)yyya + zvD(y)va
= D(z)yyva.
From this equality we get D(z)yRya =0 = a =0 or D = 0 this
ends the proof. O
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LEMMA 2. Let M be a prime gamma ring of characteristic not two
and let U a nonzero ideal of M. Let a,b € M be fixed elements. If
ayufBb+byufa =0 is fulfilled for all uw € U,a,3 €T then either a =0
orb=0. :

THEOREM 1. Let M be a prime gamma ring of characteristic not two
and U be nonzero ideal of M. Suppose there exist symmetric bi-(c,T)
derivations Di(.,.) : MzM — M and Dy(.,.) : MaM — M such that
D1 (d2(u),u) = 0 holds for all u € U where dy denotes the trace of Ds.
In this case D1 =0 or Dy = 0. ’

Proof. By linearization of the relation
(2.1) D1(do(u),u) =0
one obtains
D1 (da(u) + da(v) + 2D3(u,v),u +v) =0
whence,

D1 (da(v),u) + 2D1(Dy(u,v), u) + D1(da(u),v) + 2Dy (D2 (u,v),v) = 0
according to (2.1). Substituting in the equation above u by —u we obtain
by comparing this new equation with the equation above that
(2.2) D1 (da(u),v) + 2D1(Da(u,v),u) =0

is fulfilled for all pairs u,v € U. Let us replace in (2.2) v by uav, o € T.
Then

0 = Di(da(u),uaw) + 2D1(Da(u, uav),u)
= 7(u)aDi(dz(u),v) + 27(d2(u))aD1(o(v),u)
+2D1(7(u), w)ao(Ds(u,v)) + 27%(w)aD; (D (u, v), u).
In the above calculation we used (2.1) and (2.2). Thus we have
(2.3) 0 = do(u)aDq(u,v) + di(uw)aDa(u,v) u,v € U,a €T.
Let us write in (2.3) v@u instead of v We have
0 = da(u)aD:(vBu,u)+ di(u)aDa(vBu,u)
= (d2(w)aDi(v,u)Bo(u) + da(u)ar(v)Bdi (u)
+di (u)aDy(v,u))Bo(u) + di(uw)ar(v)Bda(u)
= da(u)ar(v)Bdi(u) + di(u)ar(v)Bda(u).
Thus we have
(24) do(uw)ar(v)Bdi(u) + di(w)ar(®)Bda(u) =0 u,veU,a,Bel.
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Let us assume that d; and ds are both different from zero. In other
words there exist elements u; ,up € U such that dy(u1) # 0 and da(uz) #
0. From (2.4) and Lemma 2 it follows that dj(uz2) = da(u1) = 0. Since
di(ug) = 0, the relation (2.3) reduces to da(ug)aD;(uz, v) = 0. Using
this relation and Lemmal, we obtain that D;(ug,v) = 0 holds for all
v € U since da(ug) # 0.(recall that a mapping v — Dj(ug,v) is a
derivation). In particular we have D;(ug,u1) = 0. Similarly we obtain
that dl('LL1 +U2) = d1 (’Ltl) +d2(’LL2) + 2D1(U1, 'UQ) = dl(ul) 75 0. Similarly
one obtains da(v) # 0. But di(v) and d2(v) cannot be both different
from zero according to (2.4) and Lemma 2. Therefore we have proved
that either dy = 0 or d2 = 0 which is actually the assertion of the
theorem. |

In case D; = D, Theorem 2 can be proved for semi-prime gamma
rings.

THEOREM 2. Let M be a 2- torsion free semi-prime gamma ring and
U be nonzero ideal of M. Suppose there exists such a symmetric bi-
(o,7) derivation D(.,.) : M x M — M that D(d(u),u) = 0 holds for all
u € U. Where d denotes the trace of D. In this case we have D = 0.

Proof. In this case(2.4) reduces to d(u)ar(v)Bd(u) =0,u,v € U, o, B
€ I' which implies that d(u) = 0 for all u € U, by [9, Lemma 2(iii)], and
semi-primeness of M. O

THEOREM 3. Let M be prime gamma ring of characteristic not two
and three. Let 7(U) C U, U be nonzero ideal of M and o7 = 7o and
o = 7. Let U be nonzero ideal of M. Let Dy(.,.): M x M — M and
Dy(.,.) : M x M — M be symmetric bi-(o, ) derivations. Suppose
further that there exists a symmetric bi-additive mapping B(.,.) : M x
M — M such that d;(d2(u)) = f(u) holds for all u € U, where d; and
ds are the traces of Dy and Do respectively, and f is the trace of B.
Then either D1 = 0 or Dy = 0.

Proof. The linearization of the relation
(2.5) d1(da(u)) = f(u)
gives us

di(da(u) + do(u) + 2D3(u,v)) = f(u) + f(v) + 2B(u,v)
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and

d1(d2(u)) + d1(d2(u)) + 4d1(D2(u, v)) + 2D1(d2(u), d2(v))
+4D1(d2(u), Da(u, v)) + 4D1(d2(u), D2(u,v))
= f(u)+ f(v) + 2B(u,v).

Using (2.5) we arrive at

2d1 (DQ(’U,, ’U)) + D1 (dz(u), d2 (’U))
+ 2D1(d2(u), Da(u,v)) + 2D1(da(v), D2(u,v)) = B(u,v).

Substituting in the equation above u by —u we obtain by comparing
this new equation with the equation above

(2.6) 2D1(da(v), D2(u,v)) + 2D1(d2(v), Da(u, v)) = B(u,v)
holds for all u,v € U. Let us replace in (2.6) u by 2u. We have
(2.7 8D1(d2(u), D2(u,v)) + 2D1(d2(u), Da(u,v)) = B(u,v).
By corﬁparing (2.6) and (2.7) we obtain
6D1(d2(u), Da(u,v)) =0
which has to
(2.8) ~ Di(dz(u), Da(u,v)) = 0.

Since we have assumed that M is not only of characteristic different
from two but also of characteristic different from three. From (2.8) it
follows that both terms on the left side of relation (2.6) are zero, which
means that B = 0. Hence (2.5) reduces to

(2.9) dl(dz(’u,)) =0 uwel
Let in (2.8) v be wou,a € I'. We have

0 = Di(da(u), Dy(u,vau))
= Di(da(u), Da(u,v))ao?(u) + 7(D2(u, v))aDi (do(u), o(u))
+D1(d2(u), 7(v)ao(da(w)) + 72 (v)ady (da(u))

which leads to
(2.10) Di(da(u), 7(v))ar(d2(u)) + 7(D2(u,v))aD:(d2(u), o(u)) =0
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according to (2.8) and (2.9). Let us replace in (2.10) v, by ufBv,3 € T.
We have

0 = Dl(dz(u) T(uBv))ar(dz(u)) + 7(D2(u, uBv))aDi (dy(u), o (u))
D1(da(u), 7(w))Bo(1(v))ao(dz(u))
+7%(u)BD1(da(u), 7(v))ao(dz(u))
( d2(u))B7(0(v))aDi(d(u), o(u))
)BT (D2 (u, v))aD1(d2(u), o(u)
1

0) we arrive finally at

(u )-
Now, by (2.
D1 (da(u), 7(w))Bo(1(v)odz(u))
(2.11)  +7(d2(u)Bo(v))aDi(d2(u),o(u)) =0 w,velU a,B€l.
From the relation above one can conclude that

D1(d2(u),u) =0

is fulfilled for all © € U. Namely, if
Dy(da(u),u) #0

for some u € U, then dy(u) = 0 according to lemmal (ii) and lemma 2,
contrary to the assumption

Di(ds(u),u) # 0.
Therefore, since
D1 (dz('u,), u) =0

for all u € U, the proof of the theorem is complete since all the require-
ments of Theorem 3 are fulfilled. O

THEOREM 4. Let M be a semi-prime gamma ring which is 2 -torsion
and 3- torsion free. Let d(U) C U, 7(U) C U,o(U) C U, be nonzero ideal
of M,or =710 and o =71. Let D(.,.) : M x M — M be a symmetric
bi-(¢,T) derivation and a symmetric bi-additive mapping, respectively.
Suppose that d(d(u)) = f(u) holds for all u € U, where d is the trace of
D and f is the trace of B. In this case we have D = 0.

Proof. Obviously, we can use the beginning of the proof of Theorem
3. In this case relations (2.8) and (2.9) can be written in the from.

(2.12) D(d(u), D(u,v)) =0 w,velU
and

(2.13) ddu) =0 wuwelU
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Let us write in (2.12) w € U, a € T',vaw instead of v. We have

0 = D(d(u), D(u,vaw))
= D(d(u), D(u,v)ac?(w)) + 7(D(u, v)aD(d(u), o(w)))
+D(d(u), 7(v))ao (D(u,w)) + 7*(v)aD(d(u), D(u,w))

Hence by (2.12) we have
7(D(u,v))aD(d(u),o(w)) + D(d(w), 7(v))ao(D(u,w)) =0
and, in particular for w = d(u) we obtain
(2.14) D(d(u), 7(v))T D(u,d(u)) =0 wu,veU
according to (2.13). Replace in (2.14) v by ufv, 3 € I'. We have

0 = D(d(w),7(ufv))ac(D(u,d(u)))
D(d(u), 7(w))Bo(7(v))ao(D(u, d(u)))
+7(u)BD(d(w), 7(v)) B0 (1(v))ao (D(u, d(u))).

Hence by o7 = 70, 0 =7, 7(U) C U, we have
D(d(u),w)TUTD(d(u),u) =0 weU
according to [9, lemma 2 (iii)] and finally
D(d(u),u) =0 for all weU

since we have assumed that M is semi-prime gamma ring. Now Theorem
4 completes the proof. O

ExAMPLE 1. Here is an example of symmetric bi-(o,7) derivation:

LetR:{(S 2>:a,b,c,d€Z} be a prime ring.

ExaMPLE 2. d: R — R c — c:R— R

a b a b a b
(ca)—(ta)r-nr—r(ts)—

Then it is easy to show that d is a symmetric bi-(o, 7) derivation.
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